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Geomembrane as an Upstream Impermeable Blanket of
Embankment Dams - Laboratory and Numerical Study

R.C. Pierozan, S.H.C. Teixeira, G.L.S. Araújo, C.A. Teixeira

Abstract. The use of geosynthetics has been a common practice in geotechnical engineering when the improvement of
local soil characteristics is necessary. This paper presents an experimental and numerical study of the performance of
HDPE geomembrane as impermeable blanket installed upstream of embankment dams, a treatment technique for very
permeable foundation. Data based on project, field and laboratory tests of the Brazilian Salto Hydroelectric Power Plant
were presented to gather information about the constructive method and to support further studies. A small-scale seepage
model was constructed to represent the transverse section geometry of a hypothetical embankment dam, whose geometry
was adopted based on Salto Hydroelectric Power Plant. Likewise, a numerical model was elaborated referring to the
small-scale seepage model to perform several parametric analyses. The obtained results indicated that the geomembrane
sealing system acts increasing the flow path through the dam foundation, resulting in lower pore-pressures into the dam.
Additionally, the hydraulic parameters in the soil mass may vary considerably in case of damage to the geomembrane. In
general, the study has shown that the use of synthetic membranes can be a good solution for treatment of pervious
foundations and possible defects can lead to the reduction of their performance.
Keywords: earth dam, geomembrane, impermeable blanket,  numerical model, scaled model.

1. Introduction

Embankment dams are normally large, complex, and
costly works. Studies of alternatives to improve technical
characteristics and to reduce construction cost of dams are
important. One current alternative for improving soils,
which has been common in geotechnical engineering
works, is the use of geosynthetics. These materials have ad-
ditional advantages compared to traditional materials as,
for example, lower costs, shorter execution time and better
ease of installation (Shukla, 2002; Koerner, 2012; Nichol-
son, 2015). The increasing use of geosynthetics in recent
years has attracted the attention of engineers and research-
ers around the world, since those materials have peculiar
characteristics when compared to traditional geotechnical
materials. For this reason, new researches and design mod-
els became necessary, especially when geosynthetics are
applied in embankment dams.

Geomembranes are among the most common types of
geosynthetics. They are defined as a very low permeability
synthetic membrane used with any geotechnical engineer-
ing related material, with the purpose of controlling liquid
or gas migration in a human-made work, structure or sys-
tem (ASTM, 2015). High density polyethylene (HDPE)
geomembranes are commonly used for the construction of
reservoirs as liners for water, chemical products, mining

tailings, among others (Giroud & Bonaparte, 1989; Tao et
al., 1996; FHWA, 1998; Whitfield, 1996; Poulain et al.,
2011, for instance). However, the efficiency of these barri-
ers depends on the integrity of the synthetic membrane
(Giroud & Touze-Foltz, 2003), in addition to other aspects,
like the service life (Needham et al., 2006).

Some researchers have studied aspects related to dam
failure (e.g. Mahinroosta et al., 2015; Petaccia et al., 2016).
Failures in dams and reservoirs protected by geomembra-
nes have also been reported in the literature (e.g. Wu et al.,
2008; Messerklinger, 2014; Dong et al., 2016; Bhowmik et
al., 2018) indicating the need for further studies.

Additionally, geomembranes can also be applied for
the construction of impermeable upstream blankets for em-
bankment dams over permeable foundations. Scuero &
Vaschetti (2004) pointed out that PVC geomembranes may
be installed in the upstream portion of dams in order to min-
imize uncontrolled water presence inside the dam, improv-
ing safety. Among the existing literature about this kind of
application, Cardoso et al. (2010) studied the project con-
straints and performed a numerical analysis that supported
the application of the foundation treatment in the São Sal-
vador Hydropower Plant.

This paper presents a research (Pierozan, 2014)
whose main objective is to evaluate the efficiency of foun-
dation treatment of embankment dams by upstream imper-
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meable geomembrane blankets. Firstly, data from field and
laboratory tests of the Brazilian Salto Hydroelectric Power
Plant are briefly presented to bring together information
concerning the constructive method. A cross-section of the
dam was selected to represent the overall behavior of the
dam and to support further studies. Based on this cross-
section, a small-scale seepage model was constructed to
represent the behavior of a dam with geomembrane as up-
stream impermeable blanket, allowing the researchers to
calibrate significant parameters. This small-scale model
was built taking into consideration the characteristics of
Salto Hydroelectric Power Plant, however it is a simplifica-
tion of the prototype. Finally, a numerical model was elabo-
rated based on the small-scale seepage model and consider-
ing the calibrated parameters, which permitted several
parametric analyses.

2. Case History Used as a Reference for the
Model

The Salto Hydroelectric Power Plant, located in Rio
Verde, belongs to the Paraná River Basin in the state of
Goiás - Brazil. The plant started its operation in 2010 with
two generation units and an installed capacity of 116 MW.
Figure 1A shows a photograph of the dam. This type of so-
lution has been used in just a few dams around the world
(e.g. Salto Hydroelectric Power Plant and São Salvador

Hydroelectric Power Plant) and limited information regard-
ing this kind of foundation treatment may be found in the
literature (e.g. Cruz, 2004; Cardoso et al., 2010). For this
reason, studies that consider the use of geomembranes as
upstream impermeable blankets of dams are very important
for the advancement of the knowledge on the topic.

The left side of the earth dam has a crest with approxi-
mately 580 m length and a maximum height of approxi-
mately 25 m. Due to the geotechnical properties of the dam
foundation soil, an impermeable blanket was executed up-
stream on the left side of the dam. A HDPE geomembrane
has been used as a liner to reduce the water flow throughout
the dam foundation. The applied geomembrane is a 1.5 mm
thick flexible synthetic HDPE membrane, textured on both
sides. According to the dam designers, a textured geomem-
brane was chosen in order to avoid slippage between geo-
membrane and compacted soil.

The setting of the geomembrane on the foundation
soil was made by means of a previously excavated anchor
trench 0.80 m deep and 0.50 m wide, as presented in
Fig. 1B. In both cases, backfill compaction was done by
hand-operated equipment near the geomembrane. Several
procedures were observed to prevent damaging the mem-
brane. The geomembrane anchor trench at the upstream
face of the dam is 2 m wide and was executed after the em-
bankment construction. These geometric attributes were
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Figure 1 - Salto Hydroelectric Power Plant: (A) Aerial view and (B) Geomembrane anchor trench at upstream dam face and foundation.



based on the experience of the engineers involved in the de-
sign and further explanation regarding the anchor trench at
the upstream face of the dam is discussed in this paper.

The seams between geomembrane panels were exe-
cuted by using a dual welding process through the applica-
tion of heat melted polymer, forming an air-tight channel
between the weld lines. From the channel, it was possible to
identify eventual defects, check the quality of the sealing
procedure and fix the eventually identified defects.

Aiming to protect the geomembrane and to mitigate
the effects of an eventual local failure, due to some mechan-
ical effect, a 50 cm layer of compacted soil was executed
over the geosynthetic. Over the compacted soil layer, an ad-
ditional protective 50 cm thick layer of compacted rockfill
was constructed.

2.1. Data source and analyses

The data used in this research were obtained from
contractors documentation such as project drawings, topo-
graphic survey and results of field and laboratory tests. In
Table 1, the main geometric characteristics of the left abut-
ment of Salto Hydroelectric Dam are presented.

The instrumentation of Salto Hydroelectric Dam con-
sists on standpipe piezometers, V-notch flow meters, water
level indicators and surface marks. The V-notch flow me-
ters are responsible for measuring the water flow from the
internal drainage system. Five sections on the left side of
the dam were instrumented.

The thickness of the permeable foundation soil layer
was determined based on field permeability tests in bore-
holes located in several points on the left side of the dam
foundation. The adopted hydraulic conductivities for foun-
dation layers were the average values of several tests for
each layer. The anisotropy relative to permeability, due to
the constructive process of the embankment, was deter-
mined by the ratio between the horizontal hydraulic con-
ductivity (kh) and the vertical hydraulic conductivity (kv), as
suggested by Cruz (2004).

The vertical and horizontal average hydraulic con-
ductivities of the embankment dam used in the analyses
were determined from results of laboratory permeability

tests. Based on tests performed in samples from undis-
turbed blocks of dam embankment, an average horizontal
coefficient of permeability equal to 1 x 10-5 cm/s and a ver-
tical coefficient of permeability equal to 2 x 10-6 cm/s were
obtained. Thus, the horizontal permeability is approxi-
mately five times greater than the vertical permeability.
The foundation bedrock consists mainly of basalt, covered
by its weathered products. The average hydraulic conduc-
tivity of foundation bedrock is equal to 1 x 10-6 cm/s.

3. Small-Scale Seepage Modelling

Laboratory tests for soil geotechnical characteriza-
tion and small-scale modelling were performed at the
CESEC/UFPR (Center for Studies on Civil Engineering/
Federal University of Paraná) facilities. The small-scale
model consisted of a percolation tank filled with sand and
other materials in the interest of representing the cross-
section geometry of a hypothetical embankment dam, in the
scale 1:100, taking into consideration some properties of
Salto Hydroelectric Dam.

3.1. Geometric and boundary conditions of modelling

The geometry of the cross-section model was defined
based on geometric characteristics of Salto Hydroelectric
Dam, such as upstream and downstream slope inclination,
crest width, dam height and thickness of foundation layers.
It is important to highlight that the small-scale model was a
simplification of Salto Hydroelectric dam instrumented
cross-sections and, consequently, average parameters were
adopted. The model itself is not equivalent to any of the in-
strumented sections and reproduces the overall observed
behavior. The small-scale model did not have the objective
to be the same as the prototype, since the prototype was
anisotropic with properties ranging in the three dimensions
(3D), and the small-scale model was isotropic and proper-
ties ranged just in two dimensions (2D). Considering that
the small-scale model represents a hypothetical dam and
not exactly Salto Hydroelectric Power Plant, the small-
scale model has not the same hydraulic characteristics as
the prototype.
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Table 1 - Main characteristics of the left abutment of Salto Hydroelectric Dam.

Crest Width = 6 m;

Elevation = 449.50 m;

Downstream and upstream slope inclination For El. < 447.50 m: 1V:2H;

For El. > 447.50 m: 1V:1,5H;

Upstream slope protected by riprap and crushed stone;

Berms At El. 429.00 and 439.50 m;

Width = 3 m;

Internal drainage system 80 cm wide chimney drain and horizontal blanket drain.



The length of the treated area with geomembrane on
the foundation was defined from geometric data of several
instrumented sections of the Salto Hydroelectric dam.
Thus, the ratio between the length of upstream dam founda-
tion treatment (L) and dam height (H) was reproduced in
the small-scale model (L = 4H). The internal drainage sys-
tem used in the model consisted of a vertical filter and blan-
ket drain and had similarity with the dam prototype.

The boundary conditions imposed to the small-scale
model were: a) reservoir water level, b) downstream water
level and c) restriction to flow through the upstream imper-
meable blanket. The upstream water level was set to repre-
sent the maximum normal water elevation in Salto Hydro-
electric reservoir (Elevation 446.50).

3.2. Model instrumentation

Internally, the tank was 250 cm long, 60 cm high and
45 cm wide, resulting in a volume of 0.75 m3. Flow visual-
ization could be done by a lateral plexiglass wall. Water
percolates through the embankment and foundation of the
model as in the prototype. The flow was collected by a wa-
ter outlet located at the end of the tank, allowing determina-
tion of the flow rate.

The seepage tank was instrumented with piezometers
to determine the pressure head at different points. The inter-
pretations of total heads were made by means of a reading
panel. Figure 2 shows the piezometers location in the mo-
del. In this paper, piezometers in the embankment are
named as PE and piezometers in the foundation are named
as PF.

3.3. Geotechnical materials

The materials used for simulating the embankment
and foundation soil on small-scale models were submitted
to some tests, such as particle size distribution, specific
gravity, permeability and maximum and minimum void ra-
tio. The material used as drain layer was submitted to parti-
cle size distribution and permeability tests. Based on the
results of particle size distribution tests, the suitability of
materials to be applied as filter and drain was evaluated by
the Terzaghi filter criterion.

It is important to highlight that the small-scale model
was intended to simulate the cross-section geometry of a
hypothetical embankment dam, based on the geometry and
some characteristics found on Salto Hydroelectric Power
Plant. The purpose of the scale-model was to understand
how the use of geomembrane as an upstream impermeable
blanket would impact the flow through the dam and its
foundation. The small-scale model (2D) is a simplification
of the behavior observed on the prototype (3D). It was not
possible to build the small-scale model with the same
geotechnical characteristics of the prototype, since the geo-
technical properties were not isotropic in the field. Con-
sidering the construction of the small-scale model,
laboratory available materials were used, and they were not
the same found in the prototype.

3.4. Small-scale model construction

For construction of the small-scale model, granular
material was deposited in the tank by means of a technique
known as “sand pluviation”. This technique gives to the soil
mass a standardized condition of compaction and perme-
ability. It consists on promoting sand precipitation in pre-
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Figure 2 - Piezometers location in the small-scale model: (A) Model cross section setup and (B) Photo from laboratory tests.



established conditions, in order to obtain a material as ho-
mogeneous as possible (Rad & Tumay, 1987; Brandon et
al., 1991; Lo Presti et al., 1992).

The sand deposition flow rate was kept constant by
using 5 mm opening funnels. Because soil compaction also
depends on the material falling height in this method, a cali-
bration curve relating falling height and material relative
density was obtained. Based on the curves relating the sand
fall height with the obtained soil density, it was selected a
fall height equal to 12 cm, for both embankment and foun-
dation materials in small-scale models. This fall height was
adopted once small variation of the density has been veri-
fied for greater heights.

The dam slopes were drawn in internal faces of the
tank walls to geometrically orientate the construction of the
small-scale dam model, drainage system and foundation.
Successive layers of gauze and paraffin were applied over
the dam upstream soil to represent the impermeable mem-
brane. Figure 3 presents some photographs of the model as-
sembly. Wooden sticks were placed temporarily within the
vertical filter (Fig. 3 - B) as leveling references.

3.5. Small-scale model simulations

Three distinct scenarios were simulated, allowing to
evaluate the effect of an upstream impermeable membrane
over the dam: a) no foundation treatment, b) use of geo-
membrane upstream of the dam and c) use of damaged

geomembrane upstream of the dam. For each simulation,
readings of total heads and percolation flow rates were
made. Figure 4 shows a small-scale model sketch.

In the model simulating the existence of defects on
the geomembrane, longitudinal openings were made in the
sealing material upstream of the dam model to simulate de-
fects that can occur during geomembrane installation and at
the end of the construction of the dam. The objective of this
simulation was to verify if the geomembrane sealing sys-
tem would be able to maintain a minimum performance
even with generalized failure. According to Nosko et al.
(1996), this consideration is acceptable since most of the
leaks occur during the procedure of covering the liner with
soil or stone, while other types of defects that could influ-
ence the system proper behavior (e.g. seam failure between
geomembrane rolls) may be identified and fixed at the same
time as the geomembrane installation quality control. Other
studies (e.g. Rollin et al., 1999; Rollin et al., 2002; Rollin et
al., 2004) also presented similar conclusions.

3.6. Results of small-scale seepage modelling

The geometric characteristics of the model are sum-
marized in Table 2 and illustrated in Fig. 5. It is important to
observe that the dimensions adopted on the small-scale
model were not exactly the same from Salto Hydroelectric
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Figure 3 - Construction of the small-scale model: (A) Drainage
blanket and foundation soil, (B) Vertical filter, and (C) Imperme-
able layer (Pierozan, 2014).

Figure 4 - Small-scale model.

Table 2 - Small-scale model characteristics.

Characteristic Description

Scale of model 1:100

Crest width 6 cm

Slopes Inclination: 1V:2H (upstream and
downstream);

Height (H) 24 cm;

Foundation thickness (t) 12 cm (t = H/2);

Boundary conditions Free board: 3 cm;

Water level: 33 cm above tank
bottom;

Downstream water outlet: 10 cm
above the tank bottom;

Geomembrane length (L) 96 cm (L = 4H).



Dam, once five sections were analyzed from the prototype
and just one section was analyzed in the small-scale model.

The results of the characterization tests, maximum
and minimum void ratio and permeability of materials are
presented in Table 3. Based on grain size distribution cur-
ves of the materials, their suitability for using in filtration
and drainage was verified.

Figure 6 shows the total head values obtained on the
section of the small-scale models. The piezometers were di-
vided into 3 arrangements to simplify the analysis of the re-
sults, considering that the arrangements are referring to the
same cross-section of the dam and analyzing a distinct set
of piezometers.

According to Fig. 6, the presence of nondamaged
geomembrane upstream of the dam model reduced the total
flow through the embankment and foundation by approxi-
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Figure 5 - Dimensions of the small-scale model.

Figure 6 - Total hydraulic head obtained in tests with small-scale models.

Table 3 - Results of laboratory tests on material used on small-
scale models.

Test Material

Foundation Dam Drain

Water content during
construction (%)

0.25 0.56 0.11

Specific gravity of solids 2.656 2.643 Not
determined

Maximum void ratio 0.672 0.762 Not
determined

Minimum void ratio 0.484 0.535 Not
determined

Permeability (cm/s) 1 x 10-2 2 x 10-4 5 x 100



mately 46%. On the other hand, the presence of a geomem-
brane with defects reduced the water flow by only 8% when
comparing to the scenario without treatment.

Based on the results obtained in Arrangement 1
(Fig. 6), the presence of geomembrane upstream of the dam
model leads to lower total heads. It can also be observed
that the reduction of the hydraulic heads occurs primarily
upstream from the chimney drain. The presence of defects
leads to a lower efficiency of the foundation treatment.

The foundation treatment with upstream imperme-
able blanket had little influence on hydraulic heads over the
dam embankment material, as shown in Arrangement 2. On
the other hand, some influence can be noticed in the hy-
draulic heads at the interface between the dam embankment
and foundation materials, as shown in Arrangement 3 (PE-
2 and PE-4).

4. Numerical Analysis

Based on the results of the small-scale models, a hy-
pothetical case with the same characteristics as the labora-
tory model has been simulated, in prototype dimensions.
SEEP/W® software (GEO-SLOPE, 2012) was used to per-
form numerical analyses. This software provides two-
dimensional analysis of groundwater flow within porous
materials.

The following assumptions were admitted for the nu-
merical analysis:

a) Geometric characteristics: The geometry of the
dam and its foundation corresponded to that assumed in the
small-scale models, except for scale and unit width
(Width = 1 m). Table 4 presents the main geometric charac-
teristics considered in the numerical analysis.

b) Saturated steady-state flow, governed by Darcy’s
Law. This assumption corresponds to a constant flow rate
and volumetric water content at any position below the wa-
ter table. The unsaturated flow at the downstream side was
disregarded in the simulations. The seepage flow rate col-

lected by the drainage system was measured in two sec-
tions: one between the vertical drain and the upstream blan-
ket of the embankment, corresponding to the flow through
the embankment (Section A-A’, Fig. 7-A), and another be-
tween the horizontal drain and the foundation, correspond-
ing to the flow through the foundation (Section B-B’, Fig.
7-A). The sum of the two contributions resulted in the total
flow;

c) Boundary conditions: The adopted boundary con-
ditions were (Fig. 7-B) a) total head equal to 33 m in the res-
ervoir (12 m of foundation thickness plus 24 m of dam
height, minus 3 m for the free board) and b) pressure head
equal to atmospheric pressure in the vertical filter and in the
blanket drain. These boundary conditions are reasonable
since the unsaturated flow did not represent a considerable
amount of the total flow, according to previous simulations
(Pierozan, 2014). For this reason, the unsaturated flow was
not considered when dealing with the numerical model. In
the geomembrane region, no boundary condition was ap-
plied, in other words, the geomembrane was considered im-
permeable.

d) Material properties: The hydraulic conductivity of
the foundation was equal to 1 x 10-2 cm/s and the hydraulic
conductivity of the embankment was equal to 2 x 10-4 cm/s
vertically and 1 x 10-3 cm/s horizontally. These values have
been adopted the same as for the small-scale tests Also, it
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Table 4 - Numerical model geometric characteristics.

Characteristic Description

Crest width 6 m;

Slopes Inclination: 1V:2H (upstream
and downstream);

Height (H) 24 m;

Foundation thickness (t) 12 m (t = H/2);

Geomembrane length (L) 96 m (L = 4H).

Figure 7 - Numerical model: (A) Seepage flow rate collected by the drainage system and (B) Boundary conditions of the numerical
model.



was considered that the embankment material had hydrau-
lic conductivity in horizontal direction 5 times greater than
in vertical direction, which is the ratio found from labora-
tory tests on undisturbed samples of the Salto Dam em-
bankment.

Once calibrated with appropriate parameters from
physical and experimental data, the numerical analysis
could simulate several not physically evaluated conditions
to study some hypothetical cases with different boundary
conditions. The behavior of the flow throughout the em-
bankment dam and its foundation was evaluated in terms of
flow rates, pressure heads and hydraulic gradients.

4.1. Validation and calibration

For the case with no geomembrane foundation treat-
ment, the obtained flow rates were slightly higher than
those obtained by the physical model. For anisotropy of the
dam equal to 1, the predicted percolation flow rate has been
3% higher than the value obtained for the small-scale
model. For anisotropy of the dam equal to 5, this difference
was 16% and for anisotropy equal to 10, the difference was
33%.

The numerical analyses with geomembrane treatment
also obtained flow rates higher than those obtained in the
physical model. In this case, for anisotropy of the dam
equal to 1, the predicted percolation flow rate was 10%
higher than the value obtained for the small-scale model.
For anisotropy equal to 5, this difference was 33% and, for
anisotropy equal to 10, 62%.

The predicted values of hydraulic head were similar
to those measured in the small-scale models (Fig. 6), with
slight variations relative to the anisotropy coefficients.

According to the numerical analyses with no geo-
membrane foundation treatment, the differences between
the predicted pressure heads in relation to the small-scale
tests (Fig. 6), within the dam foundation for the piezo-
meters PF-12, PF-13, PF-14, PF-15, PF-16, PF-17 and
PF-18 varied between zero and 1% for the studied aniso-
tropy coefficients. For the dam foundation in the location of
piezometers PF-1, PF-2, PF-3, PF-4 and PF-5, the predic-
tions have shown a difference between -30% and -8%, once
the chimney drain highly influences this area. However,
this variation is considered small for engineering practice.
On the other hand, for the piezometers PF-6, PF-7, PF-8,
PF-9, PF-10 and PF-11, this difference has ranged between
-11% and 1%. Finally, for the embankment dam in the loca-
tion of piezometers PE-1, PE-2, PE-3 and PE-4, this differ-
ence has ranged between -11% and -1%.

It was observed that the use of geomembrane as im-
permeable blanket has resulted in a pressure head reduction
measured under it at locations corresponding to piezo-
meters PF-12, PF-13, PF-14, PF-15, PF-16, PF-17 and
PF-18 of the small-scale model (Fig. 6). Predictions for
these piezometers and considering anisotropy of the dam
equal to 1 have presented differences of 12%, 11%, 9%,

9%, 5%, 5% and 2%, respectively, when comparing to the
small-scale tests. On the other hand, applying an anisotropy
of the dam equal to 5, the differences were 2%, 10%, 8%,
9%, 5%, 5% and 2%, respectively. Lastly, for anisotropy of
the dam equal to 10, the differences between predictions
and measurements have been 12%, 10%, 9%, 9%, 13%, 5%
and 2%, respectively.

The use of geomembrane can also reduce the pressure
head in the dam foundation, according to the numerical
analysis. For piezometers PF-9, PF-10 and PF-11, this re-
duction has ranged between 17% and 29%, which is similar
to that observed in the small-scale model (Fig. 6). Addi-
tionally, the numerical analyses also predicted a reduction
of the hydraulic head between 4% and 8% for the piezo-
meters PF-6, PF-7 and PF-8, located in the dam foundation
below the vertical filter. For piezometers PF-6, PF-7, PF-8,
PF-9, PF-10 and PF-11 and considering anisotropy of the
dam equal to 1, the predicted pressure heads have reduced
12%, 4%, 5%, 8%, 10% and 7%, respectively, when com-
paring to the small-scale model. When considering the ani-
sotropy of the dam equal to 5, the differences have been
12%, 3%, 5%, 8%, 9% and 65%, respectively. Finally, the
differences have been 12%, 3%, 5%, 7%, 8% and 6%, re-
spectively, for anisotropy equal to 10.

The region within the embankment, corresponding to
piezometers PE-1, PE-2, PE-3 and PE-4, presented a pres-
sure head reduction between 20% and 45% due to the pres-
ence of the geomembrane. For these piezometers, the simu-
lations have diverged -10%, -10%, -8% and -9% when
comparing to the small-scale tests, respectively. However,
when the anisotropy of the dam was considered equal to 5,
the differences have been 13%, -8%, 2% and -8%, respec-
tively. Following the results, the differences have been
20%, -8%, 7% and -7%, respectively, for anisotropy of the
dam equal to 10.

Based on these results, it can be inferred that the ani-
sotropy coefficient from the embankment influences the
percolation flow rates and the pressure heads, for the case
studied. The anisotropy coefficient that leads to results
closest to the values obtained in small-scale modelling is
equal to 1. However, it must be considered that compacted
soils in actual dams present anisotropy relative to perme-
ability. For this reason and in accordance with Salto Dam
results, the anisotropy coefficient adopted for the embank-
ment in the numerical model was kh/kv = 5. This is accept-
able, once in the field some factors cannot be simulated,
such as heterogeneity.

4.2. Parametric analysis and results

After validation and calibration, parametric analyses
were performed to identify the influence of some factors on
the internal flow through dam. In these analyses, some pa-
rameters were varied and others remained the same. In all
analyses the following independent variables were kept
constant: a) the dam geometry, b) the thickness of the foun-
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dation permeable soil and c) the hydraulic conductivity of
embankment and foundation. The following evaluations
have been made:

1) Use of a single geomembrane barrier as imperme-
able blanket, evaluating the geomembrane application in
dams by the following simulations (Fig. 8 - A):

(1a) No treatment for dam embankment and founda-
tion;

(1b) Treatment with geomembrane only for founda-
tion, with anchor height equivalent to 15% of the dam
height (geomembrane over surface A2-A3-A4);

(1c) Treatment with geomembrane only for the dam
upstream slope along all length (geomembrane over surface
A1-A3);

(1d) Treatment with geomembrane over the dam up-
stream slope and foundation (geomembrane over surface
A1-A3-A4).

The height equivalent to 15% of the dam height is
equivalent to that observed in Salto Hydroelectric dam. The
geomembrane length on the foundation is also the same
found in Salto Hydroelectric dam (L = 4H).

2) Use of a single barrier of compacted soil as imper-
meable blanket, with the same material and permeability
coefficient of the dam (2 x 10-4 cm/s), evaluating the foun-
dation treatment through a single barrier of compacted soil
with the following thicknesses (t) (Fig. 8 - B):

(2a) t = 80 cm;
(2b) t = 300 cm;
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Figure 8 - Parametric analysis: (A) Case 1, (B) Case 2, (C) Case 3, (D) Case 4, and (E) Case 5.



(2c) t = 600 cm.
The foundation treatment length was the same con-

sidered for the geomembrane (L = 4H), over surface B1-
B2.

3) Length of the upstream dam foundation treatment
(without soil blanket), evaluating the geomembrane length
on the foundation (L) in relation to the total height of the
dam (H) (Fig. 8 - C):

(3a) L=H (geomembrane over surface C1-C2-C3);
(3b) L = 2.H (geomembrane over surface C1-C2-C4);
(3c) L = 3.H (geomembrane over surface C1-C2-C5).
All the simulations considered the anchor height

equivalent to 15% of the dam height (surface C1-C2).
4) Length of the geomembrane over the upstream

slope of the dam, evaluating the geomembrane anchorage
height (Ha) as a function of the total height of the dam (H)
(Fig. 8 - D):

(4a) Ha = 30%.H (geomembrane over surface D4-
D5-D6);

(4b) Ha = 45%.H (geomembrane over surface D3-
D5-D6);

(4c) Ha = 60%.H (geomembrane over surface D2-
D5-D6);

(4d) Ha = 75%.H (geomembrane over surface
D1-D5-D6).

The foundation treatment length was considered con-
stant and equal to L = 4H, over surface D5-D6.

5) Longitudinal defects in the geomembrane, simulat-
ing a set of defects and evaluating the effect of an 80 cm
thick compacted soil as a secondary barrier. Considering
that the software used in the analysis supports only two-
dimensional simulations, these defects were simulated as a
single longitudinal tear on the geomembrane, with unit
width (1 m). The idea is to simulate a very adverse condi-
tion related to problems that can occur in the field such as
during the placement of the cover soil over the geomem-
brane, since this constructive stage may result in geomem-
brane defects if not properly implemented. More reason-
able parameters could be obtained with the use of
three-dimensional modeling.

The following simulations were made (Fig. 8- E):
(5a) Presence of one 4 m long defect at half the length

of the geomembrane, no secondary soil barrier (geomem-
brane over surface E1-E2-E9, defect over surface E5-E6);

(5b) Presence of one 4 m long defect at half the length
of the geomembrane, and secondary soil barrier (geomem-
brane over surface E1-E2-E9, defect over surface E5-E6);

(5c) Presence of three 4 m long defects equally
spaced along the geomembrane, no secondary soil barrier
(geomembrane over surface E1-E2-E9, defect over sur-
faces E3-E4, E5-E6 and E7-E8);

(5d) Presence of three 4 m long defects equally
spaced along the geomembrane, and secondary soil barrier
geomembrane over surface E1-E2-E9, defect over surfaces
E3-E4, E5-E6 and E7-E8).

The results of parametric analyses are presented and
discussed according to hydraulic head, flow rate and hy-
draulic gradient, as follows.

4.2.1. Pressure head

The pressure heads obtained by the analyses consid-
ering or not the presence of the geomembrane (Case 1) are
shown in Fig. 9. When geomembrane was used, the heads
were significantly reduced, indicating that the geomem-
brane caused the reduction of pressure head in the soil.
Foundation treatment with geomembrane increased the
dam safety, since a pressure head and water flow decrease
were observed.

The pressure heads measured in further simulations
are presented in relation to the piezometer locations
(Fig. 9). This procedure was adopted to synthesize the eval-
uated data. Slight variations were detected for piezometers
PF-1 to PF-8, once they are installed in the dam foundation
below the downstream embankment and are not suitable for
evaluating the geomembrane performance.

Figure 10 presents the pressure heads of the embank-
ment piezometers and analyzes are presented as follows.

With the presence of the geomembrane (Case 1),
based on the results (Fig. 9), it is possible to understand that
pressure heads are heavily influenced by the upstream em-
bankment and foundation treatment with geomembrane. If
the design purpose is to reduce the pressure heads in the
embankment to ensure dam stability, Case 1c has the best
cost-benefit. However, the installation of geomembrane
over the upstream embankment may not be viable when the
embankment has low hydraulic conductivity and the design
purpose of the geomembrane installation is to minimize the
flow rates along the foundation soil. In this case, Case 1b
has the best cost-benefit. Case 1d may be the best solution
for cases when both embankment and foundation have high
hydraulic conductivity.

The use of a compacted soil barrier (Case 2) resulted
in small pressure changes in the embankment, with excep-
tion of piezometer PE-4, which is located near the anchor
trench.

In relation to the study concerning the geomembrane
length relative to the total height of the dam (Case 3), small
changes in pressure head were detected for the embank-
ment piezometers (Fig. 10), except for piezometer PE-4.
For this reason, for the studied case, it is possible to con-
clude that the length of the treatment does not heavily influ-
ence the upstream embankment stability, as long as the
pressure heads remain below projected levels.

According to the results of Case 4 (Fig. 10), the pres-
sure heads within the embankment have reduced when the
geomembrane height along the slope increased. In relation
to Case 1b, pressure heads of piezometer PE-1 have re-
duced 3%, 15%, 38% and 100%, for Cases 4a, 4b, 4c and
4d, respectively. Again, when comparing to Case 1b, pres-
sure heads of piezometer PE-2 have reduced 13%, 25%,
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40% and 43%, for Cases 4a, 4b, 4c and 4d, respectively.

Pressure heads of piezometer PE-3 have reduced 6%, 65%,

76% and 94%, for Cases 4a, 4b, 4c and 4d, respectively,

compared to the case with geomembrane with 15% em-

bankment height. The same kind of analyses was made for

the pressure heads of piezometer PE-4 and showed a reduc-
tion of 11%, 31%, 33% and 39%, for Cases 4a, 4b, 4c and
4d, respectively. However, considering the embankment
soil has satisfactory permeability, the use of geomembrane
along the embankment should just be long enough to con-
struct the anchor trench, such as in Case 1b. Greater lengths
may be adopted when the embankment stability may get re-
duced by the higher pressure heads.

According to Case 5 (Fig. 10), small oscillations of
pressure head were detected for embankment piezometers
PE-1, PE-2 and PE-3, with the presence of longitudinal de-
fects in the geomembrane. Contrasting with Case 1b, PE-4
presented an increase of pressure head equal to 22% and
36% for Cases 5a and 5c. However, these values were just
0% and 11% for Cases 5b and 5d, respectively, which con-
sidered the existence of an 80 cm thick compacted soil as a
secondary barrier. In this case, the compacted soil had an
important role as a secondary barrier.

Figure 11 presents the pressure heads for foundation
piezometers located below the embankment dam and anal-
yses are presented as follows.

For Case 1, piezometers located below the upstream
embankment of the dam are highly influenced by the geo-
membrane treatment (Fig. 11). Considering piezometer
PF-9, the pressure heads have reduced in relation to Case 1a
(without geomembrane) 26%, 4% and 41%, for Cases 1b,
1c and 1d, respectively. For piezometer PF-10, on the other
hand, the pressure heads have reduced compared to Case 1a
29%, 4% and 44%, for Cases 1b, 1c and 1d, respectively.
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Figure 9 - Pressure head for Case 1 (in meters of water column).

Figure 10 - Pressure heads for embankment piezometers.



Piezometer PF-11 presented reduction of pressure heads, in
relation to Case 1a, equal to 36%, 5% and 48%, for Cases
1b, 1c and 1d, respectively. For this reason, Cases 1b and 1d
have better cost-benefit when the geomembrane purpose is
to reduce pressure head in the foundation.

Considering the use of a compacted soil layer (Case
2), variations in pressure heads were detected for piezo-
meters located below the upstream embankment of the dam
(Fig. 11), however the effect of the geomembrane in pres-
sure head reduction is lower than with the use of geomem-
brane (Case 1b).

The pressure head for foundation piezometers located
below the upstream embankment of the dam (Fig. 11) pre-
sented small changes for piezometer PF-9 and more consid-
erable changes for PF-10 and PF-11, which are located
nearest to the treated area. In relation to Case 3a, which cor-
responds to a geomembrane length equal to the total height
of the dam, the maximum reduction of pressure head (Case
3c) was 6%, 14% and 17% for piezometers PF-9, PF-10 and
PF-11, respectively.

According to the results of Case 4, the pressure head
within the foundation soil upstream of the dam had small
variations in relation to the geomembrane length installed
over the upstream slope of the dam.

For Case 5, an increase of pressure head was observed
for foundation piezometers located below the upstream em-
bankment of the dam (Fig. 11), when comparing to Case 1b.
The increase of pressure head is a consequence of the flow
rate increment on foundation soil below the dam. However,
Cases 5b and 5d presented lower increase of pressure head,
once an 80 cm thick compacted soil was considered as sec-
ondary barrier, with the same hydraulic conductivity of the
dam.

Figure 12 presents the pressure head for foundation
piezometers located upstream of the dam, and analyses are
presented as follows.

Considering Case 1, pressure heads from piezometers
PF-12 to PF-18 (Fig. 12) have reduced with the installation

of geomembrane along the foundation (Cases 1b and 1d).
The reduction of pressure head was equal to 39%, 33%,
27%, 20%, 15%, 9% and 4% for piezometers PF-12, PF-13,
PF-14, PF-15, PF-16, PF-17 and PF-18, respectively, for
Case 1b in relation to Case 1a. On the other hand, the reduc-
tion of pressure head was equal to 49%, 39%, 33%, 26%,
19%, 10% and 4% for piezometers PF-12, PF-13, PF-14,
PF-15, PF-16, PF-17 and PF-18, respectively, when ana-
lyzing the difference between Case 1d and Case 1a. For this
reason, it may be concluded that the geomembrane effect is
greater for the foundation area near the dam and lower for
the area located more distantly. Small variations were de-
tected in the foundation soil for Case 1c.

Regarding the use of compacted soil barrier (Case 2),
the reduction of pressure in the foundation is lower in mag-
nitude than that observed for geomembrane application, in-
dicating that the use of a single compacted soil barrier is
less effective than the use of geomembrane for the evalu-
ated case, even with high values of thickness (6 m). It must
be considered that the studied soil liner has the same perme-
ability of the embankment dam (2 x 10-4 cm/s) and better re-
sults might be achieved with the use of soils with lower
permeability. However, even when geomembranes are ap-
plied, a protective layer is normally recommended for geo-
membrane protection. In the specific case of this research, a
compacted soil barrier was used with the purpose of acting
as a watertight defense if the geomembrane is subjected to
damage, also cooperating in the geomembrane protection.
It is important to highlight that thick layers of polypropy-
lene geotextile might be used with the purpose of protecting
the geomembrane rather than compacted soil layers, since
the installation of the synthetic layers may lead to lower
risks of damaging the geomembrane. Besides, some re-
searchers (e.g. Touze-Foltz, 2009) have shown that when
the compacted soil over the geomembrane becomes satu-
rated and is subjected to an applied load, the flow rate
through the geomembrane defects may increase.
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Additionally, for Case 2, piezometers PF-12 and PF-
13 exhibited considerable reduction of total head with the
use of a compacted soil barrier. Contrasting with Case 1a,
piezometer PF-12 had decrease of total head equal to 11%,
23% and 28% for Cases 2a, 2b and 2c, respectively. Also,
when contrasting with Case 1a, piezometer PF-13 had de-
crease of total head equal to 7%, 19% and 19% for Cases
2a, 2b and 2c, respectively. However, the increase in thick-
ness from 0.8 m to 3 m or 6 m may not be economically via-
ble when considering the amount of material necessary and
the other possibilities of foundation treatment, such as
geomembrane.

For Case 3, pressure head reduction was detected in
the foundation soil treated with geomembrane, upstream of
the dam (Fig. 12). The magnitude of the reduction is di-
rectly proportional to the treated foundation extension. For
this reason, more significant pressure head reduction was
recorded for Case 3c, which corresponds to a geomembrane
length of 3 times the total height of the dam.

In practical terms, the increase of the treated exten-
sion (Case 3) results in higher costs and the engineers
should select a suitable treatment depending on the budget
of the project. As an example, Salto Hydroelectric Dam has
treated foundation extension variable according to the eval-
uated cross-section.

According to the results of Case 4, the pressure head
below the upstream embankment of the dam had small vari-
ations in relation to the geomembrane length installed over
the upstream slope of the dam. This was expected once this

analysis considered the length of geomembrane over the
upstream slope of the dam.

The occurrence of defects in the geomembrane (Case
5) increased the pressure head in the foundation soil up-
stream of the dam (Fig. 12), especially for piezometers lo-
cated near the damage. For example, for piezometer PF-12
located near the dam, the pressure head from this piezo-
meter (Case 1b), contrasted with Cases 5a and 5c, resulted
in an increase of 23% and 37%, respectively. For piezo-
meter PF-18, on the other hand, these values were just 4%
for both situations.

Only a small increase of this pressure was recorded
when an 80 cm thick compacted soil layer was placed
above the geomembrane with defects (Fig. 12). As an ex-
ample, the pressure head from PF-12 (Case 1b), contrasted
with Cases 5b and 5d, resulted in an increase of 9% and
16%, respectively. Therefore, based on the results, the use
of geomembrane associated to a compacted clay layer abo-
ve it is an interesting solution to reduce the risk of the loss
of efficiency of the system.

4.2.2. Seepage flow rate

For the hypothetical case when geomembrane was
not used (Case 1a), the obtained flow rates were
255.1 L/(h.m) and 1371.1 L/(h.m) through the embankment
and the foundation, respectively. Figure 13 presents the
flow values from all the simulations and the reductions in
total flow compared to Case 1a.
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Figure 12 - Pressure heads for foundation piezometers located upstream of the dam.



Flow reduction in the embankment was detected even
when geomembrane was applied over the upstream slope of
the dam with just the necessary length for anchoring it,
making them work together. Since the permeability of the
foundation is 50 times higher than the permeability of the
embankment, most of the percolation occurred through the
soil foundation, justifying the use of geomembrane only on
permeable foundation soil (Case 1) for the studied case.

Predicted values considering only the use of com-
pacted soil as a barrier (Case 2) showed that the flow rates
were greater than the ones with the use of geomembrane.
For 0.8 m thick soil layer, the total flow rate has increased
43%, whereas for 3 and 6 m thick layers, the increase was
equal to 26% and 14%, respectively, when compared to
Case 1b. Therefore, even considering that the compacted
soil layer has no cracks, its efficiency is lower when com-
pared to the use of geomembrane without defects for the
studied case. For this reason, the construction of thick lay-
ers of compacted soil might not be economically feasible
when compared to solutions with geomembranes and each
case must be evaluated by the engineers.

Based on the simulations that considered the variation
of the geomembrane length (Case 3), it was found that the
seepage flow through the foundation depends on the length
of the water percolation path. Although there is a reduction
in flow through the embankment, its magnitude is small
when compared to the flow through the foundation.

According to the obtained results from numerical
analyses that considered the length of geomembrane over
the upstream slope of the dam (Case 4), when the length in-
creases the flow rate through the embankment decreases.
However, the decrease in total flow is small, because most
of the flow occurred through the foundation and the geo-
membrane is covering most of it. For this reason, it is suffi-
cient to adopt just the necessary length for anchoring the
geomembrane on the slope.

The obtained seepage flow rates considering the exis-
tence of one longitudinal tear showed that if there is not a
compacted soil layer over the geomembrane (Case 5a), the
total flow increases approximately 25% when compared

with the geomembrane without defect (Case 1b). However,
if an 80 cm thick protective soil layer is placed over the
geomembrane (Case 5b), the flow rate increases only 6% in
comparison with the case of geomembrane without defect
(Case 1b). Predicted values of total flow, when three de-
fects were considered in the geomembrane, indicated that
the flow rate increase was approximately 32% (Case 5c)
higher than that obtained for the geomembrane without de-
fect (Case 1b), however this value was only 14% consider-
ing the presence of a protection layer (Case 5d). Thus, the
presence of a layer of lower permeability than the founda-
tion above the geomembrane is of great relevance for the
proper performance of the system.

4.2.3. Hydraulic gradient

According to the results presented for Case 1, the hy-
draulic gradients in most of the embankment were between
0.8 and 1 for the analyses without the presence of geomem-
brane. Considering the use of geomembrane on foundation
soil, the hydraulic gradient in the embankment, specifically
near the anchor trench area, reached values above 1.5, as
shown in Fig. 14 (A). For this reason, the anchorage area
must be carefully constructed to avoid unexpected percola-
tion between the geomembrane and the compacted soil.

In Case 2, the hydraulic gradients were found be-
tween 0.5 and 1 for most of the embankment for the case
when an 80 cm thick compacted soil liner was employed. In
the simulations considering soil liner 3 and 6 m thick, gra-
dients in the embankment were between 0.8 and 1.2. High
hydraulic gradients were observed near the connection with
the embankment dam, with values ranging between 1.4 and
1.8, as shown in Fig. 14 (B), which suggests that the an-
chorage region between the embankment dam and the com-
pacted soil liner must have high execution process control.

The hydraulic gradients observed in Case 3 ranged
between 0.8 and 1.0 in most of the embankment, when a
geomembrane with length L = H = 24 m was used. For
higher lengths, the hydraulic gradients were greater, with
values between 1 and 1.5 in the embankment, with greater
values near the anchor trench area. In all the studied cases,
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Figure 13 - Flow rate reduction in relation to all the studies.



hydraulic gradients lower than 0.5 were observed in the
foundation.

Regarding Case 4, it was observed that the installa-
tion of the geomembrane over the upstream slope of the
dam reduced the hydraulic gradient in the embankment.
However, the flow through the embankment corresponds to
a small portion of the total flow collected by the drainage
system. High hydraulic gradients in anchor trench areas,
with values greater than 1.5, were observed in all analyses,
with small differences due to different lengths.

The presence of defects in the geomembrane (evalu-
ated in Case 5) led to the increase of hydraulic gradient in
the soil foundation when compared to the case of the geo-
membrane with no defects. However, the values were be-
low 0.5. Particularly in the damaged areas, high hydraulic
gradients were found, which can contribute to the forma-
tion of percolation paths below the geomembrane. This is
confirmed by the high values of pressure head of some
piezometers below the defects, shown in the last section
(Fig. 6).

5. Conclusions

This paper presented an experimental and numerical
study of the performance of HDPE geomembrane as an im-
permeable blanket installed upstream of embankment
dams. Data from the Brazilian Salto Hydroelectric Power
Plant contributed to the development of a small-scale seep-
age model and the numerical modelling. After the labora-
tory tests, some parameters were calibrated and some
numerical analyses of those tests have been performed. Ad-
ditionally, some hypothetical conditions varying the pres-
ence of defects in the geomembrane, the impermeable
blanket thickness and the length of the geomembrane were
carried out.

For the small scale model, the obtained results indi-
cated that the geomembrane impermeable blanket in-
creased the percolation path through the dam soil founda-
tion, reducing the pressure head in both embankment and
foundation, as well as the flow collected by the drainage
system. The higher reduction in pressure head occurred in
the dam foundation, below the geomembrane and in the
dam embankment upstream of the vertical filter. At the
downstream side of the dam, on the other hand, a small
variation of pressure head was observed. It indicates that
the flow in the downstream side is controlled by the chim-

ney drain. The tests also have shown that if the applied
geomembrane has damage, the total flow collected by the
drainage system and the pressure heads are similar to those
observed in the test with no geomembrane.

Based on the results of the scaled and the numerical
model, it can be inferred that the anisotropy coefficient
from the embankment influences the percolation flow rates
for the case studied. The anisotropy coefficient that leads to
results closest to the values obtained in small-scale model-
ling is equal to 1. However, it must be considered that com-
pacted soils in actual dams present anisotropy relative to
permeability. For this reason and in accordance with Salto
Dam results, the anisotropy coefficient adopted for the em-
bankment in the numerical model was kh/kv = 5.

Regarding the use of impermeable blanket of com-
pacted soil as a single barrier with a horizontal permeability
of 1 x 10-3 cm/s and vertical permeability of 2 x 10-4 cm/s
(same material of dam), even considering it without cracks,
the seepage reduction was not as significant as that found
when geomembranes were used. Even for a 6 m thick layer,
the performance of compacted soil was worse than that ob-
tained by using geomembrane. The flow rates were greater
than those calculated by software simulation with the use of
geomembrane. Thus, even considering that the compacted
soil layer has no cracks, its efficiency in some cases is
lower when compared to the use of geomembrane without
damage for the case studied.

For the analyses that considered the length of the
geomembrane, pressure head reduction was detected in the
foundation soil treated, upstream of the dam. Thus, the
magnitude of the reduction is dependent on the treated
foundation extension. It was also found that the seepage
flow through the foundation depends on the length of the
water percolation path.

The analyses considering the length of the geomem-
brane over the upstream slope of the dam have shown that
the pressure head in the foundation soil had small variation
in relation to the geomembrane length installed over the up-
stream slope of the dam, once most of the flow occurred
through the foundation. However, the pressure head within
the embankment have reduced when the geomembrane
length along the upstream slope increased. Considering that
most of the total flow occurred through the foundation, in-
creasing the length of the geomembrane over the upstream
slope of the dam is not effective for reducing the magnitude
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Figure 14 - Hydraulic gradients in the embankment dam: (A) Case 1b, and (B) Case 2a.



of this parameter. For this reason, it was sufficient to adopt
just the necessary length for anchoring the geomembrane
on the slope.

For the analyses with the occurrence of defects in the
geomembrane, a compacted soil layer over the geomem-
brane resulted in good performance for the foundation
treatment. In the simulation that considered longitudinal
tears in the geomembrane without the compacted soil layer,
the flow increased approximately 25%, when compared to
the simulation with undamaged geomembrane. However,
considering a soil with lower permeability than the founda-
tion protection layer in addition to the geomembrane liner,
the flow reduction was only 6%.

Relating to the hydraulic gradients, the use of the
geomembrane on foundation soil resulted in gradient val-
ues higher than 1.5. For this reason, it is recommended to
carefully construct the anchor trench to avoid unexpected
percolation between the geomembrane and the compacted
soil. Major care must also be taken in case of defects in the
geomembrane.

Based on all the results of this analysis, the use of
geomembrane for treating permeable foundations can pro-
vide a good solution to reduce flow and pressure loads on
dams.
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Predicting the Shear Strength of Unfilled Rock Joints with the
First-Order Takagi-Sugeno Fuzzy Approach

Y.M.P. Matos, S.A. Dantas Neto, G.A. Barreto

Abstract. As a result of a number of studies, some analytical models have been developed to predict the shear behavior of
unfilled rock joints, but they all present a purely deterministic nature because their input variables are defined without
considering the uncertainties inherent in the formation processes of the rock masses and related discontinuities. This work
aims to present a model for predict the shear strength of unfilled rock joints by incorporating uncertainties in the variables
that govern its shear behavior with a First-Order Takagi-Sugeno fuzzy controller. The model is developed based on the
results of 44 direct shear tests carried out on different types of joints. The model input variables are the normal boundary
stiffness and initial normal stress acting on the joint, its roughness (expressed by the JRC value), the uniaxial compressive
strength, the basic friction angle of the intact rock and the shear displacement imposed to the joint. The results show that the
predicted shear strength of unfilled rock joints obtained by the fuzzy model fits satisfactorily the experimental data and
allows the shear behavior of the discontinuities to be defined. A practical application of the model in a stability analysis of a
rock mass is also presented.
Keywords: Fuzzy, shear strength, Takagi-Sugeno, unfilled rock joints.

1. Introduction

One of the main difficulties with analyzing and de-
signing geotechnical structures in rock is predicting the be-
havior of the rock masses correctly because it depends on
the shear strength of the existing discontinuities. The shear
behavior of unfilled discontinuities depends on their boun-
dary conditions, i.e., constant normal loading (CNL) or
constant normal stiffness (CNS) conditions, their rough-
ness, and on the properties of the intact rock (Patton, 1966;
Barton, 1973; Benmokrane & Ballivy, 1989; Skinas et al.,
1990; Papaliangas et al., 1993; Indraratna et al., 1998,
1999, 2005, 2008, 2010a, 2010b, 2015; Indraratna & Ha-
que, 2000, among others).

Several analytical models have been used to predict
the shear strength of unfilled discontinuities (Patton, 1966;
Barton, 1973; Barton & Choubey, 1977; among others).
However, these models can only predict the peak shear
strength of discontinuities that has been developed from
shear tests conducted under CNL conditions, which many
times do not represent the behavior of the discontinuity due
the confinement imposed by the surrounding rock mass
leading it to a CNS condition. Barton & Bandis (1990) pre-
sented the JRC-JCS method which allows the definition of
the complete shear stress-displacement behavior of unfilled
rock joints by considering the concept of the mobilized JRC
(roughness), providing a more realistic prediction for the

nonlinear shear behavior of rock joints. Barton (2013,
2016) and Prassetyo et al. (2017) warn for the need to con-
sider the nonlinearity for the shear behavior of rock joints.
According to these authors, the dilation which occurs dur-
ing the shearing process leads to a degradation of the joint
asperities represented by the variation of JRC mobilized re-
sulting in a nonlinearity in the shear behavior of the unfilled
rock discontinuities.

Results of a number of direct shear strength tests indi-
cate that normal boundary stiffness affects the shear behav-
ior of unfilled rock joints as it increases their shear strength
and reduces dilation in the shearing process (Skinas et al.,
1990; Papaliangas et al., 1993; Indraratna et al., 1998,
1999, 2005, 2008, 2010a, 2010b, 2015). Indraratna & Ha-
que (2000) presented an analytical model where the shear
strength of unfilled rock joints is estimated as a function of
the boundary conditions (CNL or CNS) of the discontinu-
ity; it is expressed by the initial normal stress and normal
boundary stiffness of the joint such as its roughness which
is expressed by the asperity inclination angle and the basic
friction angle. The model of Indraratna & Haque (2000) is
one of the most advanced models used to predict the shear
strength of unfilled rock joints because unlike some tradi-
tional models, the shear stress and shear displacement in
CNL and CNS conditions can be predicted. However, this
model is somewhat laborious to use because the variation
of rock joint dilation with shear displacement must be

Soils and Rocks, São Paulo, 42(1): 21-29, January-April, 2019. 21

Yago Machado Pereira de Matos, M.Sc., Departamento de Engenharia Hidráulica e Ambiental, Universidade Federal do Ceará, Fortaleza, CE, Brazil, e-mail:
yago_mpm@hotmail.com.
Silvrano Adonias Dantas Neto, Ph.D., Assistant Professor, Departamento de Engenharia Hidráulica e Ambiental, Universidade Federal do Ceará, Fortaleza, CE, Brazil, e-mail:
silvrano@ufc.br.
Guilherme de Alencar Barreto, Ph.D., Assistant Professor, Departamento de Engenharia de Teleinformática, Universidade Federal do Ceará, Fortaleza, CE, Brazil, e-mail:
guialenbar@gmail.com.
Submitted on February 22, 2018; Final Acceptance on February 21, 2019; Discussion open until August 30, 2019.
DOI: 10.28927/SR.421021



known, and since they are obtained through large-scale di-
rect shear, they are not always available under the same
boundary conditions acting on the discontinuity.

Dantas Neto et al. (2017) proposed a model to predict
the shear behavior of unfilled rock joints developed using
artificial neural networks. Since the model proposed by
Indraratna & Haque (2000), this neural model enables the
shear behavior of discontinuities to be completely defined
without the need for any special laboratory test. The results
obtained using this model fit the experimental data of a
wide variety of rock types better than the model by Indra-
ratna & Haque (2000).

Despite these mentioned models being able to predict
the shear behavior of unfilled rock joints quite well, they
still do not consider any existing uncertainties in the input
parameters along a certain discontinuity because there is no
consideration on how the rock mass and discontinuities
were formed. In this scenario of uncertainties, the Fuzzy
Sets Theory (Zadeh, 1965) is a useful tool to model com-
plex real systems with input parameters involving uncer-
tainty, such as those observed in geotechnical works
designed and built in rock masses.

The use of Fuzzy Sets Theory in a logical context to
solve practical problems is known as Fuzzy Logic; Fuzzy
Logic enables phenomena to be modelled by mathematical
equations and also allows heuristics to be adopted to ex-
plain real problems. The heuristic method determines the
solution of a given problem according to previous specialist
experience or frequently used inference rules. These rules
can be applied by expert systems that according to Grima
(2000), aim to provide solutions for complex engineering
problems without resorting to mathematical models. These
expert systems are known as fuzzy controllers that use past
experiences, and theoretical knowledge of the investigated
phenomenon to determine the fuzzy inference rules which
will provide solutions to the problem.

Several studies related to the application of fuzzy
controllers in Rock Mechanics have been developed, such
as Grima & Babuska (1999), Gokceoglu (2002), Kayabasi
et al. (2003), Nefeslioglu et al. (2003), Sonmez et al.
(2003), Gokceoglu & Zorlu (2004), Sonmez et al. (2004),
Daftaribesheli et al. (2011), Monjezi & Rezaei (2011),
Akgun et al. (2012), Asadi (2016), and Sari (2016). How-
ever, since none of them can study the behavior of unfilled
rock discontinuities during shearing, they provided the mo-
tivation for developing this present work.

This paper will therefore present the results of pre-
dicting the shear strength in unfilled rock joints as a func-
tion of the main variables that influence this phenomenon
such as normal boundary stiffness, the initial normal stress
acting on the discontinuity, joint roughness represented by
the joint roughness coefficient (JRC), the intact rock prop-
erties such as the compressive strength and basic friction
angle, as well as the shear displacement imposed onto the
discontinuity. Thus, the results of 44 direct shear tests from

different joints and boundary conditions were used. This
model was developed using a First-Order Takagi-Sugeno
fuzzy controller. The results from predicting the shear
strength of unfilled rock joints by the actual fuzzy model fit
the experimental results used in the model development
quite well, while also considering how the model re-
sponded to variability or uncertainty of the input variable of
the studied phenomenon. A practical application of the
model in a slope stability analysis of a rock mass is also pre-
sented.

2. Literature Review

2.1 Fuzzy logic

The Fuzzy Sets Theory conceived by Zadeh (1965) is
a more general case of the classical Theory of Sets since it
allows to consider the vague aspect of information, while
admitting that a certain variable can assume a set of possi-
ble values rather than a single and unique one. Fuzzy Logic
therefore uses Fuzzy Sets Theory in a logical context to
solve practical problems.

Unlike classical (bivalent) logic, with Fuzzy Logic
the existing sets do not have precise boundaries so the de-
gree of membership (�) of an element measures the possi-
bility that that element belongs to a given set (see Fig. 1),
i.e., this degree of membership of a variable can vary be-
tween zero and one, depending on how much that one
belongs to the analyzed set data. That is a fundamental dif-
ference between fuzzy and crisp sets, once in crisp sets the
values of some element are unique and they do not consider
the uncertainties possibly involved on that variable defini-
tion.

Fuzzy Logic is very useful when the number of data
available is not enough to characterize the uncertainty in-
volved in the studied phenomenon using the Theory of
Probability. By making an analogy of it, Ganoulis (1994)
states that fuzzy numbers are equivalent to random vari-
ables and that membership functions correspond to proba-
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Figure 1 - Difference between classic and fuzzy logic (Jalalifar et
al., 2011).



bility density functions. However, the basic arithmetical
rules of fuzzy sets are quite different from the Theory of
Probability.

The membership function establishes the relationship
between the values of a variable and their respective de-
grees of membership with regard to a given set, and since
there are several types of membership functions, the most
common are triangular, trapezoidal, Gaussian, and
sigmoidal. The definition of membership functions of any
variable is based on the knowledge of a specialist or on the
analysis of a known series of observed values of the re-
garded variable. The delimitation of these functions is fun-
damental to the use of fuzzy controllers.

2.2 Fuzzy controller

A fuzzy controller is a system that contains a set of
“IF ... THEN” inference rules that define the controlling ac-
tions based on different ranges of values that the governing
variables of the problem can assume. Systems constructed
in this way are even more interesting when the response of
the existing mathematical model is subject to their input
variables uncertainties.

Unlike conventional controllers where control is de-
scribed analytically through a deterministic mathematical
model, fuzzy controllers use logical rules to control a pro-
cess where the modelled phenomenon can involve the hu-
man experience and intuition. These systems use fuzzy sets
to describe the input and output variables, so instead of an
exact value for the variables, possible sets of values could
be adopted. It is important to mention that the fuzzy con-
trollers allow to express the human experience and intu-
ition, and therefore the uncertainty of a certain value, by
considering the fuzzy set as a linguistic variable to which
values as “low”, “high”, “very high” can be assigned.

Figure 2 presents a fuzzy controller which relates the
uniaxial compressive strength of intact rock (�c) and the
JRC with the shear strength (�h) of an unfilled rock joint.
This example illustrates that the shear strength is not de-
fined by unique values for the uniaxial compressive
strength and JRC values but considering the uncertainties
expressed by the range of values of each fuzzy linguistic
membership function. The Boolean operator is called the
antecedent part of the inference rule and its function is to
combine the influence of the input variables on the fuzzy
output, which is the consequent one.

Simões & Shaw (2007) state that the basic structure
of a fuzzy controller represents the transformation that oc-
curs from the real domain to the fuzzy domain, known as
the fuzzification step, where a set of fuzzy inference rules is
used for decision-making that will provide the fuzzy out-
puts. At the end of the process, these outputs, which are cur-
rently fuzzy numbers, must be transformed into real
numbers by a defuzzification process.

2.3 Takagi-Sugeno fuzzy model

Different fuzzy controllers may differ with regard to
how the operators use them in their implementation and
how they represent the fuzzy outputs of each specific rule.
One of the most common types of fuzzy controllers is the
interpolation model presented by Takagi & Sugeno (1983);
it is known as the Takagi-Sugeno controller. The Takagi-
Sugeno controller establishes that only the antecedent of
the rules (premise part) is formed by fuzzy variables, and
the output of each rule (consequent part) is defined as a
function of these input variables. The operation of this con-
troller is illustrated in Fig. 3.

The first step taken by a Takagi-Sugeno controller is
the fuzzification process in which the membership func-
tions for each input variable (x and y) are established, and
the i rules of inference are defined based on the judgment of
specialists. In the activation of each Ri rule of inference, a
Boolean operator AND or OR is defined to establish how
the input variables x and y are combined to define the re-
sponse z of the model. When a connector AND is used, at
each Ri rule the multiplication of degrees of membership of
the input variables (�xi and �yi) is performed and a weight Wi

is then obtained. Otherwise, when a connector “OR” is
used, the highest value of the degree of membership of the
input variables is adopted. Analyzing the rule R1 presented
in Fig. 3 and adopting real values for the two inputs x and y,
it was observed that x belongs to the fuzzy set A1 with de-
gree of membership �x1, and y belongs to the fuzzy set B1

with degrees of membership �y1. Therefore, using the con-
nector AND to combine the variables x and y, the weight W1

can be determined by multiplying �x1 and �y1.
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Figure 2 - Example of an inference rule using fuzzy numbers.
Figure 3 - Functioning of a Takagi-Sugeno fuzzy controller
(Jang, 1993).



The implication step consists of defining a linear
function that relates the consequents of rules zi to the input
variables x and y. This definition does not force the use of a
specific implication function and may even be a constant
value, but linear equations are normally adopted, as shown
in Fig. 3, to present the functions for z1 e z2. These linear
equations are obtained by interpolating inside the dataset
representing the experience on the modelled phenomenon
the output variable as a function of the input variables in or-
der to obtain the parameters a, b, c, p, q and r presented in
Fig. 3.

Finally, the output z is the weighted average of the
consequent of each rule, evaluated by the respective mem-
bership values that result from processing the antecedent of
the rule (W1 and W2).

According to MathWorks (2006), Takagi-Sugeno
controllers are computationally efficient and better suited
for mathematically analyzing phenomena because adjust-
ments to customize the membership functions and implica-
tion functions can be used to improve the fuzzy system.

Regarding the use of Takagi-Sugeno fuzzy control-
lers in Rock Mechanics, Grima & Babuska (1999) devel-
oped a fuzzy system to predict the uniaxial compressive
strength of rock samples. The authors found that the
Takagi-Sugeno fuzzy model could potentially model com-
plex, non-linear and multivariable geological engineering
systems. Grima & Babuska (1999) highlight the impor-
tance of intelligent computational systems that can be ap-
plied to Rock Mechanics because vague and imprecise in-
formation can be used about the materials and data whose
physical meaning is not obvious.

3. Fuzzy Model Development
The proposed fuzzy model uses logical implications

to describe the relationships between control variables and
the physical phenomenon analyzed, i.e., the shear strength
in discontinuities of rock masses. This model was built
based on a dataset of 44 direct shear tests presented by
Benmokrane & Ballivy (1989), Skinas et al. (1990), Papa-
liangas et al. (1993), Indraratna & Haque (2000), and Indra-
ratna et al. (2010a), performed in different types of discon-
tinuities (saw-tooth, tension-model, field-model and field-
natural) and distinct boundary conditions.

The model was developed using 673 examples as the
dataset, while considering as input variables the main fac-
tors governing the shear behavior of unfilled rock joints:
the normal boundary stiffness (kn), the initial normal stress
(�n0) acting on the discontinuity, the JRC, the uniaxial com-
pressive strength of the intact rock (�c), the basic friction
angle (�b), and the shear displacement (�h) having as its re-
sponse the shear strength of the discontinuity (�h).

The model was implemented using MATLAB and
consists of a Takagi-Sugeno fuzzy controller (Takagi &
Sugeno, 1983), where the linear (first-order) equations of
the input variables are implied, and the shear strength is the

weighted average of the consequent of each rule that varies
according to a combination of values assumed by the inputs
as previously explained.

To develop this model, the membership function of
each input variable had to be defined, i.e., the type of func-
tion and its parameters. From the types of functions avail-
able, the authors used trapezoidal functions at the edges of
the intervals of each variable and triangular functions to fill
in the remaining values not comprised by the trapezoidal
functions.

The parameters of the membership functions were de-
fined by considering some values provided in the literature
(when available), the results of direct shear tests, and the
judgment of specialists. The membership functions of JRC,
�c and �b were defined by considering the suggestions made
by Barton & Choubey (1977), Bieniawski (1984) and Bar-
ton (1973), respectively. Due to the lack of data in literature
regarding other variables, the parameters of the member-
ship functions of kn, �n0 and �h are based on the results of di-
rect shear tests only, and on the previous experience of
specialists. The membership functions for each input vari-
able presented in Figs. 4 to 9 cover the entire range of vari-
ables in the available dataset.

After defining all the membership functions for each
variable, were also defined 57 fuzzy inference rules by ana-
lyzing how the input variables affected the shear strength
values available in the experimental dataset used to develop
the fuzzy model presented in this paper. An example of one
of these rules is: if kn is VERY HIGH and �n0 is MEDIUM
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Figure 4 - Membership functions for the normal boundary stiff-
ness (kn) variable.

Figure 5 - Membership functions for the initial normal stress (�n0)
variable.



and JRC is VERY ROUGH and �c is HARD and �b is
MEDIUM and �h is LOW then �h is HIGH.

The coefficients of the implication functions were ob-
tained by multiple linear regressions of the results of direct
shear tests. The prediction of the shear strength of an un-
filled rock joint by using the Takagi-Sugeno controller is a
result of the defuzzification procedure of a membership
function obtained by combining all the established infer-
ence rules.

4. Results and Discussion
Figures 10 to 12 present comparisons between the ex-

perimental data and values predicted by the Takagi-Sugeno
model to evaluate whether the model can represent the in-
fluence of the governing parameters on the shear behavior
of an unfilled rock joint with values for the uniaxial com-
pressive strength and basic friction angle of 12 MPa and
37.5°, respectively.
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Figure 6 - Membership functions for the JRC variable.

Figure 7 - Membership functions for the uniaxial compressive
strength (�c) variable.

Figure 8 - Membership functions for the basic friction angle (�b)
variable.

Figure 9 - Membership functions for the horizontal displacement
(�h) variable.

Figure 10 - Influence of normal boundary stiffness on the shear
strength of unfilled rock joints.

Figure 11 - Influence of the initial normal stress on the shear
strength of unfilled rock joints.

Figure 12 - Influence of the JRC values on the shear strength of
unfilled rock joints.



The results in Figs. 10 to 12 show that the First-Order
Takagi-Sugeno fuzzy controller fits the experimental data
very well. Moreover, the model also represents the influ-
ence of the input variable on the shear behavior of the un-
filled rock joints considered, as shown by an increase in the
shear strength as the normal boundary stiffness, the rough-
ness of the joint, and the initial normal stress also increased.

Figure 13 shows the correlation between experimen-
tal and predicted values of �h obtained for the fuzzy model.
The fuzzy model has a high value of 0.85 for the coefficient
of determination, which means it is a useful tool for predict-
ing the shear behavior of unfilled rock joints and present as
an advantage in relation to the existing models the fact of
considering the uncertainties of their input variables.

5. Practical Application of the Fuzzy Model
in a Rock Slope Stability Analysis

The initial application of the fuzzy model was made
by assuming the general configuration of a rock slope sub-
jected to a surcharge F, with height H, inclination �s and
whose potential slip surface is defined by an unfilled dis-
continuity with angle �j, as shown in Fig. 14. The presence
of the force T applied by the bolts defines the constant nor-
mal stiffness condition for the discontinuity.

The weight of the rock wedge (W) delimited by the
rock discontinuity considering its unit weight (�� can be de-
termined according to Eq. 1.

W H j s� �05 2. (cot cot )� � � (1)

The normal stress (�n) acting on the discontinuity can
be determined as a function of the increase in the normal
force (N) which acts on the discontinuity, due to the CNS

boundary condition imposed by the bolts. This increase in
the normal force depends on the number of bolts inserted in
the slope (n), and their horizontal spacing (sh) and inclina-
tion (	), as well as the initial normal force (N0) acting on the
discontinuity.
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If there are no bolts, the normal force is constant and
calculated according to Eq. 4.

N W F j0 � 
( ) cos � (4)

The value of T can be calculated by using Eq. 5,
which considers the characteristics of the bolts and the dis-
continuity dilation (�v), and whose measurement is ob-
tained by laboratory tests or by using the Dantas Neto et al.
(2017) neural model.
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where Eb is the modulus of elasticity of the bolts; Ab is the
cross-sectional area of the bolts; and Lb is the length of the
ground anchored section of the bolts.

The normal boundary stiffness acting on the disconti-
nuity can be defined by the elastic properties of the bolts
and the geometry of the discontinuity (Eq. 6).
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Finally, the factor of safety (FS) is obtained by the re-
lation between the resisting forces acting on the wedge and
the forces that cause its failure.
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The shear strength (�h) can be determined by labora-
tory tests or estimated by any available calculation method-
ology. In this paper, the analytical model of Indraratna &
Haque (2000) and the neural model proposed by Dantas
Neto et al. (2017) are used to predict the shear behavior of
the unfilled rock joint in the rock slope stability analysis
presented. A comparison of the results obtained by apply-
ing the First-Order Takagi-Sugeno fuzzy model is also pre-
sented.

Based on results of CNL and CNS direct shear tests,
Indraratna & Haque (2000) proposed that the shear strength
of an unfilled rock joint, presented in Eq. 8, can be defined
as a function of the characteristics of the discontinuity, the
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Figure 13 - Comparison between the experimental data with the
shear strength predicted by the First-Order Takagi-Sugeno fuzzy
model.

Figure 14 - Stability analysis of rock slope (Indraratna et al.,
2010a).



normal boundary stiffness, the initial normal stress acting
on the joint, and the shear displacement.
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where Aj is the surface area of the discontinuity; �v(�h) is the
dilation during shearing; �b is the basic friction angle; i0 is
the initial asperity angle of the discontinuity; and ih is the di-
lation angle at the horizontal displacement �h.

To use the analytical model proposed by Indraratna &
Haque (2000), the dilation during shearing must be mea-
sured in large-scale direct shear tests. Once their values are
known, the variation of dilation with the shear displace-
ment to be inserted in Eq. 8 can be represented using a Fou-
rier series, as presented in Eq. 9.
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where a0, an e bn are the coefficients of the Fourier series; n
is the number of harmonics; and TF is the period of the Fou-
rier series.

The terms a0, an, bn e TF are determined by interpolat-
ing the dilation vs. shear displacement curve, as obtained by
direct shear tests.

Indraratna et al. (2005, 2010a, 2010b) and Oliveira &
Indraratna (2010) have shown that the model proposed by
Indraratna & Haque (2000) can predict the shear behavior
of unfilled rock discontinuities, but they also highlight the
difficulties involved in obtaining its parameters because the
results of laboratory tests are required and may not be easily
available. Note also that the experimental data can only rep-
resent the field behavior if the boundary conditions im-
posed in laboratory tests are the same as those observed in
the field, a fact that is not always possible, due to the limita-
tions of the test equipment and the sampling process (Dan-
tas Neto et al., 2017).

In this practical application, the parameters represent-
ing the rock mass are: H = 30.5 m, �s = 80°, and �j = 50°,
� = 27.5 kN/m3 and F = 25,000 kN. The bolts are 63.5 mm in
diameter by Lb = 1.0 m long, are inclined at � = 15° to the
horizontal. The horizontal spacing of sh = 1.4 m is assumed.
Assuming Eb = 200 GPa and n = 30 bolts leads the disconti-
nuity to an initial normal stress and boundary normal stiff-
ness of 540 kPa and 380 kPa/mm, respectively.

The Indraratna & Haque (2000) model is used by ap-
plying the results of a direct shear test in a saw-tooth un-
filled rock joint with �c = 12 MPa, �b = 37.5° and JRC = 12
conducted under kn = 453 kPa/mm and �n0 = 0.56 MPa to
obtain the coefficients of the Fourier series presented in Ta-
ble 1. A saw-tooth unfilled rock joint was adopted to facili-
tate the calculations for applying the analytical model of
Indraratna & Haque (2000). Note that the results of the di-
rect shear test were obtained under boundary conditions

that differed from those imposed on the unfilled rock joint
considered in the rock slope stability analysis. However,
the fuzzy model proposed in this paper allows the shear
strength of rock joints for the actual conditions of the rock
slope to be evaluated, i.e., normal boundary stiffness of
380 kPa/mm, and initial normal stress of 540 kPa.

This is one of the main advantages of this fuzzy
model because it can predict the shear strength of unfilled
discontinuities when carrying out laboratory tests to repro-
duce field boundary conditions that become difficult or un-
feasible. Likewise, the neuronal model of Dantas Neto et al.
(2017) also allows for a direct application, and it does not
require laboratory tests.

Figure 15 shows the variation of the factor of safety
with the shear displacement of the unfilled rock joint ob-
tained by applying the First-Order Takagi-Sugeno fuzzy
model and the results of shear strength obtained with mod-
els by Indraratna & Haque (2000) and Dantas Neto et al.
(2017). The use of shear stresses provided by laboratory
tests under boundary conditions, other than those imposed
onto the analyzed rock slope, may have overestimated the
factor of safety in most of the tangential displacements con-
sidered.

Other than what has been portrayed in the models
proposed by Indraratna & Haque (2000) and Dantas Neto et
al. (2017), the displacements could not initiate the degrada-
tion of the joint asperities, a phenomenon that leads to a loss
of shear strength during shearing. This is possibly due to
the previously established fact that the model provides pre-
dictions close to the residual strength of the joints.

Furthermore, to apply the fuzzy model to practical
problems of rock slopes under CNS conditions, the dilation
of the discontinuity must be determined in order to estimate
the force applied by the bolts T, which defines the normal
boundary stiffness of the discontinuity. In their analysis the
authors used the dilations obtained by the model of Indra-
ratna & Haque (2000).
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Figure 15 - Factors of safety vs. shear displacement for the ana-
lyzed rock slope.

Table 1 - Fourier coefficients used in the stability analysis.

Fourier coefficients

�n0 (MPa) TF a0 a1 a2 a3 b1 b2 b3

0.56 35.67 2.16 -1.14 0.04 0.00 -0.08 0.15 0.00



6. Conclusions

The proposed fuzzy model is a Takagi-Sugeno con-
troller with linear (first-order) implication functions used in
the prediction of the shear strength of unfilled discontinu-
ities; it was developed using a robust data set with 673 ex-
amples and was defined based on previous studies that
identified the main factors that govern the shear behavior of
unfilled joints. The proposed fuzzy model fits the experi-
mental data very well, presenting a coefficient of correla-
tion of 0.85. It presents as advantage in relation to the
existing models the fact of considering the uncertainties of
their input variables in its response, i.e., in the shear
strength of unfilled rock discontinuities, leading to more ra-
tional and safer analyses and design or structures in rock
masses.

By analyzing the errors, the proposed Takagi-Sugeno
model can explain the shear behavior of unfilled rock joints
because it only needs some information about the charac-
teristics of the discontinuities, the intact rock, and the
boundary conditions imposed onto them.

In the rock slope stability problem presented, this lim-
itation was confirmed, and the fuzzy model did not portray
the degradation of joint asperities that can occur during the
wedge movement which reduces the factor of safety. How-
ever, the model was very useful for analyzing the rock slope
stability and for predicting the residual strength of unfilled
discontinuities, especially where laboratory tests would be
difficult or unfeasible, and the joint is subject to Constant
Normal Loading (CNL) conditions.

Finally, it is important to mention that the main limi-
tations of this fuzzy model are the domains of its input vari-
ables, which are defined during its construction, i.e., they
do not allow the insertion of values that are outside their
pre-defined range of occurrence as input data. In the present
work, the Takagi-Sugeno controller was conditioned to the
domain of the measurements of direct shear tests for most
of its parameters, but they can be adjusted as new data sets
become available.

A suggestion for future studies would be to develop a
Takagi-Sugeno fuzzy controller to predict the dilation of
unfilled discontinuities of rock masses in order to apply the
proposed model to practical problems of rock slopes under
CNS conditions. Another interesting alternative would be
to use neuro-fuzzy techniques to fully predict the shear be-
havior of unfilled rock joints.
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Analysis of the Physical-Mechanical Behavior of Clayey Sand
Soil Improved with Coir Fiber

L.C.P. Menezes, D.B. Sousa, S. Fucale, S.R.M. Ferreira

Abstract. The objective of this paper is to analyze the mechanical behavior of a clayey sand soil with added green coir fiber
at 0.25%, 0.5%, 0.75%, and 1% by dry weight, through a series of laboratory tests that physically and mechanically
characterize the samples in order to evaluate possible changes in the soil properties. Unconfined compression and indirect
tensile tests were carried out. The addition of fibers to the soil resulted in a considerable increase in the strength of the
composites. Unconfined compression strength for the soil and fiber mixtures was highest with 0.5% fiber content (50.8%
higher than the soil without fibers), and the tensile strength was highest for 0.75% fiber content (85.4% increase). These
results will hopefully encourage the use of vegetable fibers, specifically coir fiber, as an alternative material for use in civil
engineering projects.
Keywords: alternative materials, coir fiber, indirect tensile test, reinforced soil, unconfined compression test.

1. Introduction

The usage of soil as a building material is common in
civil engineering. However, some soils in their natural state
have low strength. This characteristic intensifies when an-
thropogenic factors arise, such as the removal of vegetation
cover, erosion, changes in drainage conditions, and disor-
ganized human occupation, which occurs frequently in pe-
ripheral regions of large cities. This can exacerbate various
socio-environmental problems, such as neighborhoods
with poor infrastructure, residences located in high-risk ar-
eas, and degradation of natural systems (Souza, 2014), a
common situation on the periphery of many Brazilian me-
tropolises.

Awareness of the problem, and knowledge of the lack
of strength capacity of some soils, makes it necessary to
strengthen the soil by altering its properties to create a ma-
terial capable of responding to the needs of the task (Cris-
telo, 2001).

Hejazi et al. (2011) cite soil improvement as “a proce-
dure in which natural or synthetic additives are used to im-
prove soil properties”, and typify this process in three
different ways, as shown in Fig. 1. This paper deals with
improvement through the addition of fibrous material.

The incorporation of fiber into fragile materials can
provide various benefits, such as increased capacity to ab-
sorb energy before rupture, increased load capacity and un-
confined compressive strength, and improved mechanical
characteristics (Cabala, 2007).

The use of vegetable fibers in geotechnics has been
studied with more emphasis in recent years, due to the de-
mand for alternative materials and the need to dispose of

agricultural production waste. In order to substitute the use
of synthetic materials with organic materials, however,
studies are necessary to obtain conclusions and parameters
on the viability of the use of these materials. The main ob-
jective of this paper is therefore to analyze the physi-
cal-mechanical behavior of composites of soil and coir
fiber that can be used for soil stabilization projects.

1.1 Coir fiber

For Civil Engineering, vegetable fibers can have a
number of applications, such as paving layers, retaining
walls, temporary works, slope protection, foundations, and
earthquake structures, among others (Kalita et al., 2016).
They have advantages over more conventional soil rein-
forcement materials, such as glass or carbon, but they also
have certain disadvantages, as shown in Table 1.

Ali (2011) studied coir fiber and concluded that it is
one of the most ductile vegetable fibers and capable of
withstanding stress 4 to 6 times greater than other vegetable
fibers. Table 2 shows the chemical composition of coir fi-
ber according to various researchers. Coir fiber has a lower
percentage of cellulose than other vegetable fibers, such as
sisal and jute, between 33% and 43%, reaching 68.9% in
some cases, according to Agopyan et al. (2005) and Asa-
sutjarit et al. (2007). The hemicellulose content (0.15-
31.1%) has the advantage of being low, since this material
is attacked by microorganisms (Noguera et al., 2000, apud
Bolanõs, 2013).

On the other hand, the amount of lignin is high, 20%
to 40% (Passos, 2005), about two to four times more than
jute and sisal fibers, providing compressive strength to cel-
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lular tissue and fibers. According to Babu & Vasudevan
(2007), coir fiber is much more advantageous in certain ap-
plications, such as erosion control, or improvement of slope
performance, due to the high lignin content.

It is also important to know the physical and mechani-
cal properties of coir fiber, in order to better understand
how it will behave in composites (Bledzeki & Gassan,
1999). Table 3 shows the physical and mechanical proper-
ties of coir fiber, as determined by several authors (Ali,

2011). The properties shown may differ among the studies
cited, as the fibers may come from different origins, and
may be tested using different methods and under different
humidity conditions (Faruk et al., 2012).

2. Materials and Methods

The soil was collected from the Alto do Reservatório
hillside, located in Recife, Pernambuco. It is an area consid-
ered to have a high risk of slope instability (Meira et al.,
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Table 1 - Advantages and disadvantages of the use of plant fiber for geotechnics.

Advantages Disadvantages

Ecological and renewable; Fibers degrade after being stored for a long time;

Low cost (or low cost by volume); High moisture absorption (hygroscopicity);

Fully biodegradable; Low strength to moisture;

Non-toxic; Low thermal stability;

Easy to handle, low density, and light weight; Weak adhesion in its natural state to numerous matrices;

Non-abrasive during processing and use; Need for chemical, mechanical or thermal treatments to be used as reinforcement
for cementitious composites.

Good insulation against heat and noise;

Acceptable specific strength properties;

Source: Bolaños (2013).

Table 2 - Coir fiber chemical composition.

Hemi-cellulose (%) Cellulose (%) Lignin (%) Reference

- 43 45 Satyanarayana et al. (1990)

31.1 33.2 20.5 Ramakrishna et al. (2005)

15-28 35-60 20 - 48 Agopyan et al. (2005)

16.8 68.9 32.1 Asasutjarit et al. (2007)

0.15-0.25 36-43 41 - 45 Corradini et al. (2006)

0.25 43.4 45.8 Shankar et al. (2012)

0.15-0.25 32-35 40-45 Faruk et al. (2012)

Figure 1 - Soil improvement methods. Source: Hejazi et al. (2011).



2006) and is susceptible to erosion. Coir fibers were sup-
plied by an agricultural machinery company. They were cut
to a length of 20 mm, a value based on previous studies
(Babu et al., 2008; Bolaños, 2013; Chaple & Dhatrak,
2013; Maliakal & Thiyyakkandi, 2013; Kar et al., 2014;
Aguilar, 2015). Following this, mixtures were prepared
with proportions of 0.25%, 0.5%, 0.75%, and 1% with re-
spect to the dry soil weight. These amounts were chosen
based on previous studies (Bolaños, 2013; Chaple & Dha-
trak, 2013; Maliakal & Thiyyakkandi, 2013; Singh & Mit-
tal, 2014; Tiwari & Mahiyar, 2014; Aguilar, 2015;
Anggraini et al., 2015; Ayninola & Oladotun, 2016; Kalita
et al., 2016; Subramani & Udayakumar, 2016).

The following tests were carried out: Particle-size
distribution (ABNT NBR 7181, 2016a), Consistency limits
(ABNT NBR 7180, 2016b; ABNT NBR 6459, 2016c),
Specific gravity (ABNT NBR 6508, 1984), and Proctor
compaction (ABNT NBR 7182, 2016d). Four samples
were produced (Fig. 2a) using static compaction method in
a cylindrical mold (50 mm diameter x 100 mm height) for
carrying out the mechanical tests: unconfined compressive
strength (UCS) (ABNT NBR 12770, 1992) at a fixed strain
rate of 0.5 mm/min (Fig. 2b) and tensile strength by diamet-
ral compression, or indirect tensile strength (ITS) (ABNT
NBR 7222/2011) only, done at a strain rate of 0.25 mm/min
(Fig. 2c).
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Figure 2 - (a) Samples; (b) Unconfined compression test; (c) Indi-
rect tensile test.



An important feature to be analyzed when including
fibers in soil mixtures is the form in which rupture occurs
when the test is performed. Visual analysis of the increase

in fibrous ductility is interesting, and was used by other au-
thors like Feuerharmel (2000) and Festugato (2008), con-
sidering that this characteristic tends to increase with the
addition of fibers. The rupture patterns were analyzed in or-
der to understand how the fibers acted as an improvement
material. Figure 3 shows the probable ruptures that may oc-
cur (Guedes et al., 2016).

3. Results and Discussion

Physical and mechanical characterization of soil and
mixtures are presented and discussed.

3.1. Physical characterization

Figure 4 shows the particle size distribution curves
for the soil and mixtures, and Table 4 presents the results of
the specific gravity, consistency limit, and compaction test,
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Table 4 - Results of physical soil characterization and mixture tests.

Sample Specific
gravity

Liquid limit
(%)

Plastic limit
(%)

Plasticity
index (%)

Optimum mois-
ture content (%)

Maximum dry
density (kN/m3)

USCS TRB

Soil 2.63 44 23 21 15.3 17.55 SC A-7-6

S+0.25% 2.63 43 30 13 16.5 17.50 SM A-7-5

S+0.5% 2.63 44 30 14 16.5 17.42 SM A-7-5

S+0.75% 2.62 41 27 14 16.3 17.29 SM A-7-6

S+1% 2.63 43 31 12 16.8 17.35 SM A-7-6

Figure 3 - Arrangement of the fibers in the rupture zones of the
unconfined compression and indirect tensile tests. Source: Guedes
et al., 2016.

Figure 4 - Grain size distribution curves.



including Unified Soil Classification System (USCS) and
Transportation Research Board (TRB) classifications.

The soil is a clayey sand, and the mixtures are silty
sand. The insertion of the fibers decreased the plasticity in-
dex. The introduction of the fibers contributed to a slight
decrease in the maximum dry density of the mixtures, be-
cause the fibers are lighter than the soil, while the increase
of the optimum moisture values can be explained by the
moisture absorption capacity of the fibers.

The same trend was observed by other authors, such
as Chaple & Dhatrak (2013), who saw the maximum dry
density decrease from 17.30 kN/m3 for the soil to
16.60 kN/m3 for the 1% coir fiber mixture. For all mixtures,
the optimum moisture increased from 18.10% for the soil to
20.76% for the 1% coir fiber mixture. Soundara & Kumar
(2015) obtained maximum dry densities of 19.80 kN/m3 for
soil and 17.20 kN/m3 for 1.5% coir fiber, and optimum
moisture of 6.50% for soil and 19% for 1.5% coir fiber.

3.2. Mechanical characterization

The results of the unconfined compressive strength
and indirect tensile strength tests are presented and dis-
cussed.

3.2.1. Unconfined compression strength tests

Table 5 presents the unconfined compression strength
results obtained from the samples, along with other impor-
tant parameters. The values of simple compressive
strength, for both the soil and the mixtures, had low disper-
sion (coefficient of variation less than 15%) and low modu-
lus of elasticity, except for S+1%, which had medium
dispersion of 22.9% (value between 15% and 30%) (Ferrei-
ra, 2018). The unconfined compressive strength increased
with the insertion of coir fiber, reaching the highest value
for the 0.5% fiber mixture. This effect may be caused by an
interaction between the soil and fiber, indicating a possible
optimum fiber content with the best soil-particle entangle-
ment. For the higher fiber values of 0.75% and 1%, there
was a small decrease in strength.

Similar behavior was obtained by Kar & Pradhan
(2011) in soils of similar granulometry with 15-mm length
fibers, where soil strength increased with 0.6% coir con-
tent. Chegenizadeh & Nikraz (2012 used 20-mm length fi-

bers, and found soil strength increased with 1.0% coir. Kar
et al. (2014) performed this investigation in a clay-sand soil
with 20 mm fibers and found that the best content was
0.8%, providing a 57% increase in UCS.

Stress-strain curves are shown in Fig. 5. The curves
for the soil show a peak in strength, typical of friable mate-
rial, reaching its maximum between 3 and 3.5% strain, fol-
lowing which, a decrease occurs for all applied stresses
(Fig. 5a). For the mixtures, no strength peak was observed,
but instead a hardening plastic behavior, characterizing a
material more ductile than soil. There is a continuous in-
crease in strength with higher deformations (Figs. 5b to 5d).
Kar et al. (2014), and Subramani & Udayakumar (2016)
obtained similar observations.

The increasing fiber addition was observed to turn the
composite into a less rigid material, due to the fact that fiber
is a more flexible material than soil (Fig. 5). The values for
the rupture strain at this percentages increase with increas-
ing fiber content; showing a tendency for the mixtures to be
more ductile than soil. Therefore, the soil curve showed a
behavior characteristic of a more rigid material, with a de-
formation peak and fragile rupture. With the inclusion of
the fiber, this characteristic changes, indicating a less rigid
and more ductile material.

Figure 6 shows 95% confidence intervals for the un-
confined compressive strength test results. The S+ 0.5%
and S+ 0.75% mixtures obtained the best results, consider-
ing that the S+ 0.25% and S+ 1% samples did not present
statistically significant differences from the soil.

The results presented in this paper also point to a ten-
dency of increase and decrease of strengths related to the
elasticity modulus, reaffirming that it decreases with the in-
sertion of fiber (Fig. 7), except for the 0.25% mixture,
which showed a slight increase.

When the improved soil is subjected to an external
load, the fibers become active, increasing the interconnec-
tion between the soil particles. This increases the strength
of the composite. However, studies indicate that the addi-
tion of fibers beyond the ideal amount could actually re-
duce the effectiveness of this strength improvement, as the
fibers would interact with each other, rather than with the
soil (Sivakumar & Vassudevan, 2008; Anggraini, 2016).
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Table 5 - Unconfined compression strength values.

Average UCS
(kPa)

Strength
increase (%)

Variation coeffi-
cient (%)

Average elasticity
modulus (MPa)

Variation coeffi-
cient (%)

Average rupture
strain (%)

Soil 421.4± 22.4 - 5.3 17.2± 2.1 11.9 3.3

S+0.25% 513.3± 37.7 21,8 7,3 20.3± 1.9 9.3 4.5

S+0.5% 635.4± 84.6 50,8 13.3 16.6± 0.6 3.5 6

S+0.75% 553.9± 26.6 31.5 4.8 11.9± 0.6 5.1 6

S+1% 546.1± 40.9 29.6 7.5 6.3± 1.4 22.9 6.4



Regarding the rupture pattern, as the fiber content in-
creases, visible external ruptures occurred less frequently.
Figure 8 shows the specimens following the test for the soil,
S+0.5%, and S+1% mixtures. The S+0.5% mixture had the
highest strength, but the S+1% sample was more ductile,

with fewer apparent ruptures distributed throughout the test
body.

Bolaños (2013) and Maliakal & Thiyyakkandi (2013)
verified similar behavior for fiber contents of 0.75%, 1%,
and 1.5%. Kar & Pradhan (2011) also found a similar result
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Figure 5 - Unconfined stress-strain curves for soil and mixtures.



for 0.4% fiber content, but with 15 mm fibers in clayey soil.
Sebastian et al. (2011) found the best results with 0.8% of
20 mm fibers in a clay soil.

3.2.2. Indirect tensile strength test

Table 6 shows ITS test results, along with other pa-
rameters for the analyses. The values of tensile strength un-
der diametral compression for both the soil and the mix-
tures, had low dispersion (coefficient of variation lower
than 15%), except for the S+0.5% mixture, which had me-
dium dispersion of 18.95% (value between 15% and 30%)
(Ferreira, 2018).

The indirect tensile strength increased with the inser-
tion of coir fibers, reaching the highest value for 0.75% fi-
ber content. This effect may be due to interaction between
soil and fiber, indicating that there is an optimum fiber con-
tent for the best soil-particle entanglement. Above the opti-
mum fiber content value, the excess fibers in the mixture
reduce the interaction between the materials. For 1% con-
tent, there was a small decrease in strength.

With the decrease in modulus of elasticity values and in-
crease in rupture strain values, the tendency of the mixtures to
become more ductile than the soil was identified. The
stress-strain curves are shown in Fig. 9. The soil was found to
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Figure 6 - Variation of unconfined compressive strength and 95%
confidence intervals for the unconfined compressive strength test.

Figure 7 - Unconfined compressive strength and its relation to
elasticity modulus.

Figure 8 - Rupture patterns found in soil, S+0.5%, and S+1%.

Table 6 - Indirect tensile strength values.

Average ITS
(kPa)

Strength increase
(%)

Variation coeffi-
cient (%)

Average stiffness
modulus (MPa)

Variation coeffi-
cient (%)

Average rupture
strain (%)

Soil 20.5± 1.9 - 9.3 1.2± 0.1 9.9 1.4

S+0.25% 19.2± 1.9 -6.4 9.9 2.6± 0.2 7.9 3.5

S+0.5% 31.5± 5.9 53.7 18.9 2.3± 0.05 2.1 5

S+0.75% 38± 5.7 85.4 15.0 2.9± 0.7 24.9 8

S+1% 26.3± 3.5 28 13.3 1± 0.1 8.2 9.8



have low indirect tensile strength, where there is a peak, gen-
erally between 1 and 1.5% deformation, at which the soil
completely ruptured across its longitudinal section. (Fig. 9a).

No strength peak was observed for the mixture sam-
ples S+0.25% and some of sample S+0.5% (Figs. 9b and

9c). Samples S+0.75% and S+1% showed no strength peak,
however strength increased along the specific deformation,
demonstrating the plastic behavior of the composite.

The soil indirect tensile strength is very low, and the
insertion of fiber generated an improvement, especially for
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Figure 9 - Indirect tensile stress-strain curves.



the 0.75% content mixture, which provided the best inter-
connection between the soil particles. For the 1% content
mixture, there was a slight decrease in strength compared to
the 0.75% content mixture. Figure 10 shows the 95% confi-
dence intervals for the indirect tensile strength values. The
S+0.75% mixture obtained the best results, considering that
the S+0.25%, S+0.5%, and S+1% samples did not have a
statistically significant difference in relation to the soil.

Similar results were obtained by Anggraini et al.
(2014), for a clayey soil stabilized with lime, in which the
addition of 1% fiber content showed strength gains, while a
higher fiber content (1.5% and 2%) had reduced gain; and
by Anggraini et al. (2015), for a clayey soil with 0.5% coir

fiber content, which decreased at higher content levels (1%,
1.5%, and 2%).

The ITS values were compared to the modulus of
elasticity, reaffirming that it decreases as fiber content in-
creases (Fig. 11). The stiffness modulus increases for the
mixtures, making them more resistant materials than the
soil, reaching the lowest value for 1% fiber content.

A definite vertical rupture plane, characteristic of a
rigid material, is observed in the region where stress is ap-
plied (Fig. 12a). The specimens of sample S+0.75%
(Fig. 12b) did not present a defined rupture plane, as the
stress tended to dissipate to other regions of the specimen.
Due to the presence of fibers, radial cracks also formed, but
the soil remained cohesive.
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Table 7 - Comparison between UCS and ITS values.

Mixture Average strength (kPa) Strength increase (%) ITS/UCS (%)

UCS ITS UCS ITS

Soil 421.4 20.5 - - 4.8

S+0.25% 513.3 19.2 21.8 -6.4 3.7

S+0.5% 635.4 31.5 50.8 53.7 4.9

S+0.75% 553.9 38 31.5 85.4 6.8

S+1% 546.1 26.3 29.6 28 4.8

Figure 12 - Rupture pattern of the a) Soil and b) S+0.75% mixture after indirect tensile strength test.

Figure 10 - Variation of indirect tensile strengths and 95% confi-
dence intervals of indirect tensile strength.

Figure 11 - Indirect tensile strength and its relationship with the
elasticity modulus.



3.2.3. Unconfined compressive strength vs. indirect
tensile strength

There is a general increase in strength when compar-
ing the behavior of the average UCS and ITS values (Ta-
ble 7). The UCS was highest at 0.5% fiber content, slightly
decreasing for higher fiber contents, whereas the ITS
showed little difference between the soil and S+0.25% mix-
ture in numerical terms, although the test pierce did not rup-
ture o in half. There is a tendency for strength to increase up
to 0.75% fiber, decreasing slightly at 1% content. ITS val-
ues were around 5% of the UCS values. Regardless of the
content, the fibers contributed more to the ITS, providing
an increase of around 40%, than to the UCS, whose average
gain was 33%.

4. Conclusions
A comprehensive program of laboratory tests was

performed to analyze the physical and mechanical proper-
ties of soil reinforced with coir fiber.
• The physical characteristics of the soil, such as specific

gravity, optimum moisture content, and maximum dry
density do not change significantly with the inclusion of
coir fiber. The plasticity index decreased with the addi-
tion of fibers.

• Fibers in the soil matrix were verified to provided an in-
crease in the unconfined compressive strength. The high-
est increases were reached at 0.5% coir fiber content,
50% greater than that of soil without fiber.

• The incorporation of fibers increased the indirect tensile
strength. Higher increases were found with 0.75% coir
fiber content, which was 85% higher than that untreated
soil.

• The insertion of fibers made the soil a more ductile mate-
rial, prone to reach higher strength with deformation.
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Numerical Simulation of Vertical Pullout of Plate Anchors
Embedded in Reinforced Sand

A.T. Siacara, L. Festugato

Abstract. This paper presents a model to predict the ultimate pullout load (Pu) for a shallow single vertical plate anchor
embedded in sand and fiber reinforced sand for depth (H)/diameter (D) ratios of 1.0, 1.5 and 2.0. The model was developed
based on literature field test results and wide laboratory investigation. The numerical analysis was performed using the
software ABAQUS considering elastoplasticity (Mohr Coulomb - Abaqus CAE) for modelling fiber reinforced sand. The
results indicate that this type of fiber reinforced sand significantly increases the Pu of shallow anchor plates. Based on test
results, critical values were discussed and recommended in order to estimate the Pu for shallow single vertical plate anchor
embedded in sand and fiber reinforced sand. The proposed theory was compared against available bibliography of
homogeneous material (sand) in field tests or analytical methods. The variability of the results shows that the proposed
method is in the range of expected results. For fiber reinforced sand, no method for comparison has been found literature.
Keywords: elastoplasticity, fiber reinforced sand, numerical simulation, plate anchors, pullout load.

1. Introduction
A series of investigations and researches have been

carried out to determine the pullout resistance of circular
plate anchors placed horizontally in a homogeneous soil
medium. Foundations subjected to pullout loadings rely
heavily on the passive resistance developed on such ele-
ments. Anchors are known to be the best foundation ele-
ments to provide such resistance. The development of ana-
lytical models for these types of foundations depends on
identifying a representative failure mechanism of the sur-
rounding soil. This constitutes one of the major difficulties.

In the literature, the different studies were based on
small-scale trials (Das & Seeley, 1975; Murray & Geddes,
1987), the limit equilibrium method (Meyerhof, 1973;
Murray & Geddes, 1987; Jesmani et al., 2013), the elasto-
plastic finite element method (Rowe & Davis, 1982a,
1982b; Andresen et al., 2011; Jesmani et al., 2013), models
of centrifugal test (Dickin, 1988; Ovesen, 1981), the stress
characteristics method (Subba Rao & Kumar, 1994), the
upper limit-boundary analysis (Murray & Geddes, 1989;
Kumar, 2001; Merifield & Sloan, 2006; Kumar & Kouzer,
2008; Kouzer & Kumar, 2009) and the lower limit-boun-
dary analysis (Merifield & Sloan, 2006; Merifield et al.,
2006; Khatri & Kumar, 2011). Most of these studies were
focused mainly on plates embedded in a homogeneous me-
dium of a single layer of soil.

The lack of agreement between the various theories of
tensile load capacity is due to the difficulty of predicting the
geometry of the rupture zone. In the case of compressive
load capacity tensions occur below the foundations in a
continuous medium, which is assumed to be homogeneous

and isotropic; thus, the zones of rupture are predicted and
coherent with the Classical Soil Mechanics (Bhattacharya
& Kumar, 2016).

In the majority of earlier studies, a failure mechanism
was assumed and the uplift capacity was then determined
by considering the equilibrium of the soil mass above the
anchor and contained by the assumed failure surface. Based
on the underlying assumptions, these methods of analysis
are commonly referred to as the “Soil cone” method (Mors,
1959) and the “Friction cylinder” method (Downs & Chie-
ruzzi, 1966). A similar study to that of Pearce (2000) was
performed by Ilamparuthi et al. (2002) who conducted a se-
ries of laboratory pullout tests on horizontal circular plate
anchors pulled vertically in loose to dense sand. A discus-
sion of the observed failure mechanisms, load displacement
response and critical embedment depth was also provided.
A set of empirical equations were presented for estimating
the break-out factors for circular anchors with any friction
angle.

At the ultimate pullout load (Pu) the tensile load ten-
sions are distributed above the base and their distribution
seems to be unique and influenced by the surface of the ter-
rain: the behavior of deep foundations has been generally
distinguished from shallow foundations in studies (CIGRÉ,
2008). Various prediction formulas based on an assumed
failure mechanism have also been proposed (Vermeer &
Sutjiadi, 1985; Trautmann et al., 1985; Murray and Ged-
des, 1987). More rigorous solutions based on plasticity the-
ory have been presented by Merifield et al. (2001) and
Merifield & Sloan (2006). These various prediction meth-
ods, based on different assumed failure mechanisms, stress
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distributions and material behaviour, can lead to very dif-
ferent results. The solutions have a wide variation and these
kinds of methods do not give a prediction for fiber rein-
forced sand.

The use of fiber reinforced sand has also attracted
considerable interest in recent years in the research area
(Silva dos Santos et al., 2010; Consoli et al., 2007a, b;
Consoli et al., 2009a, b). Despite that, no work has focused
on determining the ultimate pullout load for a plate anchor
embedded in fiber reinforced sand.

The studies available in the literature are mainly fo-
cused on the capacity of vertical anchors as well as the de-
formation mechanisms at the soil-plate interface. However,
the effect of soil improvement with the use of fiber rein-
forced sand on the behaviour of a plate anchor has not yet
been investigated. Therefore, the aim of this study is to de-
velop more understanding about the behavior of loaded
vertical anchor plates embedded in sand and fiber rein-
forced sand. This is achieved by studying the influence of
the reinforcing element parameters, such as its length and
diameter on the pullout resistance of the anchor plate. Also,
the effect of these parameters is investigated on anchor
plates with different geometry, embedment depth and the
kind of soil (sand or fiber reinforced sand).

2. Objetives

The purpose of this research is to present the valida-
tion of a simple limit equilibrium solution for the vertical
pullout resistance of plate anchors embedded in sand and fi-
ber reinforced sand. The limit equilibrium solution is in-
spired by the formulation of Rowe & Davis (1982b) and
Merifield et al., 2003. The use of elastoplasticity (Mohr
Coulomb - Abaqus CAE) in the analysis by the Finite Ele-

ment Method (FEM) for fiber reinforced sand was adopted,
following Hibbit et al., 2006, in order to establish the ge-
ometry of the mechanism, and the resistance mobilised on
the failure planes. The solution is shown to provide agree-
ment with a large database of model test results that have
been assembled from the published literature (the solution
shows the variation of the results that exist in the literature).
Simple design charts are presented. It is shown that plastic-
ity solutions for an ideal frictional material can be uncon-
servative. Finite element solutions with a non-associated
flow rule can give closer predictions. However, finite ele-
ment analysis is not routinely used in practice, and simple
analytical idealisations of the kind described in this paper
remain the principal tool used by designers.

3. Problem Definition

The experimental program was carried out in two
parts. First, all the description of the pull out of circular an-
chor plates embedded in sand and fiber reinforced sand test
was developed in the experimental program by Consoli et
al. (2012, 2013) such as the characterization of the backfill
material (the configuration made for the test follows the in-
structions of ASTM D 1194, 1994). The foundation con-
sists of a steel cable and a rigid circular steel plate
300.0 mm in diameter and 25.4 mm thick. Then a numerical
2D study was conducted using the source code of the com-
mercial finite-element package ABAQUS, with further de-
velopment to simulate the deformation analysis.

A basic explanation of the problem is now provided.
The anchor plate is placed at a distance H measured from
the top of the backfill and the diameter of the anchor plate is
B as shown in Fig. 1. The thickness of the anchor is as-
sumed to be negligible compared to its width. The soil mass
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Figure 1 - Schematic diagram of the problem definition.



is perfectly plastic and is assumed to obey an associated
flow rule. The Mohr-Coulomb failure criterion is applica-
ble for the analysis. The objective of this work is to find the
ultimate pullout load (Pu) per unit of length of the plate an-
chor for different values of H/D (1.0, 1.5 and 2.0) where the
direction of the pullout is perpendicular to the anchor plate.
The ultimate pullout capacity of the plate anchor is deter-
mined for the sand and fiber reinforced sand.

4. Elastoplasticity (Mohr Coulomb - Abaqus
Cae)

The non-associative Drucker-Prager model (Drucker
& Prager, 1952) was implemented in this work. Since
ABAQUS (Hibbit et al., 1998) requires parameters in the
p-t coordinate system, calculations need to be performed to
transfer soil parameters from the t-s to the p-t coordinate
system. The following explanations will summarize refer-
ences (Drucker & Prager, 1952 and Chen, 1982) which pro-
vide detailed explanation for obtaining parameters for the
Drucker-Prager soil model.

The Mohr-Coulomb failure criterion is an elasto-
plastic constitutive model that is controlled by the laws of
yield, flow, and expansion (hardening). The Mohr-Cou-
lomb constitutive model, which can be provided by the
Abaqus program, has some requirements that are important
when studying or using the model in geotechnical problems
(Hibbit et al., 2006). The requirements are as follows:
• Stresses and deformations do not depend on time.
• The material studied should be isotropic.
• The material is expanding (hardening) or softening iso-

topically. The model does not use an equation that con-
trols the expansion of the material, but this is controlled
by the user through the control of the cohesion with the
plastic deformation.

• Cohesion has two functions, i) first, the yield function
where the resistance parameter of the material is known
by the traditional Mohr-Coulomb constitutive model; ii)
second, the function of the plastic potential where the
stress is controlled when plastic deformations called Co-
hesion yield stress are generated.

The formulation of the Mohr-Coulomb failure crite-
rion that is implemented in Abaqus is a function of three
stress invariants and state parameters presented in the fol-
lowing equations. The Mohr-Coulomb yield criterion is as-
sociated with the flow function by forming a yield surface
in Haigh-Westergaard co-ordinates, empressed in terms of
principal stresses (Hibbit et al., 1998) by.

F Rmc q p c� � � �tan( )� (1)

where F is the yield surface; Rmc is the Mohr-Coulomb
deviatoric stress measure that is a function of the angle of
Lode (�) and the internal friction angle of the material (�)
according to Eq. 2; q is the second stress invariant that
Abaqus calls equivalent Von Mises stress presented in

Eq. 6; p is the hydrostatic stress being the first stress invari-
ant that is in Eq. 4; c is the cohesion of the material; and � is
the internal friction angle of the material.
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where � is the angle between the stress path of the material
and the main stress present in Eq. 3 and r is the third stress
invariant presented in Eq. 7.
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The Von Mises equivalent stress (q) and the third in-
variant (r) are in function of the deviatoric stress (Sij). In
Eq. 5 the variables in terms of stress tensors are expressed
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The constitutive model is characterized by a non-
associated plasticity where there is no equality between the
yield function (F) and that of the plastic potential (G). The
plastic potential function of Eq. 8 defines the direction of
the plastic deformations that are perpendicular to the sur-
face of the plastic potential.

G E c Rmw q p1 1 2
2 2� � � �( tan ) ( ) tan� � (8)

where, E1 is the eccentricity that controls the deformability
of the function (G) in the meridional plane (Rmw-q) and ap-
proaches the asymptotic line. The Abaqus software defines
the default (E = 0.1). The meridional plane represents a cut
of the surface of the plastic potential in which the directions
of the plastic deformations are perpendicular to the surface.

The c2 is the initial cohesion yield stress, � is the an-
gle of dilatancy that relates the volumetric and shear defor-
mation in the plastic range, different to the angle of friction
due to the selection of the non-associated flow (Houlsby,
1991). Rmw is the elliptic function presented by Menétrey
& Willam (1995) that generates the concave shape to the
function of the plastic potential by means of the Lode angle
(�) and the variable (e) called the out-of-roundedness pa-
rameter. The variable (e) allows smoothing the function
that governs the surface of the plastic potential.
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The model hardening law is controlled by the cohe-
sion parameter under confinement pressure and the load
level of the test.

5. Finite Element Simulation

Numerical simulations have been often used to ana-
lysed various types of geotechnical models in pullout test-
ing using the finite element approach (Susila et al., 2003;
Song et al., 2008; Bhattacharya & Kumar, 2014 and Bhat-
tacharya & Kumar, 2016). However, there are not models
that have been used to investigate the pull out of circular an-
chor plates embedded in fiber reinforced sand.

Steel plates with tensile stresses can be solved in
axissimetry, planar or three-dimensional, but in this re-
search they will be solved in axissimetry (Fig. 2a) due to the
ease provided and the type of model. Loading by prescribed
displacement was chosen (due to being a facilitator while

the model converged), with subsequent response to the re-
action force.

It is assumed that the steel plate is in perfect contact
with the ground at the beginning. The interaction between
the plate and the soil is simulated using interface elements,
with coefficient of friction of 0.30 for the interaction be-
tween the materials. This type of interface is able to repro-
duce the Coulomb-type frictional interaction between the
surface of the plate and the ground in contact (Hellwany,
2007).

The extent of the mesh must be large enough to pre-
vent discrepancies due to the boundary conditions. Thus, a
minimum spacing of 11 times the diameter of the plate was
adopted, and 3 times the length at depth (Fig. 2b). Bhatta-
charya et al. (2008) adopted a lateral distance and depth of
5D, relative to the center of the foundation, for their sand
simulations. Consoli et al. (2007c) and Ratley et al. (2008),
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Figure 2 - Axisymmetric analysis a) Parts of the model b) Dimensions of the model.



in their numerical simulations, adopted a radius and depth
of 3D for sand-fiber backfills. The extent of the mesh is suf-
ficiently large to avoid discrepancies with the boundary
conditions according to the Fig. 2b.

After the step of applying the initial stress state, one
must check the value of vertical displacements, which
should tend to zero. It is suggested a tolerance around
1 x 10-5 m.

The Fig. 2a and 2b show the finite element model for
the analysis. Both the soil and the plate anchors are mod-
elled using four node axisymmetric elements (CAX4
ABAQUS element) and axisymmetric pore pressure ele-
ments (CAX4P ABAQUS element) are also used but only
in the soil, but the pore pressure will be not considered. The
structured mesh is of square type elements in the entire
model. In order to optimize the processing time and reduce
the possibility of errors, the finite element mesh is more
concentrated in the landfill area. This same procedure was
also adopted by Mántaras (1995), Thomé (1999), Consoli
et al. (2007c) and Ratley et al. (2008).

The base of the model is restricted in the X and Y di-
rections, while the sides are constrained only in the X direc-
tion. The boundary conditions for the displacement cons-
traints are shown in Fig. 2b.

The elasto-perfectly plastic Mohr-Coulomb constitu-
tive model was adopted for the natural soil and sand, in
which the input parameters are relatively easy to obtain,
and the results would show good agreement with the field
results.

In the fiber reinforced sand numerical model the
Mohr-Coulomb hardening option was used; this option is
used to define the linear behavior of the material in harden-
ing/softening (Abaqus, 2010).

All analyses were performed in the isotropic condi-
tion (K = 1.0). According to Burd & Frydman (1997) and
Thomé (1999), the consideration of different anisotropic
conditions (K � 1.0) for surface foundations submitted to
compression did not show differences from the results ob-
tained with the elasto-perfectly plastic model.

Three steps were determined for the algorithm se-
quence: a) Initial, the numerical insertion of the initial
stress state, its boundary conditions, and contact properties
between the different parts is done; b) Geostatic, the geo-
static control is activated, which verifies if the geostatic
stresses applied in the previous step caused significant de-
formations; c) Loading, in this step the displacement is
gradually applied in the steel tube, and the reading of reac-
tion forces and displacements are checked.

5.1. Material properties of the Analysis

5.1.1. Sand

The sand used in this study comes from a deposit lo-
cated in the municipality of Osório-Rio Grande do Sul. This
material is characterized as a fine sand (NBR 6502-ABNT,

1995 and ASTM-D 2487, 1993), being uniform, fine, non-
plastic, with grain specific gravity 26.5 kN/m3 and average
particle size 0.16 mm (Cruz, 2008 and Dalla Rosa, 2009).

The geotechnical parameters of cohesion (c) and the
angle of friction (�) were obtained directly from the triaxial
test of Festugato (2008) and Santos (2008). In terms of
modulus of elasticity, Thomé (1999) defined as the secant
value for a 0.1% deformation. This same criterion was
adopted in this work. Alternatively, the modulus of elastic-
ity (E) can be obtained by correlation with the shear modu-
lus (G) by the elasticity theory relations as shown in Eq. 12,
where a shear modulus of 20.0 MPa is obtained according
to Consoli et al., 2013.

E G� �2 1( )� (12)

In the preliminary analyses, the value of Poisson ratio
(�), between 0.2 and 0.4, was varied for both the natural soil
and the material of the landfill, and no influence was veri-
fied on the stress vs. relative displacement curves for the
adopted range. Thus, an average value of 0.3 was consid-
ered for all materials involved. These considerations are
consistent with the results of Rowe & Booker (1981) who
verified that, for a homogeneous soil, there is no variation
in the displacement for a variation of � between the values
0.0 and 0.5. Cudmani (1994) verified the same result for his
analyses of foundations subject to compression.

The dilatation curves (stress ratio - q vs. dilatation -
��v / ��s) for the triaxial sand tests are presented by Festu-
gato (2008) and Santos (2008). The dilatancy angle � can
be obtained directly through these curves and through
Eq. 13.

tan( )� �
��

��
v

s

(13)

where ��v is the volumetric deformation and ��s is the shear
deformation.

As � � � (non-associated flow) the stiffness matrix is
non-symmetric. It is necessary to use the “Unsymmetric
Matrix Storage” option in ABAQUS (Abaqus, 2010).

5.1.2. Sand with fiber

The fibers used consist of polypropylene monofila-
ments of 50.0 mm in length and 0.01 mm in diameter, rela-
tive density of 0.91, tensile strength of 120.0 MPa, modulus
of elasticity of 3.0 GPa and deformation at rupture of
80.0%. The fiber content used was 0.50% of the weight of
the dry sand.

From the results of the triaxial tests, performed under
different effective confinement stresses for a sand with fi-
ber with 50.0% of relative density, the resistance parame-
ters of the analyzed mixtures, angle (�’), and cohesive
intercept (c’), are defined through their rupture envelope
(Festugato, 2008) and the value adopted in the initial nu-
merical model is presented in Table 1.
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In terms of modulus of elasticity, the same criterion of
the sand was adopted in this work.

The internal friction angle values of the blends are not
influenced by the fiber aspect ratio. The rupture envelopes
are parallel. In contrast, the values of cohesive intercept of
the composites are strongly influenced by the aspect ratio
of reinforcements. The higher the aspect ratio, the greater
the cohesive intercept (Festugato, 2008).

The same criterion of the sand was used for obtaining
the value of � (Cudmani, 1994) and the dilation angle
(Festugato, 2008).

5.1.3. Natural soil

The excavated soil that served as the base for the exe-
cution of the load tests is of the homogeneous residual type,
originating from the decomposition of basaltic rocks (igne-
ous) and sandstones (sedimentary). Standard penetration
test (SPT) was performed in the experimental field by
Lopes Jr. and Thomé, 2005.

Dalla Rosa et al. (2004a, b) conducted a geotechnical
investigation along the profile to a depth of 5.0 m to deter-
mine the physical properties and indices along the depth
(moisture, specific gravity, particle size distribution and
limits of liquidity and plasticity).

Considering the geotechnical parameters presented
above (granulometry and Atterberg limits), the soil of the
experimental field can be classified as an A-5-7 soil (silt-
clay soil) by the American Association of State Highway
and Transportation Officials (AASHTO) and CL (low to
high liquidity clay) by the unified soil classification system
(USCS).

Dalla Rosa et al. (2004a, b) performed oedometric
tests in the natural and flooded conditions, simple compres-
sion tests and Thomé et al. (2005) carried out consolidated
drained (CD) triaxial tests.

In addition to the geotechnical characterization of the
experimental field, Dalla Rosa et al. (2004a) performed
compressive load tests on steel plates with diameters of 30,
60 and 90 cm and set at a depth of 80.0 cm. Lopes Jr. &
Thomé (2005) performed six static load tests on excavated
cuttings (three of which were isolated with styrofoam),

with a diameter of 25.0 cm and drilled between the depths
of 3.86 and 4.70 m.

5.1.4. Steel

For the steel plate, the technical characteristics of the
type of steel used in its manufacture were used (Souza,
1974).

Table 1 provides a summary of the calibrated material
properties that were used in the present study.

6. Results and Comparison

6.1. Results of the model

Figure 3 shows the comparison of the results of the
experimental tests with the numerical simulation of vertical
pullout of plate anchors embedded in sand and fiber rein-
forced sand.

The ultimate pullout load (Pu) of plate anchors em-
bedded in sand was 5.0 kN and in fiber reinforced sand was
4.1 kN, from the numerical modeling was 5.1 kN and
5.1 kN respectively for a displacement of 1.5 mm and
6.0 mm in the cases of a H/D ratio of 1.5 and 1.0 respec-
tively with a steel plate of 30.0 cm. There is a difference in
Pu of 0.1 kN that is approximately 2.0% higher in the nu-
merical model than in the field test, which is considered a
satisfactory result.

Figure 4a presents the initial stress state for an em-
bedded sand of H/D ratio of 1.5. The S, S22 (stress compo-
nents at integrations points) view helps to show that points
A, B and C meet the state of initial stress. Hence, it can be
inferred that all the points in the model meet the state of ini-
tial stress. Figure 4b, for an embedded fiber reinforced sand
with H/D ratio of 1.0, shows the U, U2 (spatial displace-
ment at nodes) view that helps check the initial displace-
ments. In the same figure, it is shown that points A, B and C
meet the state of initial displacements with displacements
close to zero. Therefore, all the model satisfactorily meets
the initial displacement expected conditions.

The displacement occurring during the initial step is
not due to the external load, but it is due to the difference
between initial stresses predicted in the computational pro-
gram by the user and the converged stresses calculated by
ABAQUS which are in equilibrium with the external load.
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Table 1 - Calibrated properties of the studied soils

Description Properties Sand Sand - fiber Natural soil Steel plate Steel tube

Density � (kg/m3) 1770.0 1770.0 1650.0 7850.0 1600.0

Elasticity E (kPa) 60000.0 80000.0 15000.0 210000000.0 210000000.0

� 0.3 0.3 0.3 0.3 0.3

Plasticity c’ (kPa) 3.0 0 3-2.0 - - -

�’ (°) 39.2 43.0 - - - -

� (°) 7.0 8.0 - - - -



The verification of the state of initial stresses and the initial
displacements helps check that the numerical model be-
haves close to reality.

In Figure 5 the largest displacements (U) are observed
in the soil that is on top of the upper face of the steel plate.
In this case the simulation was done with continuous ele-
ments and that is why the solid does not present cracks.
However, the displacement gradient indicates the probable
location of the rupture surface, which can be observed with
a frustoconical shape. The generatrix of the failure surfaces
in the case of fiber reinforced sand forms a larger angle with
the vertical compared to the sand case. From the same fig-
ure we can see that a displacement of 2.0 mm was used for
the sand model and for the fiber reinforced sand model a
displacement of 6.0 mm.

The stresses and deformations are developed in sev-
eral directions and one way of presenting these stresses is to

combine them in the so called equivalent von Mises (S). In
three-dimensional models the combination of the six stress
components in a single equivalent stress is related to the
real stress system (Abaqus, 2010). Von Mises stresses or
equivalent stresses are concentrated in the landfill zone as
shown in Fig. 6 and they increase as the H/D ratio increases.
It can be seen that in the case of sandy soil the stresses are
distributed more randomly than in the case of fiber rein-
forced sand in which they concentrate in the direction of
failure. In general, reinforced soils (sand-fiber) reach
higher values of stress than in sandy soil.

The plastic deformation at the integration points (E2)
is a scalar variable used to present the non-elastic deforma-
tion of the material. When the variable is greater than zero,
it means that the material has yielded and when the variable
is less than zero it means that the material is still in elasticity
(Abaqus, 2010). The blue color zone in Fig. 7 indicates that

Soils and Rocks, São Paulo, 42(1): 43-59, January-April, 2019. 49

Numerical Simulation of Vertical Pullout of Plate Anchors Embedded in Reinforced Sand

Figure 3 - Results of the vertical pullout test and the numerical model in an embedded a) sand b) fiber reinforced sand for H/D = 1.0, 1.5
and 2.0.



the material has elastic behaviour; it can be observed that
the plastification in all cases is concentrated in the elements
that are near the upper corner of the plate and follow the tra-
jectory of the rupture surface obtained experimentally.

6.2. Comparison

Figure 8a shows the ultimate pullout load (Pu) for
each H/D ratio of the numerical models and the field tests.
It can be seen that in the comparisons of the Pu for the fiber
reinforced sand, the H/D ratio of 1.0 and 1.5 presents very
similar strength gains with a difference of 0.1 kN and
0.2 kN respectively. Additionally, the difference of Pu for
the sand was 0.4 kN and for the fiber reinforced sand was

0.1 kN for H/D ratio of 1.0. For the H/D ratio of 1.5 the
difference of Pu for the sand was 0.1 kN and for the fiber re-
inforced sand was 0.2 kN; nevertheless, for the H/D ratio of
2.0 there is a considerable difference since for both sand
and fiber reinforced sand we have a difference of 1.4 kN. In
other words, there are variations between the numerical
model and the field test from 0.1 to 0.4 kN for a H/D ratio of
1.0 and 1.5 in sand and fiber reinforced sand, but in the H/D
ratio of 2.0 we have a variation of 1.4 kN.

In Fig. 8a the comparison of the strength gains be-
tween the sand and the fiber reinforced sand in field tests
for a H/D ratio of 1.0 show 2.4 kN and 4.1 kN respectively,
which is an approximate gain of 40.0%. The numerical
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Figure 4 - Initial conditions of the numerical model a) Initial stress state in an embedded sand for H/D = 1.5 b) Initial displacements in an
embedded fiber reinforced sand for H/D = 1.0.



model, with the resistance parameters adjusted for the same

relation, has 2.8 kN in a sand backfill and 4.0 kN in a fiber

reinforced sand backfill which is a gain of approximately

30.0%. In the same figure, the H/D ratios of 1.5 and 2.0 for

a field test and numerical model show a gain resistance of

approximately 30.0%. In other words, in an arithmetic

mean there are resistance gains from 35.0 to 40.0% for fiber

reinforced sand backfill in the field tests and in the numeri-
cal model.

Although Fig. 8a showed 35.0 to 40.0% strength gain,
when the analysis considers the ratio of the Pu reinforced
against Pu, a tendency of strength gain decrease is observed
(Fig. 8b). Figure 8a showed the gain of Pu with the use fiber
reinforced, and the Fig. 8b showed that the gain rate de-
creased with the increase of the H/D ratio.
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Figure 5 - Displacements (U, mm) for an embedded sand and fiber reinforced sand.



7. Estimation of the Ultimate Pullout
Capacity of Plate Anchors

The ultimate pullout load (Pu) of a steel plate in sand
is generally expressed as a function of the landfill weight
( ) and the depth of the plate anchor (H) as shown in Eq. 14
(Rowe & Davis, 1982b; Merifield et al., 2003). There are
not other equations in the literature that refer to a fiber rein-
forced sand backfill.

q H Nu � � �  (14)

The pullout factor N was obtained from numerical
modeling with Abaqus for H/D ratios of 1.0, 1.5 and 2.0 and

for different friction angles (�) and for a sand and sand-
fiber backfill as shown in Figs. 9a and 9b. The presented
figures can be used for steel plates of different dimensions,
but between the H/D ratios of 1.0, 1.5 and 2.0 in order to de-
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Figure 6 - Stress at the integration points - Mises (S, Pa) for an embedded sand and fiber reinforced sand.



termine the Pu value in sand and fiber reinforced sand em-
bankments from the friction angle of the material.

7.1. Comparison

Figure 10a shows the Pullout factor values obtained
by FEM and some methods presented in the literature for
H/D ratios of 1.0, 1.5 and 2.0 at a friction angle (�) of 30.0°

in sand backfill. The use of this friction angle was only for
comparing the present numerical model with other methods
in the literature; in addition, the methods used for estimat-
ing the pullout factor were not used for fiber reinforced
sand backfill. The different factors N were obtained from
the literature and this factor depend of the H/D ratio,  and �
of the material backfill.
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Figure 7 - Deformation at the integration points - Maximum in the main plane (E2) for an embedded sand and fiber reinforced sand.



Of the nine remaining methodologies employed in the
Fig. 10a, five methods (Balla, 1961; Meyerhof & Adams,
1968; Murray & Geddes, 1987; Saeedy, 1987; Merifield et
al., 2003) were extremely conservative in comparison with
the proposed method. Three methods (Sarac, 1989; Ghaly
& Hanna, 1994; Grenoble method in Biarez & Baraud,
1968; Martin, 1963 & 1966) presented overestimates for all
load tests. The Hanna model (Hanna et al., 2007) presented
the best estimates, with differences between 18.0% for a
H/D ratio of 1.0, 7.0% for a H/D ratio of 1.5 and 10.0% for a
H/D ratio of 2.0 compared to the proposed model.

Also for sand backfill, Fig. 10b presents a comparison
between the values of the load tests done in the laboratory
or field by different authors where five authors (Murray &
Geddes, 1987 for a friction angle (�) of 44.0°; Ilamparuthi

et al., 2002 for a � of 43.0°; Balla, 1961 for a � of 38.0°;
Ghaly et al., 1991 for a � of 30.0°; Baker & Kondner, 1966
for a � of 42.0°) were extremely conservative when com-
pared with the proposed method. Two papers (Ghaly et al.,
1991 for friction angles (�) of 35.0° and 40°; Kwasniewski
et al., 1975 for a � of 28.0°) presented overestimates for all
load tests. The field tests f Bemben & Kupferman (1975)
for a � of 46.0° and Ruver (2011) for a � of 39.2° presented
the best estimates, with differences of 0.40% for a H/D ratio
of 2.0 in Bemben & Kupferman (1975) and the proposed
method. For the Ruver (2011) tests, there is a difference of
16.9% for a H/D ratio of 1.0, 3.0% for a H/D ratio of 1.5 and
16.6% for a H/D ratio of 2.0 compared to the proposed
model.
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Figure 8 - Comparison in different H/D ratios of (a) the ultimate pullout load (Pu) (b) the relationship Pu reinforced and Pu.



8. Conclusions

The outcomes from this work can be summarized as

follows:

• The present work introduces a method for designing and
analyzing vertical pullout of plate anchors embedded in
sand and fiber reinforced sand. There are still diver-
gences in determining the pullout factor (N ). Hence,
further investigations are needed to clarify this basic but
important topic. The present work emphasizes the crite-
rion for determining the N of plate anchors in sand and
fiber reinforced sand. After a review of current studies on
this topic, the criterion for determining  based on finite
element analysis is recommended. This criterion is vali-
dated firstly by model tests and then applied to circular
plate anchors with different embedment ratios in both

sand and fiber reinforced sand to calculate bearing ca-
pacity factors.

• The proposed methodology conforms to two capacity
factors. The first, the value of N can be obtained by us-
ing a sand backfill. The second, to be obtained by using a
fiber reinforced sand backfill can be generally applied
for different H/D ratios. The ultimate pullout load (Pu) in
the present analysis is definitely recommended, in which
a non-associated flow (� � �) was used.

• The numerical model for a sand backfill had an approxi-
mate difference of ! 2.0% from the ultimate pullout load
(Pu) in the field test for a H/D ratio of 1.5 which shows
that the model reproduced with satisfactory accuracy the
result obtained in real scale. In the same way, the numeri-
cal model calibrated for a fiber reinforced sand backfill
had an approximate difference of ! 3.0% from the Pu in
the field test for a H/D ratio of 1.0.
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Figure 9 - Pullout factor for embedded a) sand and b) fiber reinforced sand.



• By comparing the resistance gains in the numerical mod-
els of sand and fiber reinforced sand backfill with those
from the field tests for a H/D ratio of 1.0, 1.5 or 2.0, the
average resistance gain is about 40.0% to 35.0%. The
gain rate decreases with the increase of the H/D ratio.

• Although the H/D ratio varied within a limited range of
1.0, 1.5 and 2.0, the simulations and their respective re-
sults for the ultimate pullout load (Pu) represent an im-
portant step towards understanding the application of
this approach in sand and fiber reinforced sand backfills.
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Obtaining the Mechanical Parameters for the Hardening Soil
Model of Tropical Soils in the City of Brasília

J.F.R. Rebolledo, R.F.P. León, J. Camapum de Carvalho

Abstract. In this article, the mechanical parameters of characteristic soils of the city of Brasília are obtained, calibrated and
validated for the Hardening Soil (HS) model, based on laboratory and field test results obtained in previous research studies
conducted in the Experimental Field of the University of Brasília (CEGUnB). The strength and compressibility parameters
are obtained from triaxial CU tests (with isotropic and anisotropic consolidation) and one-dimensional consolidation tests,
respectively. The obtained parameters are calibrated via explicit numerical modeling using the finite element method and
the SoilTest module of Plaxis software. After the parameters are evaluated and calibrated, a geotechnical model
characterizing the city of Brasília for HS is proposed. Finally, this geotechnical model is validated through the numerical
modeling of load testing on footings and piles conducted at the CEGUnB. It is concluded that the mechanical behavior of
the Brasília soils under natural moisture conditions can be modeled using the HS model.
Keywords: finite element method, Hardening Soil model, tropical soils, model validation and calibration, load testing.

1. Introduction

The tropical soils of the city of Brasília have been ex-
tensively studied in the Postgraduate Program in Geotech-
nics of the University of Brasília. A significant number of
theses and dissertations have been developed on these soils,
focusing on the investigation of their physical-chemical,
mineralogical, structural, mechanical and hydraulic proper-
ties as well as the behavior of shallow and deep founda-
tions. The use of numerical tools for research related to
these soils is becoming increasingly common, including
Plaxis software, among others. Plaxis is a more versatile
analysis tool than other commercial programs for the analy-
sis of practical problems and is increasingly employed by
geotechnical companies all over the world. One of the most
complete constitutive models of Plaxis is the Hardening
Soil (HS) model (Schanz et al., 1999; Brinkgreve et al.,
2014, 2015), which is capable of:
1) calculating the total strains using a stress-dependent

stiffness that is different for loading and unloading/re-
loading conditions;

2) modeling irreversible strains due to primary deviatoric
loading (shear hardening); and modeling irreversible
plastic strains due to primary compression under oe-
dometric and isotropic loading (compression harden-
ing).
Given this context, the objective of this study is to ob-

tain, adjust and validate the mechanical parameters of char-
acteristic soils of the city of Brasília for the HS model,
making use of laboratory and field test results obtained in
previous research studies conducted in the Experimental

Field of the Graduate Program in Geotechnics of the Uni-
versity of Brasília, and additionally to present a validation
methodology that can be applied to any other soil type.

The methodology proposed herein begins with the
evaluation of the strength and compressibility parameters
of triaxial CU tests (with isotropic and anisotropic consoli-
dation) and one-dimensional consolidation tests, respec-
tively (Guimarães, 2002). Then, the parameters obtained
for the HS model are calibrated through the explicit numer-
ical modeling of the tests using the finite element method
(FEM) and the SoilTest module of Plaxis software. Based
on the evaluation and calibration of these parameters, a
geotechnical model profile of the Experimental Field of the
University of Brasília (CEGUnB) is proposed for the HS
model. The profile is composed of characteristic soils of the
city of Brasília: a deeply weathered soil mantle composed
of lateritic soil, followed by a thin layer of transitional soil
that overlaps the poorly weathered residual saprolite soil.

Finally, this geotechnical model is validated through the
numerical modeling of the load testing of footings and piles
conducted in the CEGUnB (Sales, 2000; Guimarães, 2002).

2. General Description of the Problem

2.1. General characteristics of the Federal District subsoil

The Federal District (DF) is located in the Central
Plateau in the Center-West region of Brazil and is home to
the city of Brasília, which is the federal capital of the coun-
try. The DF region is covered by a mantle of Tertiary-Qua-
ternary detritus-lateritic soil composed mainly of red-
yellow latosols, according to the Brazilian soil classifica-
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tion system (Fig. 1). The thickness of this cover is quite di-
verse depending on the topography, vegetation and original
rock and can range from centimeters to tens of meters. High
degrees of weathering and leaching were responsible for
the formation of this soil, which led to the development of a
very porous, metastable aggregate structure with a large
proportion of voids and, consequently, low density, called
“porous clay” by local geotechnicians. Due to its aggregate
state and metastable structure, this clay has a low penetra-
tion resistance standard (NSPT from 1 to 6 strokes; stable
meta structure) and high permeability (from 10-3 to 10-4 m/s;
particles in an aggregate state), similar to that of fine granu-
lar soils, which, incidentally, is how its texture is presented
in its natural state. Due to its high porosity and cementitious
bond type, it has a highly unstable structure when subjected
to increased moisture and/or changes in the stress state, al-
most always presenting a volume variation as high as the
variation of these factors (referred to as a collapsible struc-
ture).

According to Ortigão & Macedo (1993), in the city of
Brasília, along the pathway designed for the subway (Asa
Sul neighborhood), it was found that the porous clay has a
variable thickness ranging from 20 to 30 m, generally with
a deep groundwater level, in some cases at 5.0 m depth, as
occurs at the end of Asa Sul. The end of the porous clay
layer is clearly identified in percussion drillings by the sig-
nificant increase of NSPT at the transition, followed by con-
tact with the underlying saprolite soil.

For this study, the stratigraphy of the Experimental
Field of the Postgraduate Program in Geotechnics of the
University of Brasília (CEGUnB, Fig. 2) was considered
representative of the city of Brasília. This Program has
valuable geotechnical information obtained from surveys,
field trials, laboratory tests and loading tests on superficial
and deep foundations (Perez, 1997; Jardim, 1998; Sales,
2000; Guimarães, 2002; Mota, 2003; Coelho, 2013; Sales
et al., 2015). According to this information and the tropical

soil profiles proposed by Cruz (1987) and Cardoso (2002),
it was possible to define the typical stratigraphic profile of
the CEGUnB, as shown in Fig. 2.

2.2. Soil properties characteristic of the CEGUnB

The mechanical parameters for the HS model of the
tropical soils of the CEGUnB were obtained through labo-
ratory tests conducted by Guimarães (2002). Characteriza-
tion, shear strength and compressibility tests were per-
formed on undisturbed samples obtained at each meter
depth in two open pit wells excavated up to eight and ten
meters deep. Table 1 presents a summary with some of the
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Figure 1 - Soils of the Federal District (modified from Mortari, 1994).

Figure 2 - Stratigraphic profile of the Experimental Field of the
Postgraduate Program in Geotechnics of the University of Brasília
(CEGUnB).



index properties of the most representative layers of the
CEGUnB, and it should be noted that the particle size per-
centages were obtained by using the sodium hexameta-
phosphate deflocculant for the fraction passing through a
no. 10 sieve.

One-dimensional consolidation tests were conducted
to obtain the compressibility and soil collapse parameters
of the CEGUnB. For each collected sample, the following
were performed: a “conventional” consolidation test, ac-
cording to the Brazilian standard, and a “simple” consolida-
tion test, according to the procedure recommended by Jen-
nings and Knight (1975). In the “conventional” test, the
samples were saturated after the first loading (5 kPa) and
loaded until reaching a stress of 800 kPa. In the “simple”
test, the sample was loaded with a natural moisture content
until it reached a stress of 200 kPa; the specimen was then
saturated and loaded until reaching a stress of 800 kPa.
Fig. 3 shows the compressibility curves for the undisturbed
sample obtained at 2 m depth.

In addition to the compressibility tests, consolidated
undrained (CU) triaxial tests were performed. The test
specimens were consolidated both isotropically and aniso-
tropically following the K0 (lateral earth pressure at rest)
path. Both tests were performed with natural moisture (un-
saturated) and saturated samples. The results of these tests

are presented in section 5.2, with the validation of the con-
stitutive model.

In the case of this study, the soil properties were ana-
lyzed exclusively in natural moisture conditions; therefore,
only “simple” consolidation tests and triaxial tests with un-
saturated test specimens were used.

2.3. Load tests conducted at the CEGUnB

The stratigraphic model and the mechanical parame-
ters obtained for the HS model were validated through the
simulation of load tests on piles and footings performed at
the CEGUnB by Guimarães (2002) and Sales (2000), re-
spectively.

Guimarães (2002) conducted five load tests on piles
mechanically excavated at the site (0.3 m in diameter and
7.25 to 7.85 m in length). Table 2 presents the characteris-
tics of the piles and the results obtained for each test, and
Fig. 4 presents the load vs. displacement curves.

Sales (2000) performed a load test on a single con-
crete footing at the CEGUnB for natural moisture and satu-
rated conditions. The footing (1 � 1 m2 concrete plate,
15 cm thick) was built at the bottom of a square pit 80 cm
deep. Figure 5 shows the results of the load tests under nat-
ural moisture and porosity conditions.

3. Hardening Soil Model
Soil constitutive models have advanced significantly

from basic models that idealize the soil as a linear elastic
medium or a perfectly plastic linear elastic medium. The
Hardening Soil (HS) model is implemented in Plaxis soft-
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Table 2 - Pile characteristics and load test results (Guimarães,
2002).

Pile # Date Length
(m)

Maximum
applied load

(kN)

Maximum
displacement

(mm)

1 02/2000 7.65 270 16.10

2 08/2000 7.25 300 3.82

3 10/2000 7.80 240 8.71

4 03/2001 7.30 210 6.82

5 06/2000 7.85 270 9.42

Table 1 - Index properties of the characteristic layers of the CEGUnB.

Layer GS � (kN/m3) �sat (kN/m3) e n (%) G (%) S (%) M (%) C (%) Srnat (%)

A 2.65 14.2 16.9 1.4 58 0.7 38.0 26.5 34.8 44

B 2.63 15.9 18.0 1.0 51 3.3 27.4 25.0 44.3 51

C 2.74 17.7 18.6 1.0 50 0.3 6.8 86.8 6.1 82

A: porous sandy clay, B: residual lateritic soil, C: saprolitic soil, GS: density of solids, �: apparent specific weight of moist soil, �sat: satu-
rated specific gravity, e: void ratio, n: porosity, G: percentage of gravel, S: percentage of sand M: percentage of silt, C: percentage of clay
Srnat: degree of saturation under natural conditions.

Figure 3 - Compressibility curves obtained from conventional
and simple consolidation tests at a depth of 2 m (Guimarães,
2002).



ware and is based on the theory of plasticity. Its main char-
acteristics are described as follows:

1) The total strains are calculated using a stress-dependent
stiffness.

2) The stiffness is defined for both loading and unload-
ing/reloading conditions.

3) Modeling of irreversible strains due to primary devia-
toric loading (shear hardening).

4) Modeling of irreversible plastic strains due to primary
compression under oedometric and isotropic loading
(compression hardening).

5) A non-associated flow rule is assumed for shear harden-
ing, and an associated flow rule is assumed for com-
pression hardening.

6) The Mohr-Coulomb failure criterion is applied.

In the HS model, the stress-strain relationship (q - �1) due to
the primary load is hyperbolic (Kondner, 1963; Dun-
can & Chang, 1970) for a drained triaxial test (Fig. 6).

We then have:
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where Rf is the failure ratio (0.9 by default in the software)
and qf is the ultimate deviatoric stress, defined by the
Mohr-Coulomb criterion:
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where c’ and 
’ are the effective shear strength parameters,
�’3 is the confining stress in the triaxial test (in the software,
�’3 is negative in compression), and E50 is the confining
stress-dependent stiffness modulus for the primary load,
defined as follows:

E E
c

c p
ref

ref50 50
3�

� � 	 � �

� � 	 �



�
�
�

�

�
�cos sin

cos sin


 � 



 
 �

m

(5)

where E ref
50 is the reference secant stiffness modulus for the

drained triaxial test, pref is the reference isotropic stress
(100 kPa by default in the software), and m is the exponent
that defines the strain dependence value of the stress state.
In natural soil, the exponent m varies between 0.3 and 1.0.
As suggested by Brinkgreve et al. (2014), to simulate a log-
arithmic compression behavior, as observed in soft clays, m
should be taken equal to 1.0. As noted by Obrzud & Truty
(2018) and by Brinkgreve et al. (2014), Janbu (1963) re-
ported values of m = 0.5 for Norwegian sands and silts,
Kempfert (2006) provided values between 0.38 and 0.84
for soft lacustrine clays and von Soos (1990) reported vari-
ous different values in the range 0.5 < m < 1.0.

The confining stress-dependent stiffness modulus for
unloading and reloading conditions is defined as:
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Figure 4 - Load vs. displacement curves (Guimarães, 2002).

Figure 5 - Load tests of a single footing (Sales, 2000).

Figure 6 - Hyperbolic strain-strain relationship for an isotropic
load in a drained triaxial test (modified from Schanz et al., 1999).



where Eur
ref is the reference stiffness modulus for unloading

and reloading conditions (E Eur
ref ref� 3 50 by default in the

software).
In the HS model, the elastic region is limited by two

yield functions (Fig. 7): the shear hardening yield function
(fs) and the cap compression hardening yield function (fc).
The first is defined as:
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The plastic shear strain (� p) is given by:
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v
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where �1
p is the plastic axial strain and � v

p is the plastic volu-
metric strain.

The cap compression hardening yield function is
given by Fig. 8.
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where � is an auxiliary parameter of the model related to
K Knc nc
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 by default in the software), p is the
isotropic stress, pp is the preconsolidation isotropic stress,
and ~q is the special stress measurement for deviatoric
stresses:
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For triaxial compression (�’2 = �’3),
~q � � � �� ��1 , and

for triaxial extension (�’1 = �’2),
~ ( )q � � � �� � �2 3 .

The volumetric plastic strains in isotropic compres-
sion (� v

pc ) are obtained as follows:
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where � is an auxiliary parameter of the model related to the
reference tangent stiffness modulus for oedometric loading
E E Eoed

ref ref
oed
ref( . )50 125� by default in the software). Similar

to the triaxial moduli, the axial stress-dependent stiffness
modulus (Eoed) for primary oedometric loading (�’1) is ob-
tained as follows:
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4. Evaluation of the Compressibility and
Strength Parameters

4.1. Information obtained from consolidation tests

The information was obtained from a total of six
“simple” one-dimensional consolidation tests (with natural
moisture up to a pressure of 200 kPa under which they were
saturated). Table 3 shows the calculated values of the refer-
ence oedometric moduli (E Eoed

ref
ur oed
ref, , ) and the parameter

that defines the dependency level of the strains on the stress
state (m). As suggested by Surarak et al. (2012), for Bang-
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Figure 7 - Possible stress paths and yield and failure surfaces for the HS model.

Figure 8 - Compression hardening yield surface on the plane
(modified from Schanz et al., 1999).



kok soils, the parameter m and moduli Eoed
ref and Eur oed

ref
, were

obtained as follows:
1) The tangent stiffness moduli Eoed and Eur,oed for several

vertical stress values �’1 were determined as indicated
in Fig. 9;

2) As shown in Fig. 10, the Eoed/p
ref and Eur,oed/p

ref normalized
moduli were plotted vs. the �’1/p

ref normalized stress
on a double logarithmic graph considering a pref value
of 100 kPa (any value can be used as a reference, but
the authors decided to use the value proposed by the
software manual);

3) Finally, the values of the Eoed
ref and Eur oed

ref
, moduli were

found for �’1/p
ref (stiffness moduli for the reference

isotropic stress value). Because the exponent m
(Eq. 14) represents the amount of stress dependency,
to simulate the logarithmic compression behavior of
the soil, the m values were obtained from the slopes of
the double logarithmic trend lines of the graphs of
Fig. 10.

As shown in Table 3, the Eoed
ref modulus values for

depths of 1 to 6 m vary from 1.25 to 10 MPa, with a mean
value of 4.7 MPa, while from depths of 8 to 10 m, the mean
value is approximately 6.6 MPa, almost 1.4 times greater
than the mean superficial value. In contrast, for the Eur oed

ref
,

modulus, the mean value from depths of 8 to 10 m is just
8.7 MPa, while the superficial obtained mean value is ap-
proximately 29.5 MPa, 3.4 times greater than the mean
deep value. For the E Eur oed

ref
oed
ref

, / ratio, it can be seen that the

superficial soils (porous sandy clay) show considerably
higher values (up to 15.82) than the deepest ones (up to
1.18). This may be because superficial soils may collapse
during primary loading, inducing major changes in the soil
response for unloading conditions. On the other hand, the
average obtained value of the exponent m for primary load-
ing is approximately 0.3, near the values obtained by Jambu
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Figure 9 - Determination of moduli Eoed and Eur,oed from oedometer
test result.

Figure 10 - Oedometric modulus vs. consolidation pressure calculated from one-dimensional consolidation tests.

Table 3 - Compressibility parameters calculated from one-dimen-
sional consolidation tests.

Depth (m) Eoed
ref

(MPa)
m Eur oed

ref
,

(MPa)
m E Eur oed

ref
oed
ref

, /

1 5.0 0.19 - - -

2 1.25 0.21 14.05 1.67 11.25

4 2.33 0.20 36.86 1.02 15.82

6 10.0 0.15 37.52 0.96 3.75

8 6.67 0.45 9.63 1.70 1.44

10 6.51 0.57 7.71 1.22 1.18



(1963) for Norwegian sands and silts (m = 0.5). This is not
the case for the average value of the exponent m for unload-
ing conditions, where the obtained mean value is approxi-
mately 1.3, closer to the behavior of a normally
consolidated clay (m = 1). The results reported by Surarak
et al. (2012), for Bangkok stiff clays, show values of the ex-
ponent m for primary loading from 0.5 to 0.7 and from 1.0
to 1.2 for unloading conditions. Additionally, studies de-
veloped by Kempfert (2006) in three lacustrine soft soils
demonstrated that the exponent m can be greater for un-
loading conditions than for primary loading.

4.2. Information obtained from triaxial tests

The CIU triaxial tests (consolidated under isotropic
conditions and failure under undrained conditions) were
conducted at depths of 2, 4 and 6 m, and the CK0U triaxial
tests (consolidated under K0 anisotropic conditions and fail-
ure under undrained conditions) were conducted at depths
of 8 and 10 m in undisturbed samples under natural mois-
ture conditions. The shear strength parameters (c’ and 
’),
the reference modulus at 50% strength (E ref

50 ), and the mo-

dulus m were calculated; Table 4 summarizes the obtained
values. The parameter m and modulus E ref

50 were obtained

as follows:
1) The secant stiffness modulus E50 for each triaxial

deviatory stress (�’1 - �’3) vs. axial strain (�1) curve of
each confining stress pressure (�’3) was determined;

2) As shown in Fig. 11, the E50/p
ref normalized modulus was

plotted vs. the �’3/p
ref normalized confining stress on a

double logarithmic graph considering a pref value of
100 kPa;

3) Finally, the values of the E ref
50 modulus were found for

�’3/p
ref (stiffness modulus for the reference isotropic

stress value). Because the exponent m (Eq. 5) repre-
sents the amount of stress dependency, to simulate the
logarithmic behavior of the soil, the m values were ob-
tained from the slopes of the double logarithmic trend
lines of the graphs of Fig. 11.
Unfortunately, some �’1 - �’3 vs. �1 curves had to be

discarded because they were inconsistent with the other re-
sults, so for the depths of 4, 8 and 10 m, only two points
were plotted, and for 6 m, all points were discarded.

Table 4 shows that for superficial soils (2 and 4 m
depths), the mean E ref

50 modulus is approximately 2 MPa,

while for the deeper soils (8 and 10 m depths) the mean
value is 28.3 MPa, 14.3 times greater. Additionally, for su-
perficial soils, the obtained mean E Eref

oed
ref

50 / ratio is ap-
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Table 4 - Stiffness and strength parameters obtained from triaxial
tests.

Depth (m) CIU

c’ (kPa) 
’ (°) E ref
50 (MPa) m E Eref

oed
ref

50 /

2 0 25 1.65 0.88 1.32

4 5 26 2.36 0.52 1.01

6 20 35 - - -

Depth (m) CK0U

c’ (kPa) 
’ (°) E ref
50 (MPa) m E Eref

oed
ref

50 /

8 76 19 33.78 0.49 5.06

10 20 21 23.48 0.31 3.61

Figure 11 - Variation in E50 with confining pressure.



proximately 1.17, close to the default value of 1.25
proposed by the software; this is not the case for the deeper
soils, where the mean E Eref

oed
ref

50 / value is approximately

4.3, very far from the proposed value. The high E ref
50 moduli

for the 8 and 10 m depths are because, despite the undrained
condition of the tests, the large air volume present in the
macropores of the superficial soils (Sr < 50%) prevents the
generation of a significant pore pressure, thus generating a
behavior closer to the drained condition. However, at
greater depths, the porosity decreases, and the degree of
saturation considerably increases (Sr > 80%); therefore, the
porosity values generated are more relevant, and the stiff-
ness of the material is closer to that of the undrained condi-
tion.

5. Calibration of the Parameters Obtained
for the HS Model

5.1. Numerical modeling through FEM

To obtain the best representation of the stress-strain
curves and the stress paths, once the compressibility and
strength parameters were evaluated from the laboratory
tests, it was considered important to simulate those tests us-
ing the HS constitutive model to see if it was necessary to
make adjustments to those parameters. Mainly, two tech-
niques can be used for this simulation to calibrate the ini-
tially obtained parameters: one is the explicit simulation of
the test by finite element software, and the other is the
SoilTest module of Plaxis software (Brinkgreve et al.,
2014). To show the use of both techniques, in this work, the
modeling of the triaxial test was carried out considering the
explicit numerical modeling and the one-dimensional con-
solidation tests using the SoilTest module.

The numerical modeling of the triaxial tests was per-
formed considering the axisymmetric geometry of the pro-
blem. Figure 12 shows the developed finite element mesh
and the boundary conditions considered. Because the tests
were performed for soils under natural moisture conditions
(Srnat = 34 to 84%), in the model, the test type was consid-
ered as drained (CD), and therefore the development of a
positive pore pressure was not allowed.

For the tests corresponding to depths of 2, 4 and 6 m,
the initial stage was simulated considering isotropic load-
ing conditions (distributed load system A = B = �’3,
Fig. 12), whereas for the depths of 8 and 10 m, the loading
was anisotropic (B equal to K0A, Fig. 12); the considered
stress values are shown in Table 5. The failure was gener-
ated under drained conditions by increasing the value of the
distributed load A that, in this step of the test, represents the
deviatoric stress (A = �’1 - �’3, Fig. 12).

5.2. Calibration of the obtained parameters

The compressibility parameters obtained from the
consolidation tests (Table 3) and the stiffness and strength

parameters obtained from the triaxial tests (Table 4) were
used for the calibration of the HS model for the soils of the
CEGUnB.

To obtain the best representation of the stress-strain
curves and the stress paths of the laboratory tests, the fol-
lowing parameter-adjusting criteria were adopted:

a) The c’, 
’ and Eoed
ref parameters obtained from laboratory

tests (Tables 3 and 4) were used as initial values and
were kept (as much as possible) without major chan-
ges during the calibration process;

b) The modulus Eur
ref was defined equal to Eur oed

ref
, (Table 3)

as the initial value and was considered one of the main
parameters of adjustment during the calibration pro-
cess;

c) The modulus E ref
50 obtained from laboratory tests (Ta-

ble 4) was defined as the initial value and was consid-
ered one of the main parameters of adjustment during
the calibration process;

d) An initial value of m = 0.5 was considered (sand behav-
ior) and was kept (as much as possible) without major
changes during the calibration process;
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Table 5 - Loading conditions considered for the simulation of the
initial stage of the triaxial tests.

Depth (m) Type Load A (kPa) K0 Load B (kPa)

2 CIU 49, 98, 196 1 49, 98, 196

4 CIU 49, 98, 196 1 49, 98, 196

6 CIU 49, 98, 196 1 49, 98, 196

8 CK0U 140, 280, 566 0.7 98, 196, 396

10 CK0U 140, 280, 566 0.7 98, 196, 396

Figure 12 - Finite element mesh used for the simulation of the
triaxial test.



e) An initial value of Rf = 0.9 was considered (default set-
ting) and was kept (as much as possible) without ma-
jor changes during the calibration process;

f) The default settings for the parameters �, �ur and K nc
0

were considered without changes during the calibra-
tion process.
Table 6 shows the parameters that best fit the devia-

toric stress vs. axial strain, stress path (p vs. q) and one-di-
mensional compressibility (axial strain vs. vertical stress).
As part of the obtained results, Figs. 13 and 14 shows the
adjustment curves of the CIU and consolidation tests for a
depth of 2 m and for the CK0U and consolidation tests for
the depth of 10 m, respectively.

In general, good agreement is observed between the
laboratory results and the HS model, but it is important to

identify and analyze the major differences observed. How-
ever, for illustration purposes, only the CIU test for the 2 m
depth and the CK0U test at a 10 m depth are presented and
discussed:
a) In the �1 vs. q curves (Figs. 13a and 14a), the material de-

velops softening during failure, especially for the
CK0U tests at 8 and 10 m in depth, and this behavior
cannot be simulated with the HS model.

b) The strain by material collapse during saturation under a
stress of 200 kPa (Fig. 13b) was not simulated; how-
ever, the predictions of the model before saturation
and during unloading show strong correlations.

c) There is a strong correlation between the strains obtained
in the �1 vs. q diagrams for the 2, 4 and 6 m depth tests
(Fig. 13a), however, for the CK0U tests at 8 and 10 m
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Figure 13 - Laboratory results and adjustment curves obtained with the HS model for the CIU test and for the 2 m depth consolidation.
(a) Axial strain vs. deviatoric stress (�1 vs. q); (b) Compressibility curve (�1 vs. �‘1); (c) Stress path (p vs. q).

Table 6 - Parameters obtained for the HS model that best fit the laboratory tests.

Depth (m) Type c’ (kPa) 
’ (°) � (°) E ref
50 (MPa) Eoed

ref (MPa) Eur
ref (MPa) m �ur

K nc
0 Rf

1* CIU 0 25 0 3.2 4.9 14.0 0.5 0.2 0.58 0.8

2 CIU 0 25 0 2.5 1.45 14.0 0.5 0.2 0.58 0.8

4 CIU 5 26 0 4.0 2.20 36.9 0.5 0.2 0.56 0.9

6 CIU 20 32 0 12.0 6.90 37.5 0.5 0.2 0.47 0.9

8 CK0U 75 20 0 13.2 7.00 54.0 0.5 0.2 0.66 0.9

10 CK0U 20 22 0 12.2 5.69 54.0 0.7 0.2 0.63 0.8

*parameters adjusted from the results of the 2 m triaxial test and the 1 m consolidation test.,
� = dilatancy angle, considered = 0 (default setting).
�ur = unloading/reloading Poisson’s ratio = 0.2 (default setting).
K nc

0 = coefficient of earth pressure at rest for normal consolidation = 1-sin
’ (default setting).



depths (Fig. 14a), the displacement obtained by the HS
model is considerably greater than that of the triaxial
tests. As mentioned before, this is because, despite the
undrained condition of the test, the large air volume
present in the macropores of the surface soils
(Sr < 50%) prevents the generation of a significant
pore pressure, thus generating a behavior closer to that
of the drained condition, obtaining a better prediction
of the initial stiffness of the material (E50). However, at
greater depths, the porosity decreases, and the degree
of saturation considerably increases (Sr > 80%); there-
fore, the porosity values generated are more relevant,
and the stiffness of the material is closer to the un-
drained condition, obtaining high initial stiffness val-
ues far away from the drained adopted condition.
For future studies, it will be advisable to carry out a

calibration process by triaxial CD tests to avoid the influ-
ence of excess water pore pressure generation during the
failure step and to obtain a more realistic stiffness modulus.

6. Proposed Geotechnical Model
According to the stratigraphic profile of the CEGUnB

(Fig. 2) and the parameters obtained for the HS model (Ta-
ble 6), the proposed geotechnical model is presented in Ta-
ble 7. The cohesion values for the soils of layers 1 and 2
were modified, which is explained in greater detail in the
following section. The POP (pre-overburden pressure = ef-
fective preconsolidation stress - initial effective stress = �’p

- �’0) values were obtained from the compressibility curves
(�’p) of the consolidation tests and initial stress profile
(�’0); the K nc

0 values (lateral earth pressure at rest for nor-

mal consolidation) were based on Jaky’s criterion (1944);
and the K0 values (lateral earth pressure at rest) were based
on the equation proposed by Mayne and Kulhawy (1982).

7. Validation of the Proposed Geotechnical
Model

7.1. Validation through load testing of a single footing

The first part of the validation of the proposed geo-
technical model and the mechanical parameters obtained
for the HS model was performed for the porous clay surface
layer through the numerical simulation of a single-footing
load test conducted by Sales (2000) at CEGUnB. The gen-
eral characteristics of the test are described in section 2.3.

The numerical simulation was performed using the
3D finite element method (Plaxis 3D, Brinkgreve et al.,
2015). As shown in Fig. 15a, the symmetry conditions of
the problem were considered. Fig. 15b shows the finite ele-
ment mesh developed and the boundary conditions consid-
ered. The medium was discretized by a finite element mesh
with more than 161,907 10-node tetrahedral elements, and
the footing was discretized by six-node triangular elements.
The densification of the mesh around and under the footing
was considered. The lateral boundary conditions were fixed
in the horizontal direction, and the bottom boundary condi-
tions in both directions. Sensitivity analyses showed that
the mesh density was sufficient to obtain accurate results.

The test was simulated considering the following
steps:

1) Excavation to 0.8 m depth.
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Figure 14 - Laboratory results and adjustment curves obtained with the HS model for the CK0U test and consolidation test at a 10 m
depth. (a) Axial strain vs. deviatoric stress (�1 vs. q); (b) Compressibility curve (�1 vs. �‘1); (c) Stress path (p vs. q).



2) The displacement values were reset, and an incremental
vertical load was placed above the footing until the
maximum site value was reached (140 kN, Fig. 5);

3) Total removal of the load.

To simulate the excavation and get the best fit of the
simulation with the loading vs. settlement graph obtained
on-site, it was necessary to increase the cohesion value of
the porous clay determined in the triaxial tests, i.e.,
c’ = 0 kPa (Table 6, 1 and 2 m depth samples) to c’ = 5 kPa
(Table 7, layers 1 and 2). Figure 16 shows the comparison
of the simulated and on-site load vs. settlement curves, and
good agreement is observed between them. The increase

considered in the cohesion value seems reasonable since it
is possible to observe that this superficial soil in the city of
Brasília generally maintains verticality in cuts without any
type of support up to 2 m height. Likewise, due to the com-
plex structure of this type of porous and collapsible soil, a
loss of cohesion may occur during the collection, transport,
and assembly of the undisturbed sample.

7.2. Validation by load testing on piles

The complete stratigraphic model and the mechanical
parameters obtained for the HS model were validated
through the numerical simulation of load tests on rein-
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Table 7 - Proposed geotechnical model of the CEGUnB for the HS model.

Parameters Layer number

1 2 3 4 5 6

Porous sandy clay Lateritic residual soil Saprolitic soil

Depth (m) 0 - 1.5 1.5 - 3.5 3.5 - 5.0 5.0 - 7.0 7.0 - 8.5 8.5 - 20.0

� (kN/m3) 13.1 12.8 13.9 14.3 16.0 18.2

c’ (kPa) 5 5 5 20 75 20


’ (°) 25 25 26 32 20 22

� (°) 0 0 0 0 0 0

E ref
50 (MPa) 3.2 2.5 4.0 12.0 13.2 12.2

Eoed
ref (MPa) 4.9 1.45 2.2 6.9 7.0 5.7

Eur
ref (MPa) 14.0 14.0 36.9 37.5 54.0 54.0

m 0.5 0.5 0.5 0.5 0.5 0.7

�ur
0.2 0.2 0.2 0.2 0.2 0.2

pref (kPa) 100 100 100 100 100 100

Rf 0.8 0.8 0.9 0.9 0.9 0.8

POP (kPa) 65.7 31.8 0 31.4 0 0

K nc
0 0.58 0.58 0.56 0.47 0.66 0.63

K0 1.37 0.77 0.56 0.56 0.66 0.63

Figure 15 - Square footing model developed in 3D Plaxis: a) Symmetry and boundary conditions. Geometry of the model: b) finite ele-
ment mesh.



forced concrete piles conducted at the CEGUnB by Gui-
marães (2002; Table 2 and Fig. 4). The piles were built by
the excavation method, with lengths of 7.25 to 7.8 m and di-
ameter of 0.3 m.

Due to the cylindrical geometry of the problem, the
model was considered axisymmetric (Fig. 17). The me-

dium was discretized by a finite element mesh with 4,298
15-node triangular elements. Densification of the mesh
around the pile was considered. The lateral boundary con-
ditions were fixed in the horizontal direction, and the bot-
tom boundary conditions in both directions. Sensitivity
analyses demonstrated that the mesh density was sufficient
to obtain accurate results. The pile concrete was assumed to
be linearly elastic, with a stiffness modulus of 25 GPa and a
Poisson ratio of 0.20. To adequately consider the interac-
tions between the pile surface and the soil, five pairs of
node interface elements were added.

The simulation was performed considering the fol-
lowing analysis steps:

1) Pile construction via direct replacement of the soil by the
pile material (reinforced concrete).

2) Incrementation of the external loads in the same se-
quence as applied in the load tests (30, 60, 90, 120,
150, 180, 210, 240 and 270 kN).

3) Total unloading of the pile.

Piles 1 and 5 were simulated (Table 2). Figure 18
shows the comparison between the simulated and on-site
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Figure 16 - Comparison of the load vs. settlement curves obtained
from the experimental test and the explicit numerical modeling of
the problem.

Figure 17 - Finite element mesh and boundary conditions considered for the pile load test.



load testing results, and good agreement is observed be-
tween the two load capacity assessments.

8. Conclusions
In this study, based on laboratory and field tests con-

ducted as part of previous experimental field studies at the
University of Brasília (CEGUnB), the mechanical parame-
ters of characteristic soils of the city of Brasília were ob-
tained, adjusted and validated for the Hardening Soil (HS)
model of Plaxis software.

The methodology and main conclusions are summa-
rized below:
a) With the information available from the different re-

search studies, it was possible to define a stratigraphic
profile typical of the CEGUnB, which is considered to
be characteristic of the city of Brasília.

b) The compressibility parameters (Eoed
ref , Eur oed

ref
, and m)

were obtained from six “simple” one-dimensional
consolidation tests (under natural moisture and satu-
rated conditions until reaching a stress of 200 kPa).
The parameter m and moduli Eoed

ref and Eur oed
ref

, were ob-

tained by plotting the moduli Eoed and Eur,oed vs. �’1 on a
double logarithmic graph.

c) The shear strength (c’, 
’) and stiffness (E ref
50 , m) param-

eters were obtained from CIU (consolidation under
isotropic conditions and failure under undrained con-
ditions) and CK0U (consolidation under anisotropic
conditions and failure under undrained conditions)
triaxial tests. The parameter m and modulus E ref

50 were

obtained by plotting E50 vs. �’3 on a double logarithmic
graph.

d) Through the explicit numerical modeling of triaxial tests
and the use of the SoilTest module of Plaxis software
for one-dimensional consolidation tests, the parame-
ters obtained for the HS model were adjusted to obtain
the best representation of the curves of deviatoric

stress vs. axial strain, isotropic stress vs. deviatoric
stress (stress path) and axial strain vs. vertical stress
(compressibility curve). In general, good agreement
was observed between the laboratory results and the
HS model. The main differences are because the HS
model cannot simulate softening during failure or ma-
terial collapse during saturation.

e) Based on the stratigraphic profile and on the parameters
obtained for the HS model, a geotechnical model of
the CEGUnB was defined.

f) The first part of the validation of the proposed geotech-
nical model and the mechanical parameters obtained
for the HS model was performed for a porous clay sur-
face layer through the numerical simulation of an iso-
lated footing load test by Sales (2000) at the CEGUnB.
The numerical simulation was performed using the 3D
finite element method (Plaxis 3D). To simulate the ex-
cavation and obtain the best fit with the on-site loading
vs. settlement curve, it was necessary to increase the
cohesion value of the porous clay obtained in the
triaxial tests to c’ = 5 kPa. This cohesion value seems
reasonable, since it is possible to observe that this su-
perficial soil in the city of Brasília generally maintains
verticality in cuts without any type of support up to
2 m heights. Likewise, due to the complex structure of
this type of porous and collapsible soil, a loss of cohe-
sion may occur during the collection, transport, and
assembly of the undisturbed sample.

g) The complete stratigraphic model and the mechanical
parameters obtained for the HS model were validated
through the numerical simulation of the load testing on
reinforced concrete piles conducted at the CEGUnB.
Due to the cylindrical geometry of the problem, the
model was considered axisymmetric. The loading vs.
settlement graphs obtained for the on-site load testing
and for the numerical simulation show good agree-
ment between the two cases.
Finally, it can be concluded that the mechanical be-

havior of the soils of Brasília under natural moisture condi-
tions can be modeled using the HS model. The parameter
values obtained herein can be considered as representative
of soils of the city of Brasília, but they must be determined
for each particular site and project, and the methodology
presented in this study may help in their determination and
validation.
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Figure 18 - Load vs. settlement curves obtained from on-site load
testing and numerical modeling.
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Rockburst From Floors

S.S. Andreyko, T.A. Lyalina

Abstract. The purpose of this work is the calculation of the optimal parameters involved with advanced drilling of
gas-draining holes. These holes are made to floor entryways and provide an efficiency test for floor degas extractions, like
the AB bed at the Uralkali’s Berizniki Ore Development Unit No 2 and Unit No 4 (Mine 2 and Mine 4). Current conditions
and entry floor mechanisms affect the gassy outburst analysis of the potash mines. The optimal parameters of gas-draining
holes at the Mine 2 and Mine 4 are calculated. The effectiveness test of advance drilling in a potash mine is made.
Promising technologies for preparation and extraction, that help reduce the dangers associated with rockbursts from entry
floors, have been proposed. Implementation of advance drilling in potash mines have significantly improved the safety of
Mine 2’s and Mine 4’s AB bed preparation and extraction. A conclusion was made, based on the results of gassy outburst
calculations of entry floors, that mitigation of hazards can be achieved by both degassing, and through the use of mining
equipment that minimizes the size of floor cutting layers. The remaining ore, in the floor, helps eliminate the adverse
effects of rockbursts.
Keywords: floor, gas-draining hole, gassy outburst, potash mines, rockburst, sylvinite bed, trapped gas pressure.

1. Introduction

It is understood that factors such as the pressure of
trapped gas, gas found in the contact zone of lithological
rock varieties (known as contact gas), the stress-strain pla-
ced upon rock salt mass, variations in physical and mechan-
ical properties found in the rock, and the ore zone structure,
will affect gas generation and subsequent gassy outbursts
from the entry floor of potash mines (Proskuriakov et al.,
1974, 1988; Proskuriakov, 1980, 1991; Kovalev et al.,
1982; Duchrow, 1961; Ekkart, 1965).

A rockburst from the floor first occurred in France in
1959, during the development of the Alsatian potash de-
posit (Permyakov and Proskuryakov, 1972).

Since that time, effective techniques for anticipating
gassy outburst hazards and mine control procedures for en-
try have been developed. Sudden roof breaks, often accom-
panied by gassing, can be avoided. These techniques have
been implemented for Upper Kama mining districts (JSC
«Uralkaliy», 2005; JSC «Sil’vinit», 2009).

The All-Russian Vedeneev Hydraulic Engineering
Research Institute (VNIIG), the Saint-Petersburg Mining
University, the Perm National Research Polytechnic Uni-
versity, the Ural Branch of VNIIG and other organizations
have contributed significant investigations on the mecha-
nisms associated with rockburst generation and how to han-
dle it.

Implementation of this research has resulted in the
mining operations ability to significantly minimize gassy
outburst related problems experienced during the extrac-

tions conducted at the sylvinite bed at the Upper Kama
mining districts.

However, mining operations in the Uralkali’s potash
mines showed that the rockburst problem still is a topical
problem.

Over the last few years, gassy outburst from entry
floors has again become a relevant problem, during Mine
2’s and Mine 4’s AB bed extractions (Fig. 1).

Rockburst may lead to the sudden destruction of the
rock floor, accompanied by gassing, which poses a threat to
the life and well-being of miners, and may result in the need
to shut down a mine for several months.

In this context, there was an urgent need to assess the
effectiveness of advanced drilling techniques for gas-drain-
ing holes, which mitigate gassy outburst events, and the
proper calculation of the optimal parameters related to de-
gas drilling at Uralkali’s Mine 2 and Mine 4.

2. Material and Methods

It is understood that the gassy outburst occurrence, as
seen by sudden floor breakage, accompanied by gassing, is
possible if the active force (pressure of the contact gas) ex-
ceeds the force supporting the floor.

Analysis of the conditions associated with rockburst
occurrence has shown that the bottom base of the cavity is
where contact gas is confined (contact zone of lithological
rock varieties, clay seams, high-shale ore).

For the safety of miners during entries, the floor
which contains contact gas needs to have an assessment of
floor stability, with calculation of the minimal forces that
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could affect its balance (Kovalev et al., 1982; Proskuriakov
et al., 1988; Proskuriakov, 1991; Obert, 1964; Obert &
Duvall, 1967; Gasausbruch-richtlinien, 1981).

As already indicated, floor stability will vary, de-
pending on the effects of the contact gas on or near the face
zone position (face zone or a distance from face of 20 m
(off-face zone)) (Fig. 2).

Thereby, the conditions of gassy outburst occurrence
from entry floors at the face zone or the off-face zone can be
calculated using the following formula (Kovalev et al.,
1982; Proskuryakov et al., 1988):

P h a hcritical t c c c s� � � � � ��( . ) . .0 7925 2 2� � � (1)

P h a hcritical t c c c s� � � � � ��( . ) . .05 2 2� � � (2)

When potential rockburst from entry floors at the face
zone is assessed using Eq. 1 and consideration is given to
the weight of mining machines, a reduction in the occur-
rence of gassy outbursts results.

At the face zone, two sub zones were located.
The first sub zone is characterized by the pressure

caused by the weight of mining machines.
Mining machine weight distribution is made on the

area, which is determined by the entry width and length, the
undercarriage dimensions of the mining machine, and the
stiffness of Krasnyy I-A rock-salt bed.

Thus, weight application area is 19.2 m2 for ore exca-
vating machines PC-8 or Ural-61; weight application area
for Ural-10KSA is 32 m2; weight application areas are
44 m2, 46.4 m2 and 48.8 m2 and depend on entry width for
Ural-20, making Eq. 1 for the first sub zone:

P h a hcritical t c c

c s m m

� � � � �

� �

�( . )

. . . .

0 7925 2 2� �

� �
(3)

Equation 1 will be correct for the second face sub
zone.

Gas is associated with the contact and clay seams,
which results in a force to stability mass structure (apart
from geological faults zone).

The condition of rockburst occurrence at the off-face
zone is also overworking of a gas pocket of the contact
zone. It is possible, when the gas has larger pressure or mi-
grates to this area through the change of the stress environ-
ment.

When the face zone is distant from a gas-containing
region, the change of floor stability near the contact gas
may result in gassy outburst occurrence of this type even
with constant physical and mechanical characteristics of
the rocks and the mass (with the same tensile strength, at
the same gas content, gas pressure, etc.).

Thus, rockburst from the floor at the off-face zone
may occur at a contact gas pressure not enough for the oc-
currence near the face. Gassy outburst at the off-face zone
is therefore particularly dangerous, since it occurs sud-
denly. This fact must be considered when developing mea-
sures for the elimination of rockburst of this type. The
criteria of a loss in floor stability were assessed for operat-
ing panels and unmined areas at Uralkali’s Mine 2 and
Mine 4.
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Figure 1 - Rockburst in the sudden destruction of the rock floor, accompanied by gassing at Mine 4 AB bed.



3. Results

3.1. Assessment of a potential gassy rockburst

Assessment is made of a potential rockburst from the
entry floor, where contact gas is located in clay seam of
3-5 cm thickness, between the Krasnyy I and KrasnyyI-A’
rock salt beds, at the Berizniki Ore Development Unit
No. 2. Assessment of a potential breakage of the entry floor
is made for north-western and south-eastern areas of Mine
2: 8, 10, 12, 14, 16, 18 and 20 western panels (W. P.); 11,
13, 15 and 17 eastern panels (E. P.). It was calculated using
Eqs 1, 2 and 3. Calculations were made for the types of ore
excavating machines being used at the mined panels. Re-
sults of the calculations are shown in Table 1 (hc, floor dis-
tance from the contact gas).

At the 8 W.P., the floor distance from the contact gas
for “Ural-61” varies two fold, between 1.5-2.9 m as shown
in Table. The distance of the floor from the contact gas is
between 1.0-2.4 m, when using “Ural-20R”, which is also a
very important factor. At 16 W. P., hc was predicted to be at
2.0 m, due to insufficient data on the AB bed structure and
the surrounding rock, when using “Ural-61”.

Table 2 shows the results of the calculation of the safe
gas pressure at the floor entries, driven by Mine 2’s AB bed.

At the14 W.P. the minimum gas safety pressure Ps, on
the floor, is 0.47 MPa (subzone II) and 0.49 MPa (subzone
I) in extraction AB bed in Mine 2 north-western area when
using “Ural-10A” as shown in Table 2. At the 14 W.P. Ps is
0.26 MPa (sub-zone II) and 0.28 MPa (subzone I) when us-
ing “Ural-61”. At 14 W.P. Ps is 0.02 MPa (subzone II) and
0.04 MPa (subzone I) when using “Ural-20R”. At the other
panels in the north-western area, pressure is also minimum
when using “Ural-20R” compared to the other types of
mining machines.

Table 3 shows the results of an assessment of a poten-
tial gassy outburst from the entry floor at the off-face zone
at Mine 2, as seen by sudden breakage of the entry floor.

In a similar manner, the criterium for loss in floor sta-
bility was assessed for Mine 4.

3.2. Justification for drilling optimal gas-draining holes
in the entry floor at Mine-2, using advanced drilling
techniques

There was a total of eighteen gassy outbursts with
sudden breakage of the entry floor, that were accompanied
by gassing at Mine 2. The histogram of distribution of the
value hc is shown in Fig. 3. On the horizontal axis, the floor
distance hc is set with a 0.3 m interval between values - with
an interval of 0.3 m between them. The vertical axis dis-
plays the number of rockburst accidents having this dis-
tance.

The distributionis verified by checking the confor-
mity with the normal probability law, and it was confirmed
that it follows the rule (Ryzhov, 1973; Kalosha et al.,
1982). The next step was to determine the confidence inter-
val for the value hc.

The confidence interval for a normal distribution of
value hc at Mine-2 with a probability of 94% is:

3 17m m	 	h c . (4)

4. Discussion

The analysis of the extract from the Mine 2 north-
western area subsequently showed that the distance of the
floor from the contact gas is minimal at 10 and 14 W. P.
when using “Ural-20R” and at 14 W.P. when using “Ural-
61”, with hc between 0.8-3.7 m.

As a result, the analysis of the extract from Mine 2
south-eastern area subsequently showed that 13, 15 and 17
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Figure 2 - Definition scheme of the contact gas critical pressure: a
- at the face zone; b - at the off-face zone; c - for the rock floor.
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Table 2 - Calculation results of gas safety pressure in Mine 2 entries floor (subzones I and II of the face).

Panel Ural 10A Ural 61 Ural 20R

Gas safety pressure Ps, MPa Gas safety pressure Ps, MPa Gas safety pressure Ps, MPa

(subzone I) (subzone II) (subzone I) (subzone II) (subzone I) (subzone II)

from to from to from to from to from to from to

8 W.P. - - - - 0.90 3.22 0.87 3.19 0.19 0.92 0.17 0.89

10 W.P. 0.80 4.32 0.78 4.30 0.60 5.22 0.57 5.19 0.11 1.60 0.09 1.58

12 W.P. 0.96 2.18 0.94 2.16 0.78 2.29 0.75 2.26 - - - -

14 W.P. 0.49 4.30 0.47 4.28 0.28 5.19 0.26 5.17 0.04 1.59 0.02 1.57

16 W.P. - - - - 1.53 1.53 1.50 1.50 - - - -

18 W.P. - - - - 1.20 8.41 1.18 8.38 0.28 2.72 0.26 2.70

20 W.P. 1.06 2.79 1.04 2.77 0.90 3.11 0.87 3.08 0.19 0.88 0.17 0.86

11 E.P. - - - - 0.40 1.31 0.37 1.28 - - - -

13 E.P. - - - - 0.03 0.66 0.00 0.63 - - - -

15 E.P. - - - - 0.08 0.80 0.05 0.77 - - - -

17 E.P. - - - - 0.09 3.28 0.06 3.25 - - - -

Table 1 - Floor distances from the contact gas at Mine 2.

No. Panel Thickness of bed
A’B, m

Thickness of bed
Krasnyy I - A’, m

hc, floor distance from the contact gas, m

Ural 10A Ural 61 Ural 20R

from to from to from to from to from to

1. 8 western 2.65 3.41 1.8 2.44 - - 1.5 2.9 1.0 2.4

2. 10 western 2.5 4.08 1.66 2.58 1.8 4.3 1.2 3.7 0.7 3.2

3. 12 western 2.50 3.18 1.84 2.21 2.0 3.0 1.4 2.4 - -

4. 14 western 2.30 4.15 1.45 2.50 1.4 4.3 0.8 3.7 0.3 3.2

5. 16 western 2.78 2.78 2.15 2.15 -* - 2.0 2.0 - -

6. 18 western 2.70 4.37 2.00 3.30 - - 1.8 4.7 1.3 4.2

7. 20 western 2.45 3.40 2.00 2.40 2.1 3.5 1.5 2.9 1.0 2.4

8. 11 eastern 2.30 2.60 1.62 2.18 - - 1.0 1.8 - -

9. 13 eastern 1.73 2.55 1.29 1.67 - - 0.1 1.3 - -

10 15 eastern 1.98 2.54 1.30 1.82 - - 0.3 1.4 - -

11. 17 eastern 1.69 2.63 1.62 3.25 - - 0.4 2.9 - -

*- A line in the table means that the mining machine is not used at this panel.

Table 3 - Assessment results of a potential rockburst at Mine 2.

No. Panel Gas safety pressure Ps, MPa

Ural 10A Ural-61 Ural 20R

from to from to from to

1. 8 western - - 0.56 2.03 0.11 0.58

2. 10 western 0.51 2.75 0.37 3.31 0.06 1.02

3. 12 western 0.61 1.39 0.48 1.45 - -

4. 14 western 0.31 2.73 0.17 3.29 0.01 1.01



E.P. are the areas with the greatest the possibility of a
rockburst, as seen by an entry floor sudden breakage.

The possible occurrence of a potential gassy outburst
is significant, as seen by an entry floor sudden breakage,
during extraction of the AB bed in the north-western area
using “Ural-20R”.

Based on the calculated pressures of the mining oper-
ations, there are dangers found at the East Panels when us-
ing “Ural-61”. It would appear to be useful to use a machine
with a lower cutting height, or to use a drum miner, which
would increase hc and Ps.

Similar results for gas safety pressure calculations at
the off-face zone were obtained, using face zone calcula-
tions. At the south-eastern area, rockburst, as seen by entry
floor sudden breakage, at the off-face zone, is most proba-

ble at 14 W.P. when using “Ural-61” and at 8, 10, 14, 18,
20 W.P. when using “Ural-20R”.

For security reasons, the lower limit of 0.3 m for the
confidence interval of the hc value is not a preferred practice
for mining operations at a bed with gassy outburst hazards.

Conclusions
The calculated results of contact gas safe pressure

suggest that a technological solution is possible through the
use of a mining machine that allows for minimized floor
cutting (rock salt KrasnyyI-A’ bed). This approach, with
rockburst problems from entries floor through advance
drilling of gas-draining holes, differs from the traditional
approach. Using a drum miner may be most appropriate in
this mining engineering situation.

The upper limit of the confidence interval of value hc

reveals important practical findings:
• sudden breakage of the entry floor, accompanied by gas-

sing, has a probability of 94% when cutting of 1.7 m
thickness at Mine-2;

• it can be argued, that by drilling gas-draining holes in en-
tries floor at AB bed of 1.7 m in depth, contact gas with a
probability of 94%, will be degassed and the sudden
breakage of the entry floor will be eliminated at Mine-2;

• it can be argued, that in the floor layers (ore leaved on the
floor, in order to eliminate gassy outburst - value hc) of
more than 1.7 m thickness, rockburst of the entry floor,
accompanied by gassing, will not occur when gas-
draining holes are drilled.
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Figure 3 - Histogram of floor distance from the contact gas at
Mine 2.

No. Panel Gas safety pressure Ps, MPa

Ural 10A Ural-61 Ural 20R

from to from to from to

5. 16 western - - 0.96 0.96 - -

6. 18 western - - 0.76 5.32 0.17 1.73

7. 20 western 0.68 1.77 0.56 1.97 0.11 0.56

8. 11 eastern - - 0.24 0.82 - -

9. 13 eastern - - 0 0.41 - -

10 15 eastern - - 0.03 0.5 - -

11. 17 eastern - - 0.04 2.08 - -

Table 3 (cont.)



bengasmengen mit oder ohne auswurf von kohle oder
gestein. August, v. 13.

JSC «Sil’vinit» (2009). Spetsial’nyye Meropriyatiya Po
Bezopasnomu Vedeniyu Gornykh Rabot Na
Verkhnekamskom Mestorozhdenii Kaliynykh Soley V
Usloviyakh Gazovogo Rezhima V OAO «Sil’vinit»,
Perm’-Solikamsk, 75 p.

JSC «Uralkaliy» (2005). Spetsial’nyye Meropriyatiya Po
Bezopasnomu Vedeniyu Gornykh Rabot Na
Verkhnekamskom Mestorozhdenii Kaliynykh Soley V
Usloviyakh Gazovogo Rezhima V OAO «Uralkaliy»,
Perm’-Berezniki, 67 p.

Kalosha V.K., Lobko S.I., Chikova T.S. (1982). Matema-
ticheskaya obrabotka rezul’tatov eksperimenta, Vys-
shaya shkola, Minsk, 103 p.

Kovalev O.V. Livenskij V.S. Bylino L.V. (1982). Osoben-
nosti Bezopasnoy Otrabotki Kaliynykh Mestorozhde-
niy, Polymya, Minsk, 96 p.

Obert, L. (1964). In situ determination of stress in rock.
Mining Engineer, No 8 (august): 51-58.

Obert, L. & Duvall W. (1967). Rock mechanics and the de-
sign of structures in rock, John Wiley & Sons Inc,
pp.582-610.

Permyakov, R.S. & Proskuryakov, N.M. (1972). Vneza-
pnyye Vybrosy Soli I Gaza, Nedra, Leningrad, 180 p.

Proskuryakov N.M., Fomina V.D., Rozhkov V.K. (1974).
Gazodinamicheskiye Yavleniya Na Soligorskikh
Rudnikakh, Polymya, Minsk, 211 p.

Proskuryakov N.M. (1980). Vnezapnyye Vybrosy Porody I
Gaza V Kaliynykh Rudnikakh, Nedra, Moscow, 263 p.

Proskuryakov N.M., Kovalev O.V., Meshcheryakov V.V.
(1988). Upravleniye Gazodinamicheskimi Protsessami
V Plastakh Kaliynykh Rud, Nedra, Moscow, 239 p.

Proskuryakov N.M. (1991). Upravleniye Sostoyaniyem
Massiva Gornykh Porod, Nedra, Moscow, 368 p.

Ryzhov P.A. (1973). Matematicheskaya statistika v gor-
nom dele, Vysshaya shkola, Moscow, 287 p.

List of Symbols
X, Y, Z: coordinate axis
Ural 10A, Ural 61, Ural 20R: mining machine name
E. P.: eastern panel
Ps: safe gas pressure, MPa
A’B, Krasnyy I - A’: bed name
W. P.: western panel
for Eq. 1:
Pcritical: gas critical pressure, MPa
�t: tensile strength of rock floor, MPa
hc: distance of a floor from the contact gas, m
a: half entry width, m
�: unit weight of rock floor, H/m3

�c.s.: shear strength of clay seams in floor, MPa
for Eq. 2:
Pcritical: gas critical pressure, MPa
�t: tensile strength of rock floor, MPa
hc: distance of a floor from the contact gas, m
a: half entry width, m
�: unit weight of rock floor, H/m3

�c.s.: shear strength of clay seams in floor, MPa
for Eq. 3:
Pcritical: gas critical pressure, MPa
�t: tensile strength of rock floor, MPa
hc: distance of a floor from the contact gas, m
a: half entry width, m
�: unit weight of rock floor, H/m3

�c.s.: shear strength of clay seams in floor, MPa
�m.m.: pressure of the mining machine weight, MPa
for Eq. 4:
hc: distance of a floor from the contact gas, m

82 Soils and Rocks, São Paulo, 42(1): 77-82, January-April, 2019.

Andreyko & Lyalina



Maximum Tensile Strength of Sand - Coal Fly Ash - Lime
Blends for Varying Curing Period and Temperature

C. Silvani, M. Benetti, N.C. Consoli

Abstract. The pozzolanic reactions, responsible for the resistance of soil-lime blends, are endothermic. As such,
increasing the curing temperature in turn increases the strength of lime-stabilized soil. Recent research has shown that there
is a maximum limit to the resistance of a specimen, based on its curing time. This study aims to predict the maximum
tensile strength of sand-coal fly ash-lime blends for several curing times. To achieve that, a series of splitting tensile tests
were carried out using cylindrical specimens with diameter and length equal to 50 mm and 100 mm, respectively. Lime
content varied from 3% to 7%, dry unit weight ranged from 14 kN/m3 to 16 kN/m3, curing temperatures were 20, 35, 50, 65,
80 and 90 °C, curing periods were 1, 3 and 7 days and fly ash content was established as 25%. Results show that the
increase in curing temperature boosts the tensile strength of sand-coal fly ash-lime blends up to a limit that varies with
curing time. The porosity/lime index, defined as the ratio of the compacted mixture’s porosity and volumetric lime content
adjusted by an exponent, proves to be an appropriate parameter to estimate the splitting tensile strength of the soil-coal fly
ash-lime studied for all curing times and temperatures studied. Using this index, curves were obtained for the calculation of
the maximum temperature that influences the resistance of the studied mixture for each curing time. An equation capable of
determining the maximum resistance that can be reached in each curing time, independent of curing temperature, was also
obtained through the index.
Keywords: coal fly ash, curing temperature, curing time, lime, maximum splitting tensile strength, sand, soil stabilization.

1. Introduction

Lime stabilization in quartzitic soil, like Osório sand,
is not possible since lime needs to react with amorphous sil-
ica or alumina to become a water-resistant cementitious
material. Quartz is a crystalline material, so it does not react
with lime. To be able to stabilize Osório sand with lime,
adding a source of amorphous material, such as the coal fly
ash used in this research, is necessary.

The development of alternatives for Portland cement,
such as reusing industrial by-products (e.g. coal fly ash,
carbide lime) as a cementitious material, brings environ-
mental and economical benefits. In southern Brazil, materi-
als such as coal fly ash (by-product of coal combustion in
thermal power plants) and carbide lime (by-product of acet-
ylene gas manufacture) are profusely produced. From an
environmental perspective the use of by-products and was-
tes instead of Portland cement is a more sustainable solu-
tion, since it reduces the use of Portland cement, whose
manufacture is the origin of about 8% of the world’s CO2

pollutant emissions (Zhang et al., 2014). From an economi-
cal viewpoint, the use of coal fly ash plus carbide lime, in-

stead of Portland cement, comes from the fact that such in-
dustrial by-products have a very reduced cost at their place
of production. The commercial feasibility of using such
by-products is related to the distance from the production
sites to the place where they are going to be used (the main
cost is linked to transportation), the shorter the distance, the
lower the cost and the higher the economic feasibility of us-
ing them. Soil-coal fly ash-carbide lime blends have been
successfully used to enhance the bearing capacity of foot-
ings leaning on improved layers above weak foundation
soil (e.g., Pedreira, 2000; Pedreira et al., 2002; Consoli et
al., 2009a), as well as the base/sub-base of pavements (e.g.,
Kampala et al., 2014). Other procedures have focused on
assessing the use of wastes to produce building materials
such as bricks (e.g. Consoli et al., 2014a) and new products
from reclaimed asphalt pavement, coal fly ash and carbide
lime blends (Consoli et al., 2018).

The porosity/lime index (�/Liv) has been shown to be
useful to design lime-stabilized soil (Consoli et al., 2009b,
2011, 2015). One problem in lime stabilization is that the
reaction between lime and the amorphous materials is slow.
That can be accelerated with the increase of curing temper-
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ature (Thompson, 1966, Toohey et al., 2013, Saldanha &
Consoli, 2016). However, according to Consoli et al.
(2014a, 2014b, 2014c), the maximum strength of coal fly
ash-lime and soil-coal fly ash-lime blends is limited by cur-
ing time.

Thomé et al. (2005) and Consoli et al. (2008, 2009a)
have shown that the failure in stabilized layers usually
starts with fissures at the bottom of the layer once tensile
strength (qt) is reached. For this reason, tensile strength is a
good parameter to evaluate failure of lime-stabilized soils.
This research looks for a way to predict the maximum ten-
sile strength for each curing time. The temperature at which
that maximum tensile strength can be reached for sand-coal
fly ash-lime blends is also investigated.

2. Experimental Program

The experimental program was carried out in two
parts. First, soil and fly ash had their geotechnical proper-
ties established. The second part was a series of splitting
tensile tests for sand-coal fly ash-lime specimens cured for
1, 3 and 7 days at temperatures of 20, 35, 50, 65, 80 and
90 °C. Temperature variation was chosen in a way that the
maximum strength for each curing time could be reached.
Since temperature works as a catalyzer, it is expected that
there will be no need of a curing period longer than a few
days to develop the full cementation for higher curing tem-
peratures.

2.1. Materials

Quartzitic rounded wind sand (Osório Sand) was used
in this study. The samples were collected in a disturbed
state, through manual excavation, in the region of Osório,
southern Brazil. According to the Unified Soil Classifica-
tion System (ASTM D2487, 2006), Osório sand is classi-
fied as poorly graded sand (SP).

The coal fly ash (FA) used was obtained from a
coal-fired power plant and such residue is composed pre-
dominantly by amorphous minerals (SiO2 and Al2O3) ac-
cording to X-ray diffraction tests. The FA used has only
0.8% of lime, so it is classified as Class F fly ash, according
to ASTM C618 (ASTM 1998) and it has the granulometry

of a sandy silt. The results of the characterization tests of
Osório sand and the FA are shown in Table 1.

Carbide lime was used throughout this investigation;
such lime is a by-product of the manufacture of acetylene
gas. In ambient temperature (about 20 °C) the gain of
strength due to chemical reactions between Ca++ [from
Ca(OH)2], SiO2 and Al2O3 (from coal fly ash) is relatively
slow, when compared to other binders (such as Portland ce-
ment) at equal curing temperatures. The specific gravity of
the lime grains is 2.49.

Distilled water was used for both the characterization
tests and molding of the specimens for the splitting tensile
tests. The use of distilled water in all testing is due to the ne-
cessity of guaranteeing that no impurities (e.g., minerals)
that might exist in the tap water will affect the results.

2.2. Initial consumption of lime

The minimum amount of lime required for full stabi-
lization, based on the initial consumption of lime (ICL)
(Rogers et al., 1997), was established on the basis of the in-
terpretation of pH tests carried out on soil-coal fly ash with
lime added - water (proportions of 1:3) mixtures. Tests car-
ried out in the present study have shown that the variation
of pH due to lime addition presented an asymptotic pH re-
sult with varying lime amount starting at 3% lime content.
So, according to such methodology, 3% lime content is the
minimum amount that will guarantee full stabilization of
the studied blends.

2.3. Methods

2.3.1. Molding and curing of specimens

All the tests in this study used cylindrical specimens,
50 mm in diameter and 100 mm in length. The first step in
the preparation of the specimens was the weighing of dry
Osório sand, coal fly ash and lime. The second step was the
hand mixing of the dry materials until they reached a uni-
form consistency. The third step was the addition of water
and subsequently hand-mixing the blend for 5 min. It is im-
portant to say that the amount of FA (25%) was calculated
based on the mass of the dry sand, while the amount of lime
(3% to 7%) was calculated based on the mass of the dry
sand plus the mass of the fly ash. Eq. 1 was used in the cal-
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Table 1 - Physical properties of Osório sand and coal fly ash samples.

Properties Osório sand Coal fly ash

Specific gravity 2.63 2.28

Medium sand size particles (0.2 mm < diameter < 0.6 mm) - 1.0%

Fine sand size particles (0.06 mm < diameter < 0.2 mm) 100.0% 13.6%

Silt size particles (0.002 mm < diameter < 0.06 mm) - 84.9%

Clay size particles (diameter < 0.002 mm) - 0.5%

Mean particle diameter (D50) 0.16 mm 0.018 mm



culation of the porosity of a sand-fly ash-lime specimen
(Consoli et al., 2011).
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where: � = porosity of the sand-coal fly ash-lime specimen,
FA = coal fly ash content (percentage of dry weight of
sand), L = lime content (percentage of dry weight of soil
plus fly ash), �d = dry unit weight of the specimen and
Vs = volume of specimen, Gss= specific gravity of the sand
grains, GsFA = specific gravity of the fly ash grains and
GsL = specific gravity of the lime grains.

During the confection of the specimens, the sand-coal
fly ash-lime mixture was kept in a covered container to
avoid moisture loss. The water content was obtained
through two small portions retrieved from the mixture.

The static compaction of the specimens was carried
out in three layers inside a lubricated cylindrical split mold.
To ensure sample integrity the top of the first and the sec-
ond layers were scarified. When the three layers were done
the specimen was removed from the mold. The specimen
was then measured and weighed with accuracies of about
0.01 g and 0.1 mm. The specimens were cured inside plastic
bags in a humid room at distinct temperatures and relative
humidity above 95% for 1, 3 or 7 days.

The samples were accepted for testing if they met the
following tolerances: Dry Unit Weight (�d): degree of com-
paction between 99% and 101% (the degree of compaction
being defined as the value obtained in the molding process
divided by the target value of �d); Moisture Content ():
within � 0.5% of the target value and Dimensions: diameter
to within � 0.5 mm and height � 1 mm.

2.3.2. Splitting tensile tests

Carneiro & Barcellos (1953) developed a simple test
able to measure the tensile strength of brittle materials: the
splitting tensile test. ASTM C496 (ASTM 2011) follows
the concepts established by Carneiro & Barcellos (1953).
After curing, the specimens were soaked in water at 20 °C
for 24 h to minimize suction (Consoli et al., 2011). After
these 24 h period immersed in water, all specimens had a
degree of saturation above 85%, irrespective of the initial
porosity or cementitious material content. All specimens
have had their matric suction measured using the filter pa-
per technique (Marinho, 1995). Such tests were carried out
with pieces of artificially cemented material collected from
the center of the specimens just after they have been taken
to failure. The values of suction measured were low, rang-
ing from about zero up to 10 kPa, allowing suction to be
eliminated as a variable in the analysis. For the test, the

samples were removed from water and placed horizontally
between two stainless steel plates in an automatic loading
machine with a maximum capacity of 50 kN and a proving
ring with a capacity of 10 kN and a resolution of 0.005 kN.
The tests were carried out by compressing the samples
along two opposite generatrices leading to failure in tension
along the diameter contained in the plane formed by these
two generatrices. Tests in which the average strength devi-
ated by more than 10% were disregarded.

2.3.3. Program of splitting tensile tests

In the program of splitting tensile tests, the molding
points were positioned in a vertical line (Points A1, A2, and
A3), with the same moisture content and three different dry
unit weights (16 kN/m3, 15 kN/m3 and 14 kN/m3). Such val-
ues were chosen after standard Proctor compaction test re-
sults carried out by Silvani (2013) on a sand-coal fly ash-
lime blend (containing 25% of coal fly ash and 7% lime)
presented maximum dry unit weight (�dmax) of about
16.0 kN/m3 at optimum moisture content (opt) of 14%
(Fig. 1). It is important to state that standard Proctor com-
paction tests were also carried out on sand-coal fly ash-lime
blends containing 3% and 5% lime, which resulted in about
the same �dmax = 16.0 kN/m3 and opt = 14% as the mixture
containing 7% lime. Three different lime percentages (cal-
culated based on the mass of dry soil plus coal fly ash) were
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Figure 1 - Compaction curve of sand-coal fly ash (25%) -lime
(7%) blend under standard Proctor energy.



chosen starting with 3% [minimum amount to guarantee
full stabilization of the studied blends according to Initial
Consumption of Lime (ICL) proposed by Rogers et al.
(1997)], plus two other values above it, 5% and 7%
(Mitchell, 1981). Consoli et al. (2014b) studied the same
sand-coal fly ash-lime blends studied here in (considering
the same compaction conditions - same molding points,
curing method, and curing temperatures of 20, 35 and
50 °C), but only contemplating 28 days of curing time.
Since temperature can be a catalyzer in lime-fly ash reac-
tions, this research focused on shorter curing times (1, 3 and
7 days) and considered the following range of curing tem-
peratures: 20, 35, 50, 65, 80 and 90 °C. All specimens had
25% FA content. This agrees with Brazilian practice (Con-
soli et al., 2001). Three specimens were tested for each
molding point so as to account for the typical scatter of data
from the strength tests.

3. Results and Analysis

3.1. Effect of porosity/lime index

Consoli et al. (2014b) showed that the tensile strength
of sand-fly ash-lime blends, cured for 28 days, can be eval-
uated by the porosity/lime index (�/Liv), defined by the po-
rosity (�) of the compacted blend divided by the volumetric
lime content (Liv) (defined as the volume of lime in relation
to the total specimen volume) adjusted by an exponent
(0.30). Figures 2, 3 and 4 show that the [�/(Liv)]

0.30 can also
be used to evaluate the tensile strength of the studied mix-
ture when the curing time is 1, 3 and 7 days. All fits were
based in the whole raw experimental data.

It can be observed in Figs. 2, 3 and 4 that for the lower
curing temperatures, qt does not change much with increas-

ing values of [�/(Liv)]
0.30, and consequently the coefficient of

determination (R2) is low. In the extreme, if qt was constant
with increasing values of [�/(Liv)]

0.30 the coefficient of deter-
mination would be close to zero.

Consoli et al. (2014b) found that for 28 days of curing
the qt increased with temperature up to 35 °C, after which it
stabilized. Figure 2 presents that for 7 days of curing, qt in-
creases with the temperature up to 50 °C. According to
Figs. 3 and 4, the temperature of 80 °C seems to be the limit
temperature for 1 and 3 days of curing time. For any tem-
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Figure 2 - Variation of splitting tensile strength with adjusted po-
rosity/lime index considering 7 days of curing time.

Figure 3 - Variation of splitting tensile strength with adjusted po-
rosity/lime index considering 3 days of curing time.

Figure 4 - Variation of splitting tensile strength with adjusted po-
rosity/lime index considering 1 day of curing time.



perature beyond 50 °C for 7 days of curing time and 80 °C
for 1 and 3 days of curing time, the qt remains constant. The
data of Figs. 2 to 4 plus the result of Consoli et al. (2014b)
can be summarized in Fig. 5. Figure 5 presents the variation
of normalized splitting tensile strength q t L iv

[ ]
( ) .

�
0 30

3� with

curing temperatures (T). Figure 5 shows that for each cur-
ing time q t L iv

[ ]
( ) .

�
0 30

3� increases linearly with rising tem-

peratures up to a threshold and after that it becomes an

asymptote. The strength gain leveled off for each specific
curing time period because there is a maximum velocity for
the chemical reactions between silica and alumina in amor-
phous phase (from the coal fly ash) and Ca++ from the
Ca(OH)2 that can occur. As such, increasing temperature
expedites pozzolanic reactions up to a certain temperature
(until the kinematic of the reactions reach a maximum) and
increasing temperature beyond that will not cause any
strength increase. Figure 5 also shows that q t L iv

[ ]
( ) .

�
0 30

3�

depends on the time and temperature of curing. Thus in or-
der to optimize the tensile strength, it is necessary to know
the maximum temperature capable of effectively increasing
qt for each curing time and the maximum tensile strength
that can be reached in each curing time. Figure 6 presents
the maximum temperature that is effective in growing qt.
That temperature decreases with the rise of curing time ac-
cording with a power function [Eq. 2]. So, Eq. 2 is useful to
optimize the expenditure of energy in the form of heat to in-
crease qt.

T ti curing� �8889 0 27. ( ) . (2)

The space q t L iv
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divided in two areas (see Fig. 7): one possible (below the
curve represented in Fig. 7) and one impossible (above the
curve represented in Fig. 7). These areas are divided by a
power equation [Eq. 3]. Equation 3 enables the calculation
of the maximum tensile strength that can be reached for
each curing time.
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where Ti = temperature of stabilization (maximum) of the
increase in tensile strength, and tcuring = curing time.
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Figure 5 - Variation of normalized splitting tensile strength with
curing temperatures (for 1, 3, 7 and 28 days curing).

Figure 6 - Relationship between the temperature of tensile strength stabilization (Ti) and the curing time (tcuring).



4. Concluding Remarks

From the data presented in this manuscript the fol-
lowing concluding remarks can be drawn:

• Increase in temperature boosts tensile strength of sand-
coal fly ash-lime blends up to a limit. This limit varies
with curing time. To optimize the dosage of sand-coal fly
ash-lime mixtures, it is necessary to know the maximum
temperature (Ti) capable of effectively increasing qt [see
Eq. 2]. The maximum tensile strength, for each curing
time (tcuring), is also a restraining value. This information
can be calculated from Eq. 3. Equations 2 and 3 are valid
for the sand, coal fly ash and lime used in the present
study and further studies are necessary to check if analo-
gous equations are found for other soils, ashes and limes.
Additionally, subsequent investigation shall be carried
out to assess if similar trends are also observed regarding
initial shear stiffness (G0);

• The porosity/lime index, defined by the porosity of the
compacted mixture divided by the volumetric lime con-
tent, adjusted by an exponent, [�/(Liv)

0.30] has been shown
to be an appropriate parameter for evaluating the split-
ting tensile strength of several combinations of curing
temperatures and curing times for the sand-coal fly ash-
lime blends studied. Further studies are being carried out
by the authors considering the efficiency of the poros-
ity/lime index to detect the impact of distinct curing tem-
peratures and curing times on similar blends considering
clayey soils;

• Curing temperature only works as a catalyzer, meaning
that increasing temperature only expedites strength gain
but does not increase it (final strength depends only on
dosage and time to reach such strength is the only aspect
affected by temperature). However, given the possibility
of encountering temperatures above 40 °C in the field

during certain times of year (mainly in summer), it is im-
portant to know that in such situations shorter curing
periods will be required in order to develop the full ce-
mentation using coal fly ash - lime blends. Finally, the
development of strength of sand-coal fly ash-lime blends
due to field temperatures above the ambient temperature
commonly considered for design (about 20 °C) is key to
soil stabilization and ground improvement, since the
faster the final target strength is reached in the field, the
sooner the earthwork can be used for the purpose for
which it has been built.
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1. Introduction

The authors presented numerical analysis of an em-
bankment underlain by soft clay improved with geosyn-
thetic-encased stone columns and comparison of results
with analytical methods developed by Raithel & Kempfert
(2000), Pulko et al. (2011) and Zhang & Zhao (2014). The
authors conclude that among the three methods, the results
of R&K generally show better agreement with the results of
FEM than the results of PEA and ZZ methods. The readers
would like to address that statement and point to some
shortcomings and inconsistencies regarding the use of ana-
lytical procedures according to R&K and PEA methods.

2. Discussion

When comparing R&K and PEA methods, it should
be considered that both are based on the same fundamental
assumptions. The methods differ only in treatment of the
stone column (SC). In the R&K method, the SC is consid-
ered as a rigid plastic material with constant volume at
yield. On the other side, the PEA method assumes elas-
toplastic behavior with the ability to take into account the
SC dilation. Another difference with minor influence on
calculation results is that the R&K method assumes finite
strains, while the PEA method assumes small strain theory.
Due to these differences, the calculated settlements accord-
ing to the PEA method will always exceed the values of the
R&K method, if the equivalent input data are used (Pulko et
al., 2011). Because in the paper the PEA method is shown
to produce settlements lower than the R&K method, the
readers believe that the soil stiffness used for both methods
was not the same but is unfortunately not given in the paper.

From theoretical equations behind both methods, it is
evident that under constant SC volume and considering
small strain theory (�v = �1 - 2�r = 0), the total settlement s

can be obtained with the integration of axial strains �1 over
depth, which can be related to the geosynthetic tensile force
�Fg(z):
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If the SC volume is constant, then the settlement is
proportional to the area under the graph of geosynthetic
tensile force �Fg(z). If the SC is compressible, then the set-
tlement is even larger. In Fig. 5 of the paper (Fig. 1 below),
the areas under the graphs of tensile force for the R&K
method are significantly smaller than for the FEM and PEA
methods. This does not support the authors’ conclusion that
the R&K method produces settlements in line with the
FEM results, while the PEA method produces smaller set-
tlements.

3. Conclusions

Under given assumptions both analytical methods
(R&K and PEA) are able to provide comparable results in
good agreement with FEM, as long as equivalent material
data are taken into account. When using simplified elastic
methods, the determination of equivalent stiffness is essen-
tial to provide comparability with the results of advanced
nonlinear FEM. Any comparison of different analytical
methods without proper representation of the equivalent in-
put data (i.e. stiffness) is incomplete and can lead to mis-
leading conclusions.
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Figure 1 - Tensile force vs. depth ratio for different geosynthetic stiffnesses; (a) Tensile force for J = 500 kN/m, (b) Tensile force for J =
2000 kN/m, (c) Tensile force for J = 4000 kN/m (Fig. 5 after Alkhorshid et al., 2018).



Closure by authors
1. Introduction

The authors would like to thank the writers’ interest
in the paper and constructive comments. The writers pres-
ent some theoretical statements about PEA and R&K meth-
ods. It is stated that both methods come from same funda-
mental assumptions, except for the column behavior which
is treated as a rigid plastic material in R&K and is expected
to have an elastoplastic behavior in PEA. It is also com-
mented that another difference is that PEA presumes small
strain theory while R&K assumes finite strains. Then it
concluded that these differences cause PEA values always
to exceed R&K values if equivalent input data are em-
ployed.

2. Reply to the Discussion
Both methods, PEA and R&K, use the oedometric

modulus of the soil, which can be obtained from Eoed,ref pre-
sented in Table 1 of the paper (Eoed,ref = 1850 kPa). Thus, the
R&K greater settlements than the PEA settlements can not
be due to the different input data since in both methods the
very same value of soil stiffness was used.

Considering the values of tensile forces, the result for
R&K shown in Fig. 5 of the paper was produced using the
values of radius variation for different depths obtained
from the following equation (Raithel & Kempfert, 2000):
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where ka,c, aE, ��, ��v,s, �v,0,c, K0,s, �v,0,s, rgeo, rc and J are coeffi-
cient of active earth pressure of column, area replacement
ratio, applied stress at the top of unit cell, increase of verti-
cal stress on soft ground, initial stress on the column before
loading, coefficient of lateral earth pressure at rest for soft
soil, initial stress on soft soil before loading, radius of the
surrounding geotextile, column radius and geosynthetic
tensile stiffness.

The discussion also addresses the constant stone col-
umn volume and the assumption of incompressible column
material. Hence, the values of tensile forces calculated us-
ing R&K were double-checked considering the constant
stone column volume and it was found that R&K predic-
tions were wrongly plotted. Thus, the correct values are
now presented as R&K2 in Fig. 2.
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Figure 2 - Tensile force vs. depth ratio for different geosynthetic stiffness; (a) Tensile force for J = 500 kN/m, (b) Tensile force for J =
2000 kN/m, (c) Tensile force for J = 4000 kN/m.



3. Conclusion

The writers suggest that under equivalent material
data both methods, PEA and R&K, can provide comparable
results in good agreement with those of FEM. Since both
methods take Eoed of soil into account, the calculations were
made using the same value (Eoed,ref = 1850 kPa) for both
methods. The authors do not believe that using different
oedometric modulus for the soil would be fair for the com-
parisons between predictions from different methods. In
addition, Khabbazian et al. (2011) presented a discussion
on PEA method and in Fig. 1 of their paper, PEA settle-
ments were compared with those from FEM for different
diameter ratios (N = re/rc). They also found that settlements
predicted by PEA were smaller than those from FEM.

PEA is capable of producing results that are in good
agreement with FEM. Yet, the settlement results shown in
Fig. 3 of the paper suggest that under constant value of

geosynthetic tensile stiffness (J = 2000 kN/m) and different
diameter ratios (N = re/rc), R&K radius variations and settle-
ments were in better agreement with those from FEM. On
the other hand, under constant diameter ratio (N = 3.5) and
different tensile stiffness values both methods can provide
satisfactory results (Fig. 2).
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