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Manuel Rocha Lecture
Manuel Rocha (1913-1981) was honoured by the Portuguese Geotechnical Society with
the establishment of the Lecture Series bearing his name in 1984.

Having completed the Civil Engineering Degree at the Technical University of Lisbon
(1938) he did post-graduate training at MIT. He was the driving force behind the creation
of the research team in Civil Engineering that would lead to the foundation of the National
Laboratory for Civil Engineering (LNEC), in Lisbon. He was Head of LNEC from 1954 to
1974 and led it to the cutting edge of research in Civil Engineering.

His research work had great impact in the area of concrete dams and rock mechanics. He
was the 1st President of the International Society for Rock Mechanics and organized its 1st

Congress in Lisbon (1966). He did consultancy work in numerous countries. He was Hon-
orary President of the Portuguese Geotechnical Society, having promoted with great com-
mitment the cooperation between Portugal and Brazil in the area of Civil Engineering, and
member of the National Academy of Sciences of the USA. Recognized as a brilliant re-
searcher, scientist and professor, with a sharp, discerning intellect allied to a prodigious ca-
pacity for work and management, he was truly a man of many talents.
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tory for Civil Engineering (LNEC), in Lisbon, Portugal. He completed his Civil
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PhD were awarded by the University of Minnesota, Minneapolis, USA, where he
conducted research on numerical modelling in rock mechanics. He was involved
in the development of the discrete element codes UDEC and 3DEC, for Itasca
Consulting Group. He has been a researcher at LNEC since 1989, where he led the
division of numerical modelling applied to concrete dams and rock engineering,
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graduate courses on rock mechanics and modelling. His current research interests
include safety analysis of dam foundations, application of discrete element models
in geomechanics, rock dynamics problems, and seismic analysis of historical ma-
sonry structures.





Discontinuum Modelling in Rock Engineering
J.V. Lemos

Abstract. The evolution of numerical modelling in rock mechanics has made possible a more realistic representation of the
behaviour of rock masses, and a more reliable prediction of the response of rock engineering structures. Discontinuum
modelling techniques, namely the discrete element method, based on the explicit representation of the rock mass
discontinuous structure, have progressively acquired a broader role. In this lecture, the essential concepts and main features
of these numerical techniques are discussed, with reference to their historical development. The use of these idealizations is
exemplified by two areas in which they proved very effective. On one hand, the analysis of practical rock engineering
problems, intended, for example, for safety assessment or monitoring interpretation. This type of application is illustrated
herein by dam foundation analyses based on deformable block models. A second level of discontinuum modelling involves
research aimed at the understanding of the fundamental behaviour of rock and rock masses. An example of this approach is
the analysis of fracture phenomena with particle models, primarily of laboratory specimens, but being extended to larger
scales. Critical issues identified in the effective application of these modelling tools are examined, as well as some
foreseeable evolution trends.
Keywords: rock mechanics, numerical modelling, discrete elements, block models, dam foundations, rock fracture.

1. Introduction
The development of Rock Mechanics as an independ-

ent discipline, with its own field of knowledge and method-
ologies, may be associated, to a large extent, with the
progressive recognition of the role played by discontinuities
in the behaviour rock masses. In 1964, in a well-known pa-
per presented to the 8th ICOLD Congress in Edinburgh,
Manuel Rocha stated that among the difficulties then facing
Rock Mechanics should be mentioned “in first place, the
consideration of families of joints and faults which turn rock
masses into systems of more or less adjusted blocks” (Rocha,
1964a). Then, he questioned “how far such systems can be
treated by extending to them the laws of behaviour applying
to media assumed to be continuous or if it is necessary, at
least in certain cases, to develop a mechanics of media di-
vided by families of discontinuities”. The examination of el-
ementary systems, such as those depicted in Fig. 1, was a
step towards the definition of appropriate conceptual mod-
els. In the same paper, Manuel Rocha recognized the limita-
tions of the available analytical methods to deal with systems
of such nature and complexity, pointing to physical experi-
ments as a promising means to simulate discontinuous media
and provide understanding about their mechanics.

In the late 1960s, numerical methods were advancing
into the representation of systems cut by discontinuity sur-
faces, whether within the framework of the finite element
methods, or in the newly developed discrete element
method, a path that will be discussed in more detail in the
following section. However, it would take a decade for the
digital computing hardware to be able to handle large, com-
plex 2D models, and perhaps two decades for 3D represen-
tations of problems of practical interest to be feasible.

Today, we have the means to analyse problems with large
sizes and intricate joint patterns. However, the hardware
limits continue to be challenged, for example in the study of
dynamic processes or coupled physics problems. In fact,
the range of physical phenomena that modelling is called
upon to simulate has significantly enlarged, with new re-
quests arising in areas such as waste isolation, oil and gas
exploration or CO2 sequestration. Fluid flow has always
been recognized as a major factor in rock engineering,
namely in dam foundation problems, also being a problem
in which discontinuities, and the way in which they are con-
nected, play a dominant role. Transport and thermal phe-
nomena have also to be addressed in some of the expanding
fields. The need to consider the coupling between all of
these processes adds to the difficulty in model develop-
ment, and, more critically, in their validation for reliable
application.

Rock masses display a discontinuous nature at vari-
ous scales, with the singular planes or surfaces ranging in
size from geologic faults to the micro-cracks in rock matrix
grains. Modelling tools are increasingly employed to ad-
dress all of these levels of analysis. Block models are more
commonly used at the scale of engineering works, to repre-
sent the interplay between major features and joints from
the various sets present at the site. At a larger scale, they
have also been successful in providing insight into geologic
processes. The interaction between experimental research
and numerical analysis has intensified, with models becom-
ing indispensable in the planning, preparation, and, particu-
larly, in the interpretation of results of laboratory or field
tests. From a research perspective, one of the clearest
achievements of discontinuous idealizations is arguably the
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role they assumed in the study of fracture phenomena. The
need to examine fracture processes in rock based on a con-
sistent analytical framework, while taking into consider-
ation its specific aspects arising from heterogeneity and
grain structure, has long been felt in rock mechanics
(Fairhurst, 1972). The development of discrete element
models based on circular or spherical particles has made
numerical models a key ingredient in this important field.
The power revealed in the analysis of laboratory test speci-
mens is prompting their use at larger scales, which is again
pushing the limits of computer technology.

The present lecture is aimed at the discussion of the es-
sential issues that presently face the application of dis-
continuum models in rock engineering. The underlying con-
ceptual models will be first examined. Then, it is instructive
to look into the historical development and evolution of the
numerical models, in particular those based on the discrete
element method. Being impossible to cover all areas of rock
mechanics, two fields of application were selected to discuss
the use and capabilities of these models, one related to engi-
neering practice, the other more research oriented. First, the
problem of dam foundations in rock will be addressed, an ap-
plication of block models at the engineering scale, which in-
volves specific aspects such as hydromechanical analysis,
seismic analysis and failure assessment methods. Secondly,
the analysis of fracture processes by means of particle mod-
els is examined, in particular looking into the potential of
these approaches for broader problems, as they begin to ex-
tend from the research environment to the engineering of-
fice. Finally, some concluding remarks are presented on the
current trends and development needs of discontinuum mod-
elling in rock engineering.

2. Conceptual Models in Rock Engineering.
The Discontinuum Approach

2.1. Representation of a rock mass from an engineering
perspective

An engineering model is necessarily a simplification
of the physical reality, more often intended to answer a spe-

cific question, e.g. about safety or performance of a pro-
posed design or an existing structure, rather than to provide
a meticulous description of nature. The influence of the
rock discontinuities on the overall response of the rock
mass depends on the specific questions and behaviour traits
being investigated. Therefore, a given geological condition
may be idealized in different ways depending on the prob-
lem at hand. Whether the purpose of the analysis is prelimi-
nary or detailed design, whether the aim is the interpreta-
tion of monitoring data or the safety reassessment of an
existing structure may have a strong influence on the choice
of a conceptual model and its numerical implementation, as
different geological or geomechanical traits assume more
or less significance. It is also likely that the knowledge
about the rock mass characteristics differs in each case, as
well as the level of accuracy sought in the solution, or the
time available to obtain the results. All of these may call for
different ways to idealize the problem, giving more weight
to the representation of the features recognized as domi-
nant.

Two fundamental options exist for the representation
of a jointed or fractured rock mass. The essential difference
lies in the manner of representing the discontinuituies
(faults, joints, fractures, interfaces) and their effects on rock
mass behaviour. On one hand, we have the equivalent con-
tinuum approach, in which a continuum constitutive model
is employed to represent in an average manner the effects of
the discontinuities. The alternative is the discontinuum ap-
proach, in which the discontinuity surfaces are explicitly
represented individually. The rock mass is then viewed as a
jointed medium, or as an assembly of interacting blocks (or
particles).

One of the basic criteria in deciding whether to use an
equivalent continuum or blocky model is based on the scale
of the jointing with respect to the size of the excavation or
foundation under study, as illustrated by the classical
scheme by Wittke (1990), reproduced in Fig. 2. Closely
spaced joint sets are more appropriately included in the
rock matrix behaviour, with explicit representation em-
ployed only for major, singular features. Major faults at
known locations typically have to be considered individu-
ally. In practice, a range of representation options are possi-
ble combining continuum and discontinuum in the way that
best fits the needs of the problem at hand. For example, in
failure analysis, it may be sufficient to include a few joint
planes of each set to represent the major potential mecha-
nisms. However, the deformability of the block material, if
it is important, should include the contribution of the joints
not explicitly modelled.

The equivalent continuum option simplifies the
geometric definition, but requires more complex mate-
rial models. In some cases, when the loading is not ex-
pected to cause non-reversible effects, elastic models
may be used, possibly with anisotropy to account for the
joint orientation. Early no tension material models were
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followed by elasto-plastic and damage models (e.g., for
conditions of very fractured rock with statistical iso-
tropy), and then by multilaminate or smeared crack mod-
els, capable of providing a directional variation of tensile
and shear strength. In problems where the deformability
of the rock mass is the main issue, or the profusion and
complexity of joint patterns may be difficult to simulate
by a block pattern, these continuum representations are a
good option. The well-known discussion of the range of
application of the Hoek-Brown failure criterion illus-
trates the continuum vs. discontinuum conceptual divide
(Hoek & Brown, 1980).

The discontinuum option requires more geometric in-
formation, more detail, but it generally involves simpler
constitutive laws. Jointed or blocky systems tend to repre-
sent more faithfully the types of experimental response ob-
served in the field. However, given the natural uncertainty
about jointing patterns, it may always be questioned
whether a selected joint structure is representative. A rela-
tively crude representation of the real jointing patterns in a
discontinuum model may be justified if it addresses the
essential impact it has on the response. The simple idealiza-
tions discussed by Rocha (1964a), shown in Fig. 1, illus-
trate key aspects that govern behaviour, such as orientation
and persistence of each joint set or imbrication of cross-
joints. Current research on discrete fracture networks is
providing new tools to generate complex patterns, when-
ever there is statistical data to support them.

2.2. Discontinuum numerical models. The discrete ele-
ment method

In the 1960s, the newly developed finite element (FE)
method became an important tool in rock mechanics, as it
allowed the stress analysis of complex geometries which
were not addressable by the existing closed form solutions.
FE models provided the means for the equivalent contin-
uum representation of rock masses, initially based on linear
elasticity, but soon afterwards extended to more elaborate
non-elastic constitutive relations. The need of a truly dis-
continuous numerical representation, however, remained
unanswered, particularly when failure mechanisms in
jointed or blocky rock had to be assessed. The first solution
to this problem was the joint element proposed by Good-
man et al. (1968), which allowed the explicit representation
of individual discontinuities in a FE model of a rock mass.
This is a special type of finite element, which is assumed to
have zero thickness and employs a joint constitutive model
relating the joint normal and shear stresses with the differ-
ences in nodal displacements across the element, unlike the
stress-strain laws of continuum elements. In the elastic
range, therefore, the joint normal and shear stiffness param-
eters, as defined in rock mechanics, determine the element
deformability. Non-linear behaviour in tension or shear
was included from the outset, while extension to 3D posed
no theoretical difficulties, only demanded more computer
power.
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Finite element models with joint elements were capa-
ble of actually representing a discontinuous medium, real-
izing the conceptual model of a continuum crossed by a few
discontinuities where failure may take place. There were,
however, some limitations when dealing with complex
jointing patterns involving multiple sets leading to blocky
systems. For example, failure mechanisms involving block
rotational modes, with large movements, were not
accounted for, and the small displacement assumption,
prevalent in most codes, prevented changes in the system
connectivity. In addition, the numerical methods of solu-
tion in use at the time, based on iterative methods using
stiffness matrices, did not permit total block separation.
These limitations were particularly obvious in slope stabil-
ity analysis, and it was to address these problems that
Cundall proposed a new numerical approach, designated as
the ‘Distinct (or discrete) element method’ (DEM) (Cun-
dall, 1971). This method viewed the rock mass as an assem-
bly of distinct blocks or particles in mechanical interaction.
These blocks could behave as rigid bodies, as often as-
sumed by conceptual models of rock slope stability, a sim-
plification that was not possible with the existing finite
element models. Toppling failure was one of the first appli-
cations that illustrated the capabilities of the new method
(Fig. 3).

Earlier concepts of blocky systems, such as the
“clastic mechanics” proposal of Trollope (1968), had a lim-
ited practical application given the shortcomings of the an-
alytical framework. The key to the success of Cundall’s
DEM approach was the solution method chosen, which re-
lied on the integration of the equations of the motion of the
blocks using a time stepping explicit algorithm (Fig. 4).
This type of solution method was well known in the finite
difference community, as dynamic relaxation was one of
the techniques employed to solve systems of linear equa-
tions before computers made direct solution feasible (e.g.,
Otter, 1965). Physically it amounts to seeking the static so-
lution of a mechanical system by means of artificially high
damping. It is particularly suited for discrete systems un-
dergoing large motions, for example, in the analysis of fail-
ure mechanisms, disaggregation processes or rock falls.
Programming the contact detection and update algorithm in
an efficient manner became a crucial component of discrete
element codes, freeing the user from the need to define

manually the initial system connectivity and the way it
evolves during the analysis (e.g., Cundall, 1988).

A distinctive feature of discrete element models is the
representation of contact, based on sets of contact points.
Rock joints are treated numerically as surfaces of interac-
tion between neighbouring bodies, instead of being prede-
fined as joint elements. This greatly enhances the flexibility
of model generation and discretization, and also simplifies
the consideration of large movements (e.g., Lemos, 2008).
Assigning representative contact areas to these contacts al-
lows the standard rock joint constitutive models to be em-
ployed, such as the classical Mohr-Coulomb model, or
more elaborate ones, such as Barton’s joint model (Barton
et al., 1985).

In order to be applicable to wider problems, block
deformability had to be considered. First, the assumption of
uniform stress field in each block was adopted, but its limi-
tations were evident, as complex deformation modes, such
as bending, could not be represented. The alternative was to
divide each block in an internal finite element mesh, which
could be refined according to the stress analysis precision
required. This approach to “deformable blocks”, developed
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Figure 4 - Calculations performed at each step of an explicit algorithm.

Figure 3 - Distinct element models: (left) rigid block model for
analysis of toppling failure; (right) circular particle model (Cun-
dall, 1971).



in 1978, was used in the new UDEC code (Cundall, 1980),
and its 3D counterpart 3DEC (Hart et al., 1988). Similar
schemes, sometimes designated as “discrete-finite ele-
ments”, are now employed in various codes. In Cundall’s
codes, the solution method for deformable block models re-
mains explicit, with the degrees of freedom of the system
now being the displacement of the nodal points, instead of
the rigid block displacements and rotations.

In the original 1971 paper, Cundall already included
the circular particle models, treated numerically in the same
way as rigid blocks. However, the geometric calculations
involved in detecting and updating contact between circu-
lar (or spherical) particles are much simpler than between
polygonal (or polyhedral) blocks. This implies that much
larger systems can be simulated with reasonable run times,
a major factor in the fast expansion of particle models. Ini-
tially proposed for micro-mechanical modelling of soils
(Cundall & Strack, 1979), they became a choice tool for
rock fracture studies.

Presently, many DEM codes, based either on block or
particles, are routinely employed in rock mechanics re-
search and practice, as well as other numerical methods that
share some of its essential concepts for the representation
of a discontinuum, including Discontinuous Deformation
Analysis (DDA) (Shi & Goodman, 1988), Discrete-Finite
Element Method (DFEM) (Munjiza, 2004), Non-Smooth
Contact Dyanmics (NSCD) and others (e.g. Jing &
Stephansson, 2007; Zhao et al., 2012).

2.3. The use of discrete element models and codes

The ability to analyse systems of discrete bodies, in
particular after the development of efficient techniques to
cope with very large systems, has turned the discrete ele-
ment method into a powerful instrument for detailed mod-
elling in many fields of physics and engineering. Closer to
rock mechanics are various applications involving geo-
materials, such as soil, rockfill, masonry or concrete. Anal-
ysis of rock falls, mine caving and fragmentation processes
are also problems for which DEM is particularly suited. A
particularly intensive research effort has been directed to-
wards addressing broader physical problems, for example
involving thermo-hydro-mechanical and transport pro-
cesses. This broad field of application has led to a multitude
of formulations and software.

The variety and sophistication of the numerical tech-
niques available, as well as the codes in which they are im-
plemented, often present difficulties to the student or
practitioner in the choice of the most effective tool for the
problem at hand. A clear understanding of the underlying
assumptions of a given code, in order to judge its capability
to reproduce the conceptual mode adopted, is the first re-
quirement for proficient use. The development of proper
modelling methodologies of application of numerical mod-
els needs to receive more attention, particularly if we con-
sider the natural tendency towards more complex models.

The amount of detail that may be included in a model
is always limited by the experimental information avail-
able. Often, the choice of a continuum model is simply dic-
tated by the preliminary nature of the study. Starfield &
Cundall (1988) presented an influential discussion of anal-
ysis methodologies in rock mechanics which stresses the
role of models in providing understanding about a given
rock engineering problem. A numerical model may be
viewed as a numerical laboratory in which to test different
hypotheses of behaviour by comparison with the available
knowledge, and to identify the critical factors, e.g., those
parameters that need reliable experimental evidence since
they play a dominant role. Analysis of a given problem may
proceed by a sequence of models intended to clarify spe-
cific aspects of behaviour. To address the entire range of is-
sues with a single very detailed representation is often
inefficient. Calibration of a multitude of parameters in a
complex model based on a few known response features
can be very misleading if the physical role of each one is not
well understood.

The ability to automate model generation or output
processing tasks increases the power of the simulation
tools, but demands more expertise. Robust methodologies
for model building and verification are essential for effec-
tive engineering analysis. Facilities to implement user-
defined rock or joint constitutive models are being offered
by advanced codes. In fact, versatility is a highly desirable
quality in engineering software, allowing users to progress
from elementary or occasional use to elaborate models, al-
ways building on the acquired expertise. In addition, it is of
crucial importance to be proficient in the representation,
processing and interpretation of the numerical results, so
that as much knowledge as possible may be gained from the
analysis.

3. Modelling Dam Foundations

3.1. Analysis needs and modelling choices

The design of concrete dams is subject to the fulfil-
ment of general requirements of serviceability and safety
shared by all engineering structures. The former imply
that the structure should be able to perform its function
satisfactorily, under the normal operating conditions. The
latter require that the structure should not create unaccept-
able risks for those who use it or the public. In the case of
dams, it is mandatory that, even in extreme conditions, un-
controlled loss of the retained water does not occur
(Pedro, 1995).

The verification of the two types of requirements en-
tails different analysis needs. For normal operating condi-
tions, the aim is that the behaviour of structure and founda-
tion remain essentially in the elastic, reversible domain.
Therefore, equivalent continuum models are usually suffi-
cient to represent the rock mass. The main requirement is to
represent correctly the deformability of the various rock
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mass zones, and possibly major singular features. These
models are typically sufficient to predict structural dis-
placements during normal operation, and may be validated
and calibrated with monitoring data.

Safety assessment involves the analysis of the possi-
ble failure modes of the structure or foundation, consider-
ing extreme load conditions, including flood water levels
and large earthquakes. Failure mechanisms involving the
dam-rock interface and rock mass discontinuities need to
be considered, for which discontinuum conceptual models
are particularly appropriate. Rocha (1978) discusses the
possible failure modes of gravity dams (Fig. 5), which in
the simplest cases may be resolved by analytical calcula-
tions. Numerical models are now the best tools for these
analyses, having no difficulty in addressing, for example,
the case of failure surfaces with multiple segments.

The accident of Malpasset brought into attention the
role of the hydraulic behaviour of the rock mass, and the
importance of water pressures on rock discontinuities. In
the 1960s, analytical and graphical methods were devel-
oped to assess the stability of rock wedges in arch dam
abutments, including uplift forces, as shown in Fig. 6 (Lon-
de, 1973).

Physical models were for a long time the main tool for
stress analysis of arch dams, which only permitted the
deformability of the foundation to be represented, and in a
rather simplified manner (Rocha, 1964b). Experiments
with blocky foundations were also carried out to simulate
more complex rock mass conditions (Oberti & Fumagalli,
1963). Sliding failure mechanisms may also be analysed, as
in the case of an arch dam studied at LNEC and depicted in
Fig. 7 (Gomes, 2006). Numerical models gradually became
the main analysis tool, but the contribution of physical
models to their validation should not be overlooked. For the
case of dynamic slip, shaking table tests remain an impor-
tant source of data, given the complexity and variability of
these phenomena.

Earlier numerical models were 2D representations or
gravity dams adopting a continuous foundation. In spite of
being limited by linear elastic assumptions, the numerical
models had the means to include the spatial variability of
deformability and anisotropy, a significant step forward
from a practical point of view. Discontinuous finite element
models using Goodman’s joint model were soon applied to
simulate major discontinuities. The discussion by Rocha

(1978) of the analysis of Água Vermelha dam, in Brasil
(Fig. 8), in which non-linear joint elements were used to
represent a horizontal discontinuity in the foundation pro-
vides a clear example of the insight into the system behav-
iour that could be gained from a pertinent use of the new
numerical techniques.
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Figure 5 - Modes of failure involving the foundation of gravity dams (Rocha, 1978).

Figure 6 - Analysis of stability of rock wedge under arch dam
abutment (Londe, 1973).

Figure 7 - Physical model of blocky foundation of an arch dam
(Gomes, 2006).



The failure mechanisms illustrated in Figs. 4 and 5
may now be straightforwardly approached by DEM block
models, which makes them a very helpful tool in dam
design. As seepage and uplift pressures are of critical im-
portance on performance and safety issues, they must be
properly taken into account in the analyses.

3.2. Hydromechanical behaviour

The significance of uplift pressures for dam safety
was recognized in the pioneering work of Lévy, following
the accident of Bouzey dam in 1895, which made clear
some inadequacies in traditional designs and the impor-
tance of drainage (e.g., Bretas et al., 2011). The failure of
Malpasset Dam in 1959 at the completion of the first filling
of the reservoir, as a result of sliding on a rock wedge under
the left abutment, originated a great research effort aimed at
a better understanding of the behaviour of rock founda-
tions, in order to improve design practices (Duffaut, 2011).
Londe’s analysis stresses the influence of the jointing and
deformation patterns on the rock mass permeability, which
allowed high water pressures to be installed and favoured
the sliding mechanism (Londe, 1987).

The analysis of the water flow and head distributions
under dams was a challenge for a long time. Electrical
analogs and other physical experiments were tried, before
numerical solutions became the standard to study flow gov-
erned by Darcy’s law. Finite-difference methods were ini-
tially used (e.g., Serafim, 1968), followed by finite element
models, first assuming uncoupled flow, and later coupled
flow-stress analysis. Cases of gravity and arch dams are
presented, for instance, in Wittke (1990). Multilaminate
models were also used to account for the joint structure
(Lamas & Sousa, 1993). The experimental study of flow in
fractures by various researchers provided the background
for discontinuum numerical representations, either using
joint finite elements, or within a DEM framework (Da-
mjanac & Fairhurst, 2000). Several authors have applied

2D fracture flow models to the study of the water flow un-
der gravity (e.g., Lemos, 1999; Gimenes & Fernández,
2006). Whether joint patterns are idealised, or some type of
random generation is employed (Barla et al., 2004; Fig. 9),
the explicit inclusion of joints planes is particularly impor-
tant for stability assessments.

While there is no question that flow in a rock mass is
more realistically represented by fracture flow models, a
number of difficulties often hinder the practical viability of
this approach. First of all, fracture flow models require
much more information than a continuum idealization. For
the latter, the average permeability of the various founda-
tion zones is sufficient, while a discontinuous representa-
tion of flow implies the specification of joint apertures, as
well as realistic values of the joint normal stiffness since
this parameter governs the stress-flow coupling. These data
may not be available. The representation of the joint net-
work also requires a good knowledge about the rock mass
structure. For dams, the critical areas for flow are often at
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Figure 8 - Analysis of Água Vermelha dam, considering the non-elastic behaviour of horizontal discontinuity in the basaltic rock mass
(Rocha, 1978).

Figure 9 - Detail of DEM model for fracture flow analysis in grav-
ity dam foundation (Barla et al., 2004).



shallow depths below the dam, typically more disturbed
and with higher variability. Furthermore, the representation
of the grout curtain is also more problematic with a fracture
flow model. A study of the hydraulic behaviour of Alqueva
dam, involving packer tests to detect locations of water in-
flow into drainage boreholes, has clearly shown the impor-
tance of local conditions on the flow (Farinha et al., 2011).
A continuum flow model (Fig. 10), where the grout curtain
and drainage systems were represented, was calibrated with
the in situ tests data, but a detailed fracture flow model
would not be viable, particularly at the design stage, when
monitoring results were not yet available.

As discussed in the next section, discontinuum mod-
els are the ideal tool for failure analysis, given the depend-
ence of the most likely collapse mechanisms on the rock
mass features. In these safety assessment calculations, wa-
ter pressure fields need to be specified in all discontinuities,
so that the possibility of sliding is properly checked on the
basis of effective stresses. However, these water pressures

need not be the result of a fracture flow analysis, if there is
not enough data to perform one. Either standard design hy-
potheses are assumed, or a less demanding continuum flow
calculation may be performed, from which the water pres-
sures can be transferred to the mechanical model for safety
assessment. It should also be stressed that a fracture flow
model requires a much finer representation of the jointing,
in particular its connectivity, while for a stability analysis
only the main discontinuities that may contribute to define
a failure mechanism are necessary.

3.3. Failure assessment

Analysis of failure of gravity dams has been tradition-
ally performed by 2D models, as upstream-downstream
sliding is the major concern. The dam-rock interface is the
first location to be checked, followed by other mechanisms
defined by the rock joints (Fig. 5). Sliding mechanisms in-
volving multiple segments exceed the capabilities of the
classical analytical calculations, so numerical models be-
come the best option. Rock discontinuities have obviously
a 3D structure, which may have to be considered in stability
analysis, namely for blocks supported in the valley slopes
(e.g., Lombardi, 2007). The water pressure distribution is
often the key parameter, stressing the importance of effec-
tive drainage. The strength properties of the concrete-rock
interface encompass some uncertainty, so many code regu-
lations require the consideration of a friction-only hypothe-
sis (e.g., ICOLD, 2004).

For arch dams, Londe’s classical analysis (Fig. 6) il-
lustrates the conceptual model of abutment failure. Numer-
ical representation may be performed with finite element
models with joint elements (e.g., Wittke, 1990; Alonso et
al., 1994). At present, DEM codes provide the most flexible
option to conduct this type of evaluation. Fig. 11 shows a
model of Baixo Sabor dam, a 130 m high concrete arch in a
wide valley in the North of Portugal (Matos & Paixão,
2007). The model, created with 3DEC (Itasca, 2007), may
be used to exemplify the main issues posed by this type of
analysis (Lemos, 2012b). All the blocks, in the dam and
foundation, are deformable and assumed elastic. The dam
is divided into cantilevers defined by the contraction joints,
each one represented by means of higher order finite ele-
ments, with an accurate performance in bending. For the
rock mass, deformable polyhedral blocks are employed,
discretized in tetrahedral element internal meshes, which
allow a proper consideration of the spatial variation of the
rock mass deformability.

In this model, a very simplified representation of the
rock mass discontinuities was chosen, focusing on the area
of concern, the right abutment. First, the major faults were
included at their known locations. Then, the block system
was created by considering only a few joint planes of each
of the 3 main sets of the granitic rock mass, in such a way
that the various foreseeable failure modes could be gener-
ated. Away from this area of interest the model was ex-
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Figure 10 - Detail of model of Alqueva dam for analysis of water
flow in the foundation (Farinha et al., 2011).



tended up to the boundaries by means of large elastic
blocks. In the absence of detailed information to perform a
flow analsys, conservative assumptions were considered to
assign water pressure along the dam-rock interface and in
all the rock joints. The safety quantification was performed
by reducing the frictional strength in all discontinuities un-
til a failure mechanism developed, as depicted in Fig. 12.
The evolution of various displacement indicators through-
out the strength reduction process, shown in Fig. 13, con-
firms the ample safety margin, as significant movements
only take place for reduction factors above 2.

The question of how much complexity may be added
to a workable model is certainly subjective, and different
approaches are feasible. Some engineers prefer to use sim-
pler models to study separately specific zones of concern.
Different representations of the same dam may be em-

ployed, for example to study right and left bank stability, or
different joint set locations or combinations. Others prefer
to build a single large model in which all possible failure
modes can be generated. This implies extra time in model
preparation and verification, and the interpretation of the
results may be less clear or straightforward. In fact, models
have the power to provide insight into the traits of structural
behaviour, which is sometimes more useful than yielding a
safety factor number.

In the model shown above, the rock mass discontinu-
ities were represented by extended planes, a justified as-
sumption for the existing faults, but clearly conservative for
the other rock joints needed to create a failure mode. In this
case, a comfortable safety factor was achieved, even ne-
glecting the effects of rock bridges. For other cases, this as-
sumption may be too conservative, so a more elaborate
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Figure 11 - DEM model of Baixo Sabor dam for analysis of right bank failure modes: (a) complete model; (b) detail view of rock block
structure.

Figure 12 - Mode of failure through the rock mass discontinuities. Displacement magnitude contours for joint shear strength reduction
factor F = 2.



representation of the jointing would be desirable. Genera-
tion of discrete fracture networks for use in stability analy-
sis remains an important research topic, in order to improve
the realism of rock mass representations, in agreement with
its statistical descriptions derived from characterization
studies (e.g., Lorig, 2007). However, for analyses with
non-persistent joints to be dependable, they need to take
into account the possible breakage of the rock bridges and
the progression of the failure surface. This issue will cer-
tainly gain from research on detailed fracture models, to be
discussed below.

3.4. Seismic analysis

Seismic analysis of concrete dams traditionally con-
centrates on the response of the structure to assess the pos-
sible occurrence of cracking or collapse, with the rock mass
being represented as an elastic continuum. For gravity
dams, analysis of sliding on the foundation joint under seis-
mic loading is now often performed for large design earth-
quakes, in order to provide estimates of permanent
displacements. Oversimplified models in which the dam is
represented as a single rigid block are not advisable, since
the dam dynamic deformation alters the stress distribution
on the foundation plane and thus the slip movements. Post-
seismic stability analysis, considering possible damage to
the dam-rock interface and to the grout curtain, with its po-
tential implications in increased uplift diagrams, is also an
important use of numerical models (e.g., Aillard & Léger,
2008).

When non-linear behaviour of the rock foundation
needs to be considered, more elaborate numerical setups
are required, as the classical massless foundation hypothe-
sis is no longer acceptable. The inertial and dissipation
properties of the rock mass have to be included, with the
appropriate non-reflecting and free-field boundary condi-
tions (e.g., Lemos, 1999). Seismic analysis of arch dam
foundations is a topic that has been seldom addressed in

the past, but the tools are now available to study the dy-
namic response of complex block systems. An example,
using the model of the previous section, is shown in
Fig. 14 (Lemos, 2012b). The permanent displacements af-
ter an earthquake with a peak ground acceleration of 0.5 g,
depicted in the figure, are not expected to pose any risk to
the dam integrity.

The transient dynamic water pressures that can be
generated in a rock joint have been investigated experimen-
tally (Javanmardi et al., 2005), but their representation in
numerical models still poses some difficulties. The simpler
option is to disregard the transient pressure effects, keeping
the hydrostatic water pressures unchanged, as it was done
in the model of Fig. 13, which may be a conservative sim-
plification in many cases (e.g., Lemos, 1999). Given the un-
certainties about these phenomena and the dispersion of
estimates of dynamic slip that are usually obtained with nu-
merical models, as well as shaking table tests, multiple
analyses are always indispensable, varying the seismic in-
put records and the less well-known properties.

4. Particle and Block Modelling at the
Meso-Scale

4.1. Detailed DEM models

The discontinuous nature of geo-materials is evident
at various scales, for each one being possible to identify dif-
ferent dominant phenomena and behaviour patterns. At the
scale of engineering structures, when global stability is the
main concern, the large block systems analysed in the pre-
vious section address the representation of the rock mass
major features. Closer inspection would reveal a network of
fissures which govern, for example, the patterns of fluid
flow. Below that scale, the rock matrix may be described by
the grain structure and its micro-cracks, either inter- or
intra-granular. This is sometimes referred to as the meso-
scale. Further down, we might consider the molecular
scale, but that is beyond the scope of rock mechanics.
While the definition of the entities and the modes in which
they interact will vary, discrete elements are sufficiently
versatile for the numerical treatment of all of these prob-
lems. Polygonal blocks are a natural representation of
jointed rock. At the finer scales, a higher degree of idealiza-
tion may be adopted, in terms of simpler particles shapes.
Circular particles are especially efficient numerically, since
the geometric resolution of the contact is straightforward,
therefore allowing very large systems to be assembled. The
representation of the behaviour of complex systems start-
ing from elementary interactions is common to other scien-
tific fields. In physics, the techniques of Molecular
Dynamics (e.g., Pöschel & Schwager, 2005) are based on
concepts similar to the DEM. As computer power in-
creases, the ability of these methods to address problems
with practical interest has grown significantly, and their ap-
plication has expanded.
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Figure 13 - Evolution of maximum dam and rock displacements
and joint shear with the rock joint shear strength reduction factor.



Cundall’s original code (1971), already had circular
particles in addition to blocks (Fig. 3), but the complete for-
mulation of circular particle models was established by
Cundall & Strack (1979). The leading motivation at the
time was the micro-mechanical study of soils based on a
conceptual representation of granular media as assemblies
of rigid circular particles. DEM was employed to investi-
gate the fundamental mechanical response of randomly
generated assemblies of particles, as a tool to understand
the underlying elementary phenomena, in order to allow the
investigation and testing of constitutive assumptions,
which could be then employed in continuum constitutive
laws.

However, it is the study of rock fracture that has be-
come the key application of circular particle models in rock
mechanics. By connecting the particles with bonds, which
are allowed to break according to specific failure criteria,
the random assemblies of disks or spheres provide a power-
ful representation of the rock matrix, simulating the com-
plexity of the fracture propagation paths. While circular
particles have the advantage of simplicity and speed, polyg-
onal blocks provide a more realistic representation of the
interlocking grain structure, so they are increasingly re-
sorted to in research work.

The next 3 sections will focus on the application of
bonded particle models to represent, respectively, the rock
matrix behaviour, rock joints, and, finally, the comprehen-
sive response of rock mass.

4.2. Bonded particle models for the study of rock frac-
ture

4.2.1. Essential concepts

The well-known paper by Potyondy & Cundall
(2004) marked a decisive step in the numerical study of

rock fracture by DEM, and is an excellent introduction to
the designated Bonded Particle Models (BPM). The basic
idea is to represent the rock material as an assembly of disks
(in 2D) or spheres (in 3D), randomly generated according
to some size distribution curve. These rigid particles are
linked by breakable bonds. The system deformation derives
from the inter-particle movements. Very few property pa-
rameters are necessary. The contact normal and shear stiff-
ness govern the deformability of the unbroken system.
Bond strength is described by the tensile strength and cohe-
sion terms. After bond breakage the interaction between the
particles becomes purely frictional. The bond formulation
employed, known as parallel bonds, offers the capability to
transmit moments, in addition to forces, between the parti-
cles.

This very simple set of assumptions allows very com-
plex forms of behaviour to arise as the random particle as-
semblies are progressively loaded, which can be compared
with experimental evidence. Fig. 15 shows results of 2 bi-
axial tests, the first with a low confining stress of 0.1 MPa,
and the second with a high confining stress of 70 MPa. The
expected axial splitting mode of failure is obtained in un-
confined tests, while shear bands develop in the confined
tests, with more distributed damage (represented by break-
age of bonds) as the confining stresses increases. The tran-
sition from brittle to more ductile behaviour is thus simu-
lated by the numerical model. However, this model does
not reproduce correctly some aspects of experimental be-
haviour, namely the ratio of uniaxial tensile to compressive
strength is too high, and the macroscopic friction angle, in-
ferred from biaxial tests at different confining stresses, is
too low. Clearly, the friction interlocking present in a real
rock matrix is not being simulated. The various procedures
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Figure 14 - Contours of permanent displacements after seismic action.



since developed by various researchers to overcome these
deficiencies will be discussed in the following section.

Several important aspects about this approach should
be noted. First, the importance of the procedure to create
the random assembly, discussed in detail by Potyondy &
Cundall (2004), which is required to provide uniform, iso-
tropic samples with the intended porosity and size distribu-
tion. Secondly, a major issue involved in this approach is
the determination of the micro-properties, namely the bond
stiffness and strength parameters, which in general cannot
be directly related to the desired macroscopic properties. A
procedure of calibration of the micro-parameters is neces-
sary, in which these are varied in order to produce the
experimental values of the sample Young’s modulus, Pois-
son’s ratio and macroscopic strength. This fact introduces
some difficulty in the application of BPM, as a set of pre-
liminary runs is always needed, before a given practical
problem is solved. This may be facilitated by automated
procedures to replicate the lab test setups, available, for ex-
ample, in PFC (Itasca, 2008). Neural network techniques
have also been used to identify the micro-properties that re-
produce the deformability and strength of rock samples in
uniaxial compression tests (Tawadrous et al., 2009).

The analysis of the results of the simulation also re-
quires tools unlike those in continuum modelling, for ex-
ample, the definition of representative measures of strain
and stress at various locations in the sample by means of
measurement circles. Statistics of the evolution of perfor-
mance indicators during the test, such as bond breakage in

tension or shear, are also indispensable for a quantitative
characterization of the response (e.g. Potyondy, 2012).

4.2.2. Modelling developments

The success of the BPM approach has promoted an
active research effort in recent years, with many authors
testing and enhancing the capabilities of particle models to
reproduce more realistically the observed response of rock
materials under the standard laboratory tests. The role of
the numerical micro-parameters in modulating the various
aspects of the physical response is now much better under-
stood (e.g., Schöpfer et al., 2009).

In order to achieve a better match of the observed
triaxial behaviour, Potyondy & Cundall (2004) had pro-
posed that use of macro-particles composed of groups of
circular particles joined together, therefore providing more
interlocking in the assembly and enhanced frictional effects
(Fig. 16). Subsequent work confirmed the success of this
approach (Cho et al., 2007; Yoon et al., 2011; Potyondy,
2012). The ratio of uniaxial compressive strength to tensile
strength in the numerical simulations, which was too low in
the early models, also became easier to control. The
macro-particles may behave as rigid bodies (“clumps”), or
the bonds between the component particles may be allowed
to break, therefore simulating the progression of intra-
granular cracks. These models essentially provided a way
to discretize the grain structure in more detail, accomplish-
ing more complex grain shapes and behaviour, naturally at
the expense of increased computational effort.
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Figure 15 - Biaxial test of bonded-particle model. Particle assembly (a); Post-peak crack distribution for �3 = 0.1 MPa (b) and �3 = 70
MPa (c) (after Potyondy & Cundall, 2004).



Polygonal block models resemble more closely the
grain structure of many rocks. However, from a computa-
tional point of view, they are much more demanding,
mainly because the geometric contact calculations between
the edges and vertices of polygons involve many more op-
erations than those needed for circular shapes. Models with
elastic blocks had already been used to study the effect of
random joint patterns on stress distributions (e.g., Brady et
al., 1986). Very interesting results are now being attained in
fracture analysis. Damjanac et al. (2007) studied the mi-
cro-mechanical behaviour of lithophysal tuff specimens
with both particles and blocks. Lan et al. (2010) repre-
sented the microstructure of brittle rock by means of a de-
formable polygonal grain-like assembly, in order to study
effect of heterogeneity of grain deformability properties on
the behaviour under uniaxial compression (Fig. 17). Ka-
zerani & Zhao (2011) used both Voronoi and Delaunay
block assemblies to study the fracture propagation in uniax-

ial and Brazilian test specimens. Fracture of blocks is possi-
ble in some codes (e.g., Munjiza, 2004; Eberhardt et al.,
2004), either through predefined potential crack paths, or
by means of some form of internal remeshing. For this pur-
pose, however, macro-particles formed by disks appear to
be a more flexible and promising route, as they provide
more freedom for the cracks to propagate with fewer nu-
merical restraints.

The main disadvantage of polygonal models is the
computational effort, as contact detection and particle in-
teraction calculations are much slower than for circular par-
ticles. This fact limits the size of assemblies that can be
handled with reasonable run times, particularly in 3D, mak-
ing it difficult to approach scales larger than those of lab
specimens. The proposal of formulations based on multiple
point contacts between two circular particles provided a
way to achieve a response closer to that of polygonal mod-
els in a much more efficient way (Azevedo & Lemos,
2005). In this approach the contact between two disks is
assumed to take place along a line segment, and it is
discretized into several points, which may fail independ-
ently, allowing progressive cracking to develop. A more
gradual response is obtained, in comparison with the instant
breakage of a single rotational bond, while the use of con-
tact models with softening also provides a less brittle post-
peak response. Similar concepts underlie the “flat-joint
model” proposed by Potyondy (2012). A 3D version of the
multiple contact model was presented by Azevedo & Le-
mos (2013), using concentric rings of contact points
(Fig. 18). In practice, five contact points appear sufficient
to give good results. A key aspect addressed in this paper is
the importance of the assembly compactness, which may be
measured by the coordination number, defined as the aver-
age number of interactions for each particle (in this respect
a multiple point contact counts as one interaction). For
polyhedral block assemblies this number is higher than for
spheres. Therefore, the authors proposed a new criterion to
detect contact between spheres. A Voronoi-Laguerre dia-
gram was superimposed on the sphere assembly, and two
particles were allowed to interact if the corresponding poly-
hedra were adjacent, even if the spheres were not exactly
touching. This increased the number of interactions, pro-
viding a response closer to the one obtained with a much
more expensive polyhedral block model, namely capturing
the experimental failure envelope of Lac du Bonnet granite
(Fig. 19).

The aim to create larger model sizes has led research
into more efficient formulations, such as Cundall’s (2011)
“lattice model”, in which the finite-sized particles are re-
placed by point masses, and the contacts between particles
are replaced by springs that may break. Assuming small
displacements, this model achieves high computational ef-
ficiency because the interaction geometry (location and ap-
parent stiffness of springs) can be pre-computed, eliminat-
ing contact detection as an overhead.
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Figure 17 - Polygonal block model of uniaxial compression test
(Lan et al., 2010).

Figure 16 - Macro-particle (“clump”) model for rock fracture
analysis (after Cho et al., 2007).



4.3. Rock joint representation

In addition to rock fracture, other aspects of funda-
mental rock behaviour are being approached by means of
detailed models at the meso-level scale, mostly using parti-
cle representations. The mechanical response of rock joints
in laboratory tests is a suitable application for these models,
capable of reproducing the roughness of joint walls. Joint
shearing was simulated with PFC by Cundall (2000) in 2D,
while a 3D model was used by Park & Song (2009). The
complex patterns of compressive and tensile contact forces
creating by the uneven contact conditions are evident in
these analyses. The development of cracks in the vicinity of
the joint walls during shearing of the samples may also be
followed in these simulations (Fig. 20).

The effect of discontinuities on stress waves was in-
vestigated by Resende et al. (2011) also with a particle
model. A simplified procedure was developed to create a
rough joint, with uneven contact conditions, and a contact

constitutive model with variable stiffness was employed,
leading to a global stress-dependent behaviour. The propa-
gation of a plane wave across the discontinuity for various
in situ stress levels was then simulated. The differences in
the contact response for the different normal stresses in-
duced complex velocity fields in the vicinity of the discon-
tinuity, creating marked differences in the reflected and
transmitted waves obtained (Fig. 21).

The detailed modelling of rock joints has motivated
much interest, namely to investigate the hydromechanical
behaviour, for which various techniques were used to repli-
cate the joint roughness and aperture distributions, gener-
ally assuming joint walls to be rigid or elastic. DEM parti-
cle models have the potential to improve the analysis of
joint wall behaviour, addressing the effects of roughness
wear and cracking. This is a promising research field, even
if the current particle models still have considerable diffi-
culty to attain a realistic resolution of roughness profiles, as
well as the processes that lead to the progressive damage to
joint surfaces observed during normal or shear loading
tests.

4.4. Rock mass modelling

The main practical challenge posed to particle models
today lies in their extension to problems of larger size, nec-
essary to jump from lab test analysis to the scale of engi-
neering structures. The question of its feasibility seems to
depend mostly on forecasts of computing power increases.
A broader question is whether this objective is truly neces-
sary, or, more precisely, in which circumstances will these
finer representations be superior to the existing simplified
engineering models. Cundall (2001) discussed the on-
going trend to discontinuous modelling in geomechanics.
Continuum models of geomaterials rely on stress-strain
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Figure 18 - Multiple point contact for particle models (Azevedo & Lemos, 2013).

Figure 19 - Comparison of experimental and numerical envelopes
in triaxial compression tests of Lac du Bonnet granite (after
Azevedo & Lemos, 2013).



laws to simulate their complex behaviour, which tend to be-
come excessively complicated, and involve many parame-
ters with obscure physical meaning. Besides, cracking and
failure in rock processes are more naturally approached by
discontinuum methods. In contrast, Cundall argued, assem-
blies of bonded discrete particles are capable of capturing
the complicated behaviour of actual material with simple
assumptions and few parameters at the micro level, with
complex overall behaviour arising as an emergent property
of the assembly.

There is no question that particle models are an indis-
pensable research tool. However, in many practical engi-
neering applications, simpler models appear sufficient for
the purposes of safety assessment or prediction of global
behaviour, as illustrated, for example, by the deformable
block models presented above for dam foundation prob-
lems. After all, given the uncertainties involved in site char-
acterisation, even these block models may challenge our
capacity to provide reliable input parameters, so more re-
fined representations may not be warranted.

One of the critical advantages of representing blocks
as macro-particles composed of circular particles is the

ease of considering block fracture, given the progresses dis-
cussed in the previous sections. The role of non-persistent
discontinuities and the contribution of rock bridges to the
strength of a rupture surface is an important aspect. As-
sumption of large extents for all joints is often overly con-
servative and contrary to geological information. The
alternative to particle models is to adopt plasticity constitu-
tive models for the block elements, which may be reason-
able for global modes of response.

The Synthetic Rock Mass (SRM) concept proposes
to extend the range of particle models to engineering
scale, by considering the presence of the discontinuities
(Mas Ivars et al., 2011). A discrete fracture network
(DFN) is overlaid on a particle assembly, thus partitioning
it into a system of grains or blocks formed by bonded cir-
cular particles, as shown in Fig. 22. Different properties
are assigned to the bonds of the contacts between particles
belonging to the same block, representing the intact rock
material, and to the contacts between adjacent blocks, rep-
resenting the joint behaviour. Joint may be persistent or
terminate within blocks, thus allowing progressive crack
development processes.
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Figure 21 - Propagation of wave across rough fracture: detail of particle model (a); velocity field (b) (after Resende et al., 2010).

Figure 20 - Representation of rough joint with a particle model (a); micro-cracks in tension and shear (b) (after Park & Song, 2009).



A major difficulty arises in the representation of slid-
ing on the rough rock joints created in SRM models. The ir-
regular shapes of the macro-particles, dependent on the size
of the elementary disk or sphere components, imply exces-
sive interlocking and dilation. From an engineering per-
spective, it would be desirable to assign a given friction
angle, and controllable dilatant behaviour, to these sur-
faces. The solution to this problem lies in Cundall’s Smooth
Joint Model (SJM) concept, which is applied to the contacts
between particles belonging to neighbouring blocks. Even
if the interface is not an exact straight line, the SJM logic
forces all these contacts to adopt a common normal, leading
to a smooth sliding behaviour governed by the prescribed

friction angle. Otherwise, sliding would imply riding over
the particles, causing unrealistic dilation.

Successful applications of the SRM concept are start-
ing to appear in the literature. Cundall (2007) presented a
2D model of a rock slope with a complex system of joint
sets, which resulted in an assembly of about 330,000 parti-
cles. A detail of the model is shown in Fig. 23, displaying
the contours of displacements triggered by the progressive
excavation of the slope, which indicate the dominance of
the toppling mechanism ensuing from the steeper dipping
joints. A 3D SRM model based on the lattice formulation
was applied by Cundall & Damjanac (2009) to the analysis
of slopes with discontinuous joint sets, considering the
fracture of the intact rock bridges. Mas Ivars et al. (2011)
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Figure 22 - Synthetic Rock Mass (SRM) model: random particle assembly; overlaid discrete fracture network; smooth-joint model rep-
resentation of fractures (Mas Ivars et al., 2011).

Figure 23 - Detail of SRM model of rock slope. Displacement contours illustrating the importance of the toppling mechanism (Cundall,
2007).



employed it to study scale effects in jointed rock masses.
The anisotropic response and the trends in tensile and com-
pressive strength variation were investigated by performing
a series of numerical tests on samples of various sizes.
Pierce & Fairhurst (2011) discuss the use of SRM models in
the investigation of caving processing in underground
mines. The complex problem of hydraulic fracturing is also
being approached with these fracture models (Damjanac et
al., 2010).

The expansion of particle models to larger scales,
mostly limited by the available computing resources, is in-
scribed in a natural tendency towards more complex simu-
lations. Its effective use, however, depends on our ability to
fulfil some essential requirements. First, it is necessary to
generate realistic macro-particle assemblies, in conformity
to the specific joint patterns at the site. Robust analysis
methodologies have to be established, namely involving
expedite procedures for calibration of micro-parameters,
and multiple simulation schemes to account for the vari-
ability of the physical data. Finally, the interpretation of the
numerical results of complex models needs to be based on
sound and objective criteria, appropriate to specific aims,
for example, the safety assessment of foundations or exca-
vations.

5. Closing Remarks

The widening range of problems facing rock engi-
neering continues to stimulate the development of new
analysis tools. Stricter safety and environmental require-
ments, as well as technological and economic factors, chal-
lenge our capability to predict the integrated behaviour of
rock masses subject to the demands of new structures or ex-
cavations. Numerical models based on the discontinuum
paradigm are one of the essential instruments available to-
day. The development and application of discrete element
models has followed two distinct but complementary paths.
On one hand, we have the more sophisticated models em-
ployed in research, aimed at the understanding of the funda-
mentals of rock and rock mass behaviour, in conjunction
with laboratory and well-controlled in situ experiments. On
the other, the simpler but more robust techniques that suit
the needs of engineering design practice. As the more com-
plex models are progressively validated against experimen-
tal evidence, while becoming more reliable and user-
friendly, they are increasingly called to address practical
goals.

The effective use of advanced numerical tools relies,
first of all, on our ability to supply geologic and geo-
mechanical information to characterize adequately the site
conditions. Statistical description of jointing and expedite
methods for generation of numerical fracture networks are
a key issue. The adequate representation of network con-
nectivity, joint persistence, or rock bridges remains an
important goal, in order to avoid overly conservative as-
sumptions. Extending the numerical models to encompass

multi-physics phenomena is perhaps the greatest challenge,
given the range of problems involving the time-dependent
interactions between hydromechanical, thermal, transport
and chemical processes in rock masses. Discontinnum
models are also a key tool to address the problems of hy-
draulic fracturing, dynamic rupture and fragmentation pro-
cesses. Computational developments, namely in parallel
processing technologies, appear vital to make large 3D sim-
ulations more manageable.

At present, engineering is faced with ever greater de-
mands for a more rigorous evaluation and management of
risk, viewed in its full human and economic aspects. The
achievement of these tasks, however, rests on our ability to
understand the behaviour of rock masses and engineering
materials, and to predict their performance. Numerical
modelling tools play a key role in this endeavour, always
keeping in mind that the development of new techniques
has to be complemented by attention to proper modelling
methodologies and effective training in their application.
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An Efficient Model for Numerical Simulation of the
Mechanical Behavior of Soils.

Part 1: Theory and Numerical Algorithm

A.L. Braun, A.M. Awruch

Abstract. A numerical model to simulate the mechanical behavior of soils is presented in this first part of the present work.
This paper reports some advances obtained in the first stage of an ongoing research, which aims to develop a robust and
efficient algorithm for consolidation analyses of saturated/unsaturated soils. Hence, the present work is mainly concerned
with basic issues, such as efficiency of the finite element formulation and accuracy of the constitutive formulation. Since
geotechnical materials exhibit elastoplastic characteristics, the theory of plasticity is applied here by means of the critical
state concept using the Cam-Clay formulation. The constitutive equation is integrated using an explicit algorithm where
the strain increment is divided into a number of sub-steps defined automatically by the numerical scheme. Eight-node
hexahedral finite elements with one-point quadrature are employed in the spatial discretization of the geometrical domain.
In order to avoid excitation of spurious modes, an efficient hourglass control is utilized in conjunction with a corotational
formulation, which also contributes to the treatment of geometrical and physical nonlinearities.
Keywords: critical state soil mechanics (CSSM), elastoplasticity, finite element method (FEM), one-point quadrature.

1. Introduction

The use of numerical models to simulate geotechnical
problems has strongly increased in the last decades. This
growth is mainly due to expressive advances obtained in
constitutive modeling of soils and other granular materials
and the great reliability achieved by present numerical
methods, such as the Finite Element Method (FEM). Since
the pioneering works of Coulomb (1776) and Rankine
(1857), the theory of plasticity has been applied to describe
analytically the mechanical behavior of soils, which is en-
tirely justified considering experimental observations that
suggest irreversible behavior for strains, yield phenomena
and shear-induced dilatancy. In this sense, computational
efforts to analyze such problems are usually high, owing to
nonlinear characteristics referring to the material and kine-
matical descriptions of the problem. Therefore, robust
low-order finite element formulations using the one-point
quadrature technique are welcome.

One of the most popular constitutive formulations
based on critical state soil mechanics (CSSM) is the Cam-
Clay model. The original Cam-Clay formulation was pre-
sented by Roscoe & Schofield (1963) and Schofield &
Wroth (1968) using an elastic-plastic constitutive frame-
work. Later, Roscoe & Burland (1968) proposed the Mod-
ified Cam-Clay model, where some drawbacks of the origi-
nal formulation were eliminated. The original Cam-Clay
yield surface presents a discontinuity for isotropic com-
pression stress states, which leads to numerical difficulties

to determine strain increments when an associated flow
rule is employed.

The Modified Cam-Clay model has been widely used
as a constitutive model to describe essential mechanical
properties of clays. The main advantages of the model are
referred to its relative simplicity and ability to represent
strength and deformation characteristics of clays realisti-
cally with a limited number of parameters to be defined. On
the other hand, despite its great popularity, Cam-Clay for-
mulation seems to be inadequate to reproduce very com-
plex soil behavior. Shortcomings associated to the model
are: (a) soils are assumed to be isotropic. It is well known
that natural soils may be anisotropic due to the action of de-
position; (b) time effect on soil deformation is not taken
into account (viscoelastic/plastic behavior is neglected); (c)
failure stress states to the left of the critical state line are
overestimated due to the form adopted for the yield surface;
(d) shear strains are not well predicted within the yield sur-
face because either the shear modulus or the Poisson’s ratio
is assumed to be constant; (e) the behavior of sands cannot
be precisely predicted because sands do not follow exactly
the principle of normality and experimental data show that
the critical state point lies to the left of the peak of the yield
locus; (f) soils under cyclic loading is another problematic
subject because Cam-Clay models estimate large plastic
strains for primary loading but for the remaining unload-
reload cycles within the yield surface only purely elastic
strains are obtained. Experimental evidences show that all
unload-reload cycles result in hysteretic behavior.
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Nevertheless, most of the basic features referring to
mechanical behavior of soils can be covered using the
Cam-Clay model, such as increasing stiffness while the ma-
terial undergoes compression, hardening/softening and
compaction/dilatancy behaviors, and a tendency to reach
the critical state eventually. Moreover, the Basic Barcelona
Model (BBM) by Alonso et al. (1990) utilizes the Cam-
Clay formulation to develop a mathematical model to ana-
lyze unsaturated soil behavior, which is the final goal of the
present research. Some other important critical state mod-
els may be found in Zienkiewicz & Naylor (1973), Carter et
al. (1982), Naylor (1985), Gens & Potts (1988), Pastor &
Zienkiewicz (1990), Crouch et al. (1994), Collins &
Houlsby (1997), Yu (1998), Sheng et al. (2000) and Zhao et
al. (2005).

Numerical procedures to simulate three-dimensional
nonlinear problems lead usually to very time-consuming
algorithms because an iterative process is required in order
to satisfy the mechanical equilibrium. The stiffness matrix
as well as the internal and external force vectors must be
updated regularly and a numerical scheme is needed to inte-
grate the incremental constitutive equation. As models
based on the FEM utilize quadrature techniques to evaluate
element matrices and force vectors numerically, the com-
putational work for each iterative step is multiplied by the
number of quadrature points to perform the numerical inte-
gration. Therefore, element formulations with full integra-
tion have been frequently replaced by one-point quadrature
elements in order to obtain more efficient schemes for
quadrature computations. In this case, hourglass control
techniques are required to avoid excitation of spurious
modes (hourglass modes). A hexahedral element formula-
tion using one-point quadrature and a corotational coordi-
nate system with hourglass control was presented by Hu &
Nagy (1997). More recently, Duarte Filho & Awruch
(2004) extended that formulation to geometrically nonlin-
ear analysis using the model proposed by Liu et al. (1998)
and uniform reduced integration. Numerical investigations
based on the numerical model introduced by Duarte Filho
& Awruch (2004) may be found in Andrade et al. (2007),
Braun & Awruch (2008) and Braun & Awruch (2009). An
application of three-dimensional low-order finite elements
on soil mechanics was previously performed by de Borst &
Groen (1999), but without dealing with reduced integration
techniques.

In a finite element analysis where nonlinear materials
are considered, stress updates are obtained from numerical
integration of the constitutive equation, which is performed
using implicit or explicit algorithms. The main difference
between implicit and explicit integration schemes lies on
how variables are evaluated: at known stress states for ex-
plicit integration methods or at unknown stress states for
implicit ones. From previous investigations (see, for in-
stance, Gens & Potts, 1988; Potts & Ganendra, 1994; Sloan
et al., 2001; Zhao et al., 2005), one verifies that explicit al-

gorithms are more indicated to reproduce complex stress-
strain relations, such as those observed for critical state
models.

In this first part of the present work, the numerical
model presented by Duarte Filho & Awruch (2004) is ex-
tended to cover problems with elastic-plastic constitutive
models, particularly the Modified Cam-Clay model. The
critical state theory for soil mechanics is briefly explained
using the elastoplastic framework to introduce the constitu-
tive relations and a corotational reference system is pre-
sented in order to describe kinematically the motion of the
continuum. A finite element formulation based on reduced
integration for the eight-node hexahedral element is de-
scribed, where stabilization is performed using hourglass
control techniques to avoid numerical instabilities such as
volumetric locking and shear locking. In addition, an ex-
plicit integration scheme, similar to that presented by Sloan
et al. (2001), is adopted in order to update stress states at the
center of the finite elements.

2. Analytical Model for Critical State Soil
Mechanics

Soil materials present a very complex nature where a
multiphase system is usually considered to describe the
mechanical behavior of the soil mass (see Fredlund &
Rahardjo, 1993). The phases observed within the soil vol-
ume are the soil skeleton, or the solid phase, and the pores
or void spaces, which may be filled with gaseous (air
and/or other chemical species) and/or liquid (water and/or
other chemical species) matter. In order to describe the
soil behavior using the theory of continuum mechanics, all
phases are assumed to be continuous and linear such that
all elements may be considered together by superposition.
Momentum, mass and energy balance equations must be
satisfied and a constitutive equation that relates energeti-
cally conjugated stress and strain measures must be also
defined. In soil mechanics, the momentum balance for
each infinitesimal element is described in terms of effec-
tive stresses and in the absence of temperature changes,
the energy conserving equation may be disregarded. A
measure for the stress tensor must be chosen such that the
stress-strain relation maintains its objectivity in the non-
linear range. In this work, the Cauchy stress tensor and the
small strain tensor are utilized, which will be defined in a
corotational reference system.

2.1. Stress-strain relations

In this work, a nonlinear hypoelastic constitutive
equation is considered to relate strain and stress measures
in the elastic regime using a rate form as follows:

� � ( , , )� �ij ijkl
e

kl i, j, k, l� �D 1 2 3 (1)

with:
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where �ij and �ij are components of the Cauchy stress tensor

� and small strain tensor �, Dijkl
e represents components of

the elastic constitutive matrix De and K and G are the bulk
and shear moduli, respectively. For critical state models,
the tangential form of these moduli is usually assumed to be
dependent on the effective mean normal stress p, which are
usually expressed as:
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p e
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where �v
e and �d

e are the volumetric and deviatoric parts of

the elastic strain tensor �
e, q is the deviatoric stress, e0 is the

initial voids ratio, vs is the specific volume, � is the Pois-
son’s ratio and k is the slope of the unloading-reloading
lines (URL) on a ln p-v plane (see Schofield & Wroth, 1968
for additional information). It is worth to notice that the
stress dependence on K and G leads to a nonlinear elastic
constitutive matrix De. The secant forms of Eqs. 3 and 4 are
obtained by integrating Eq. 3, which yields:
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and, consequently:

G K�
�

�

3 1 2

2 1

( )

( )

�

�

(6)

where p0 is the effective normal stress at the beginning of
the volumetric strain increment ��v

e .

In the elastoplastic range, a yield function f, a plastic
potential g, a flow rule and a hardening law must be intro-
duced in order to define the elastoplastic formulation (see
Owen & Hinton, 1980). The yield function for the Modified
Cam-Clay model may be written as:

f q M pp pc� � �
2 2 2( ) (7)

where M is the slope of the critical state line and pc is the
preconsolidation pressure, which is related to the maximum
effective pressure experienced by the soil mass. Hence, if a
stress state leads to f < 0, it is assumed to be elastic and if a
stress state leads to f � 0, it is assumed to be plastic (see also
Fig. 1).

Critical state models usually describe rate relations of
volumetric plastic strains and the preconsolidation pressure
according to:

d d dc
s c

v
p s cp

v p

k

v p

k

g

p
�

�

�

��

�

�

�
�

�

(8)

where � is the slope of the normal compression lines (NCL)
on a ln p-v plane (see Schofield & Wroth, 1968 for addi-
tional information) and d� is the plastic multiplier of the
flow rule, which is defined according to the principle of
normality.

The incremental stress-strain equation in the elasto-
platic range may be written as follows:

d dep
� ��D (9)

where:

D D
D a a D
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ep e
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and:
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(11)

where A is a hardening parameter and af and ag are the flow
vectors based on the yield function f and plastic potential g,
respectively. The flow vectors are evaluated using the gen-
eralized formulation presented by Nayak & Zienkiewicz
(1972). By assuming an associative flow rule, where f � g,
ag and af lead to the same result.

2.2. Motion description in the corotational reference
system

For elastoplastic formulations, strain increments are
imposed taking into account the last incremental displace-
ment field obtained from the solution of the equilibrium
equation, considering a generic iterative step. At each itera-
tive step, the respective stress updates are obtained accord-
ing to the material behavior, using either Eq. 1 in the elastic
range or Eq. 9 in the plastic range. Since any motion of a
continuous medium may be decomposed into rigid body
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Figure 1 - Critical state line (CSL) and Cam-Clay yield surfaces
represented on the pxq stress plane.



and deformation motions, assuming that the finite element
discretization is fine enough, the pure deformation portion
of the motion is a small quantity compared with the element
dimensions if the motion decomposition is performed in a
corotational coordinate system. Consequently, the small
strain hypothesis can be considered appropriately.

In order to update strains in the corotational system,
the following expression is adopted:

� � �� � �n 1 n�
� � � (12)

where n + 1 and n indicate initial and final positions of the
time interval [tn, tn+1] and �� is the strain tensor calculated in
the corotational system. The strain increment��� is obtained
using the mid-point integration of the strain rate tensor as
follows:

�
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(13)

where �x n +1 /2 is the geometric configuration of the finite ele-
ment in the corotational system at the mid-point of the time
interval [tn, tn+1] and� �u def is referred to the deformation part
of the total displacement increment � �u in the corotational
system. The total displacement increment � �u is decom-
posed into a part owing to pure deformation � �u def and a
part owing to pure rotation � �u rot , such that
� � �� � �u u u� �

def rot .
The increment of deformation displacements in the

corotational system is obtained using:

� � � �u x xdef
n 1 n� �
�

(14)

where �x n and �x n 1� are geometric configurations of the fi-
nite element in the corotational system at tn and tn+1, respec-
tively (see Fig. 2). The geometric configurations �x n , �x n 1 /2�

and �x n 1� are obtained from the following transformations:

� ;

� ;

�

x R X

x R X

x R X

n n n

n +1 /2 n +1 /2 n +1 /2

n +1 n +1 n +1

�

�

�

(15)

where Rn, Rn+1/2 and Rn+1 are orthogonal transformation ma-
trices, performing rotations from the global coordinate sys-
tem to the corotational coordinate system, and xn, xn+1/2 and
xn+1 are geometric configurations defined in the global coor-
dinate system. The subscripts n, n + 1/2 and n + 1 denote
positions in the time interval [tn, tn+1].

The components of the transformation matrix R are
given by:
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with:
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� �

; ( r r2j cj� )
(17)

where �, � and xj are vectors containing local nodal coordi-
nates and global nodal coordinates associated to the
eight-node hexahedral element (see Fig. 3), respectively.

Since the local coordinate system rotate attached to
each element in a corotational coordinate system, stress
measures are not affected by rigid motions (objectivity).
Therefore, the Cauchy stress tensor is employed in this
work to calculate stress values in the corotational system.
The Cauchy stress tensor in the global system is obtained
from an objective tensor transformation as follows:

� ��R RT
� (18)

where � and �� are the Cauchy stress tensor evaluated in the
global and corotational coordinate systems, respectively.

On the other hand, stress rate measures are performed
in this work using the Truesdell rate tensor in order to main-
tain objectivity of the stress updates in the corotational sys-
tem:

d dTR T
� � � � � ��� � � � ��� � � �L L I (19)

where I is the unit tensor and

L � �� ���� � (20)

where ��� and ��� are the strain rate tensor and the spin tensor,
respectively, which are evaluated in the corotational sys-
tem.
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Figure 2 - Decomposition of the incremental displacement field
in the corotational system.



It is worth to notice that all geometrical configura-
tions defined above should be referred to the undeformed
configuration of the structure for geometrically linear prob-
lems.

3. The Numerical Model

3.1. Finite element formulation

The principle of the virtual displacements may be ex-
pressed as:

( ) d d dT
E

T
E

T
E

E E E

	 �� � �u u b u t� � �

� � �

� � �� � (21)

where t is the traction vector, �E is the volume referred to
element E and �E represents its boundary surfaces, both
considered in the FEM context.

Spatial coordinates and displacements are approxi-
mated at element level using the eight-node hexahedral fi-
nite element formulation, which may be expressed as:

x Nx u N u u Nu� � �E E E; ;� � (22)

where x, �u and u are the coordinate, virtual displacement
and displacement vectors evaluated within the element do-
main and xE, �uE and uE are their respective nodal values.
The column matrix N contains the shape functions of the
eight-node hexahedral element, which is usually presented
as (see also Fig. 3):

N N N

j

j j

j j j

� �
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[ ]; ( , , )

( )( )( ), ( , , ,

�  !

� �   ! !
1

8
1 1 1 1 2 � 8)

(23)

where �,  and ! represent the axis directions of the local
coordinate system (corotational system) and j denotes the
local node numbers of the hexahedral element.

The equilibrium equation (Eq. 21) must be iteratively
satisfied using the incremental approach, where the stiff-

ness matrix and the internal force vector are considered as
functions of the current element configuration as well as the
current stress state. The Newton-Raphson method is em-
ployed in order to linearize all nonlinearities of the model.
Consequently, the internal force vector is submitted to a
Taylor series expansion within the time interval [tn, tn+1],
which gives:

f f
f

u
u fn +1, i

int
n +1, i -1
int n +1, i -1

int

n +1

n +1,� � �
�

�


 i -1
int

n +1, i -1
tan

�K u
 (24)

where i and i-1 indicate current and previous iterative steps
within the time interval [tn, tn+1] and K n +1, i -1

tan represents the
tangent stiffness matrix.

The tangent stiffness matrix and the internal force
vector are evaluated in the corotational coordinate system
at time instant t and iteration i as follows:

� � ( ) � � ; � � � �

� �

K B D T B f Bn, i
tan T

E n, i
T

i Ed d
E E

� � �� �
� �

� �� (25)

where the gradient matrix �B and �� E are referred to the cur-

rent element configuration in the corotational system, D
and T are fourth order tensors related to the elastic constitu-
tive equation and Truesdell rate terms, repectively, and � i

is the corotational Cauchy stress tensor evaluated at the it-
erative step i (see Braun & Awruch, 2008; Duarte Filho &
Awruch, 2004 for further details). It is important to notice
that T vanishes for geometrically linear problems as well as
D becomes De for elastic materials and Dep for elastoplastic
materials.

In order to solve the equilibrium equation, the tangent
stiffness matrix and the internal force vector are brought
back to the global coordinate system using the following
objective transformations:

K R K R f R ftan tan� �� �
T int T int; (26)
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Figure 3 - Reference systems for the hexahedral finite element.



where R is the transformation matrix defined in Eqs. 16
and 17.

The final matrix format of Eq. 21 in the global sys-
tem, considering the incremental approach, is given as fol-
lows:

K u u f f un +1, i -1
tan

n +1, i n +1
ext

n +1, i -1
int( ) ( ), ,� �� � � (27)

where subscripts n+1 denote current position in the time
marching with i and i-1 indicating current and previous iter-
ative steps in the Newton-Raphson method. The vector of
external forces fext represents the right-hand side terms of
Eq. 21.

3.2. Reduced integration and element stabilization

Element formulations based on reduced integration
must be stabilized using hourglass control techniques in or-
der to avoid numerical instabilities. Volumetric locking, for
instance, is remedied using reduced selective integration,
where the gradient matrix B is decomposed as follows:

B B B( , , ) ( )
~

( , , )�  ! �  !� �0 (28)

where B( )0 corresponds to volumetric terms of the strain
tensor, which is evaluated at the center of the element
(� = 0,  = 0, ! = 0), and

~
( , , )B �  ! is referred to deviatoric

terms of the strain tensor.
In addition,

~
( , , )B �  ! must be expanded using Taylor

series at the center of the element up to bilinear terms. Con-
sequently, Eq. 28 can be re-written as:

B B B B B

B

, , ,

,

( , , ) ( )
~

( )
~

( )
~

( )
~

( )

�  ! �  !
�  !

� 

� � � � �0 0 0 0

2 0 �  ! � !
 ! �!

� �2 0 2 0
~

( )
~

( ) ,B B, ,

(29)

where B(0) is a sum of the volumetric and deviatoric parts
of the gradient matrix, both obtained from one-point quad-
rature.

The vector representation of the stress tensor � is also
submitted to a Taylor series expansion over the center of
the element, which leads to:

� � � � �

�

( , , ) ( ) ~ ( ) ~ ( ) ~ ( )
~ ( )

�  ! �  !
�  !

� 

� � � � �0 0 0 0

2 0

, , ,

, �  ! � !
 ! �!

� �2 0 2 0~ ( ) ~ ( ) ,� �, ,

(30)

where all the terms above have similar interpretations to
those described in Eq. 29.

By substituting Eqs. 29 and 30 into the left-hand side
term of Eq. 21, considering the relation between strain and
displacement components and the decomposition perfor-
med in Eq. 28, the internal force vector must be re-written
as follows:

f f fint int, int,
� �

0 hg (31)

where fint,0 and fint,hg are the one-point quadrature and hour-
glass control parts of the internal force vector, respectively,
which may be expressed as:
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where Kstab is the element stabilization stiffness matrix and
�E is the volume of the element. Derivatives of the stress
vector are obtained employing the stabilization matrix E
proposed by Hu & Nagy (1997), which leads to a constitu-
tive-like relation between stress and strain derivatives (see
Duarte Filho & Awruch, 2004; Braun & Awruch, 2008).
For elastoplastic behavior, Reese (2005) proposed a modi-
fied stabilization matrix constituted by an optimized stabi-
lization parameter ". In this work, the following procedure
is adopted:
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(34)

where A0 is the hardening parameter given by Eq. 11 and
evaluated only at the first yielding of the respective ele-
ment. The stabilization matrix E is obtained using the stabi-
lization parameter " as follows:
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Shear locking is removed describing the shear com-
ponents of the strain tensor in an orthogonal corotational
coordinate system. In addition, all shear components are
linearly interpolated in a single direction of the reference
system as follows:
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which leads to:
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The internal force vector is not well evaluated for dis-
torted elements if one-point quadrature is used. In order to
correct this deficiency the gradient matrix obtained with re-
duced integration B(0) must be replaced by uniform gradi-
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ent submatrices $Ba ( )0 defined by Flanagan & Belytschko
(1981):

$ � �B Ba

E

a Ed
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( ) ( , , )0
1

�

�

�

�  ! (38)

where the subscript a corresponds to the local node number
of the element.

It is worth to notice that all equations presented in this
section are implicitly referred to the corotational coordinate
system, although the symbol ^ adopted previously has been
omitted in the respective expressions.

3.3. Integration of the stress-strain relation

In elastoplastic analysis, strain increments are im-
posed at element level based on the incremental solution
obtained from the equilibrium equation. On the other hand,
stress increments are dependent on the material behavior. A
trial elastic stress increment is usually considered as an ini-
tial estimative for the new stress state. If this new stress
state does not lead to plastic yielding, the corresponding
stress increment is taken as true. However, if plastic yield-
ing is observed, the following system of ordinary differen-
tial equations must be solved:
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where T is the artificial time, which is defined in the range
0 & T & 1, t0 is the time at the starting point of the load incre-
ment (�t), t is the time in a position within the load incre-
ment (�t) and B is a hardening parameter.

In the remainder of the present section, numerical
procedures to solve the elastoplastic problem are briefly de-
scribed. A step-by-step algorithm of the present numerical
model may be found in Appendix A.

(a) Determination of the elastic trial stress increment

Considering a strain increment �� obtained from the
incremental solution �un+1,i of the equilibrium equation
(Eq. 27) at iteration i, the elastic trial stress increment �� e

is calculated from:

� �� �e e
� D ( , )K G (41)

where De is the secant constitutive matrix, which is defined
using K and G (see Eqs. 5 and 6) owing to the nonlinear
elastic behavior observed in critical state models. It is im-
portant to notice that K and G are evaluated using the stress

state at the starting point of the current strain increment (�0)

and the total volumetric strain increment ��v. For conven-
tional constitutive models, such as the Mohr-Coulomb
yield criterion, these parameters are linear elastic constants
evaluated using classical elastic relations, which leads to
the tangent form of the constitutive matrix De. In this case,
De must be replaced by De in Eq. 41 and hereafter.

(b) Determination of the elastic fraction of the stress
increment

The elastic trial stress increment �� e is now utilized
to check the yield function (Eq. 7) with the corresponding
trial stress state ( )� �0 � �

e . If no plastic yielding occurs
( ( , ) )f � �0 0 0� '�

e
% , the stress state is updated according

to the trial stress state. On the other hand, if the trial stress
state causes plastic yielding, the following alternatives
must be considered (see also Fig. 4):

1) if f ( , )� 0 0 0% ' and f ( , )� �0 0 0� (�
e
% : the stress

state has changed from elastic to plastic. The elastic

fraction of the total strain increment �� must be deter-

mined in order to advance the initial stress state �0 to

the stress state on the yield surface �yld;

2) if f ( , )� 0 0 0% � and f ( , )� �0 0 0� (�
e
% : the stress

state is initially lying on the yield surface and the trial
stress state causes plastic yielding. In this case, elasto-
plastic unloading may occur, which is observed if the
angle ) between the flow vector a0 and the tangential

elastic increment ��
e(K,G) is larger than 90º. The an-

gle ) may be calculated using:

cos ) �
a

a
0

0

T e

e

�

�

�

�
(42)

where a0 is evaluated at the initial stress state �0 and ��
e is

evaluated using the incremental form of Eq. 1. If no elasto-

plastic unloading occurs, the strain increment �� is as-
sumed to be totally plastic. Nevertheless, if the elastoplastic
unloading conditions are satisfied, the elastic fraction of the

total strain increment �� must be determined.

The stress state on the yield surface �yld may be deter-
mined considering the following nonlinear equation:

f ,( )� �0 0 0� �* %D e
� (43)

where * is a scalar to be determined in order to satisfy
Eq. 43. The secant constitutive matrix De is evaluated using

the initial stress �0 and the strain increment *��. If * = 0,

the strain increment �� is assumed to be totally plastic and

if * = 1, the strain increment �� is assumed to be totally
elastic. Elastic to plastic transition is characterized by
0 < * < 1, where the elastic fraction of the total strain incre-

ment �� is given by *��. In order to solve Eq. 43, the Pega-
sus algorithm introduced by Dowell & Jarratt (1972) is
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adopted in the present work (see Appendix B for a detailed
description).

(c) Integration of the stress-strain equation:
Once the elastic fraction of the stress increment is ob-

tained from the Pegasus algorithm, the plastic fraction of
the strain increment � $� is determined using:

� �$ � �� �( )1 * (44)

In order to define initial conditions for the system of

equations described by Eq. 39, the stress state �0 is updated

to the stress state at the onset of the plastic yielding �yld and
the hardening parameter %0 is considered at the start of the
strain increment � $� where T = 0 and t = t0. By using the ex-
plicit Euler method, a substepping technique, as proposed
by Sloan et al. (2001), is performed over the strain incre-
ment � $� to find the stress state and the hardening parame-
ter at the end of � $� , where T = 1. Subincrements of � $� are
defined according to the artificial time increment�T, which
is calculated taking into account a local error measure ob-
tained by the difference between a second order accurate
modified Euler solution and a first order accurate Euler so-
lution. Consequently, the size of the subincrements is auto-
matically modified along the integration process.

In the explicit Euler method, stress state �n and hard-
ening parameter %n at the end of an artificial time increment
�Tn are obtained as follows:

� � �n n -1 1 n n -1 1� � � �� �; % % % (45)

with:

� �� � �1
e

n -1 n -1 n� $D ( , )% (46)

� �� + �% %1 �
$( , ) ( )� � �n -1 n -1 n n -1B (47)

� � � �$ � $ & &� �n n nT T( )0 1 (48)

where n-1 and n are referred to previous and current artifi-
cial time positions Tn-1 and Tn, respectively, such that
Tn = Tn-1 + �Tn.

In the modified Euler method, stress state �n and
hardening parameter %n at the end of an artificial time incre-
ment �Tn are obtained as follows:

� � � �n n-1 1 2 n n-1 1 2� � � � � �
1

2

1

2
( );� � ,� � -% % % % (49)

where��1 and�%1 are calculated with Eqs. 46 and 47 and:

� � � �� � � �2
e

n -1 1 n -1 1 n� � � $D ( , )% % (50)

� � � � �

�

% � % %2 1 1 1

1 1

� � � $ .

�

� �

�

( , , )

( )

� � �

� �

n n 1 n

nB
(51)

The relative local error measures over �n and %n are
estimated from:

E En

n

n

n

�
� �

�
�

��

	






�

�






�
��

	






�

�






1

2

1

2
2 1 2 1� � � �

; %
% %

%

(52)

where the Euclidian norm � n and the absolute value % n

are calculated using Eq. 49.
The current subincrement � $� is accepted if both the

errors given by Eq. 52 are less than a prescribed tolerance
value. The next artificial time increment �Tn+1 is obtained
taking into account the relative errors of the current artifi-
cial time Tn, which permits the size of the subincrements to
vary during the integration process. At the end of each
subincrement, corrections in the stress state and hardening
parameter may be needed in order to satisfy the yield condi-
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Figure 4 - Possible transitions for the stress state during an elastoplastic analysis.



tion accurately and avoid yield surface drift. The integra-
tion process is carried on until the plastic increment � $� is
completely applied, i.e. Tn = 1. Suitable tolerance values for
all the iterative procedures utilized in the present scheme
are found in Sloan et al. (2001), where a sensitive analysis
is presented in order to investigate the influence of the tol-
erance values over the numerical predictions.

For a complete description of the numerical model
adopted in this work, readers are addressed to the algorithm
presented in Appendix A.

4. Conclusions
A numerical model based on one-point quadrature

and critical state formulation was proposed in this work to
simulate the mechanical behavior of soils. The critical state
formulation was briefly described using a classical elasto-
plastic approach where the Modified Cam-Clay model was
emphasized. The finite element implementation of the ana-
lytical model was performed using the eight-node hexahe-
dral element formulation and reduced integration tech-
niques. A corotational reference system was utilized to
stabilize the element formulation as well as to describe
stress-strain relations and motion, especially for geometri-
cally nonlinear analysis. The constitutive equation was in-
tegrated in this paper using an explicit algorithm with an
automatic procedure to split the strain increment into a
number of subincrements. Numerical algorithms to deter-
mine the yield intersection point, to handle elastoplastic
unloading and to restore uncorrected stresses to the yield
surface were also presented. One can observe that the for-
mulation presented here leads to a highly efficient numeri-
cal model, especially for nonlinear analysis, where the
computational effort is substantially reduced when com-
pared to other formulations employing standard approa-
ches. In future works, following this on-going research, the
present formulation will be extended to analyze the me-
chanical behavior of saturated/unsaturated soils.

Appendix A
All numerical procedures adopted in this work may

be summarized according to the following algorithm:

Initialization procedures

– Read input data (algorithmic parameters, physical con-
stants and mesh configuration)

– Evaluate the transformation matrix R and the gradient
matrix B at element level considering the initial geomet-
ric configuration in the corotational system. For geomet-
rically linear problems, those matrices will be main-
tained throughout the analysis.

– Evaluate the internal force vector fint considering the im-
posed initial stress state.

Time loop: tn+1 = tn + �t (where �t defines the load step)

– Evaluate the external force vector fext at the current time
tn+1: f f fn 1

ext
n
ext ext

�
� � � .

Iterative loop: i = i + 1

1) For geometrically nonlinear problems, update the gra-
dient matrix B and the transformation matrix R at ele-
ment level considering the current geometric configu-
ration in the corotational system and evaluate the
Truesdell rate tensor T, which must be added to the
constitutive matrix D.

2) Evaluate the tangent constitutive matrix D: in the elas-
tic regime, consider D = De; in the plastic regime, con-
sider D = Dep.

3) Evaluate the tangent stiffness matrix Ktan in the coro-
tational system including the element stabilization
terms.

4) Solve the equilibrium equation in the global system:
K u u f f un +1, i -1

tan
n +1, i n 1

ext
n +1, i -1
int( , ) ( , )� �� � �

�
.

5) For geometrically nonlinear problems, determine the
intermediate geometric configuration xn+1/2 based on
the last incremental solution �u n +1, i .

6) Determine the strain increment �� in the corotational
system using the incremental solution �u n +1, i . For
geometrically nonlinear problems, the transformation
matrix R and the gradient matrix B adopted in the
evaluation of the strain increment must be updated
considering the intermediate geometric configuration
xn+1/2 in the corotational system.

7) Determine the trial stress state using the elastic trial
stress increment:
� � �� � � � �e e e e

� / � �D ( , )K G 0

8) Check the yield function: f ( , )� e
% 0

9) If f ( , )� e
% 0 0' / totally elastic stress state transi-

tion: set � = �
e and go to step 11.

If f ( , )� e
% 0 0� / verify the following alternatives:

• If f ( , )� 0 0 0% ' and f ( , )� e
% 0 0� : elastic to plastic

transition; determine the elastic fraction of �� using
the Pegasus scheme.

• If f ( , )� 0 0 0% � and f ( , )� e
% 0 0( : check if elasto-

plastic unloading occurs by computing

cos ) �
a

a
0

0

T
e

e

�

�

�

�
. For cos) � 0, the stress increment

is totally plastic; otherwise, determine the elastic

fraction of �� using the Pegasus scheme for elasto-
plastic unloading.

10) Update the stress state �0 to the stress state at the onset

of the plastic yielding �yld; determine the plastic frac-
tion of the strain increment using � �$ � �� �( )1 * .

Substepping loop: Tn = Tn-1 + �Tn

a) Compute the increments of stress and hardening pa-
rameter employing: � �� � �1 1 1� $

� �
D ep

n n n( , )% ;
� �� �% %1 1 1 1� $

� � �
( , , ) ( )� � �n n n nB .

b) Update the stress state and the hardening parameter
using the explicit Euler method.
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c) Compute the increments of stress and hardening pa-
rameter employing:

� � � �� � � �2 1 1 1 1� � � $
� �

D ep
n n n( , )% % and

� �� � � � �% % %2 1 1 1 1 1 1� � � $ �
� � �

( , , ) ( )� � � � �n n n nB .
d) Update the stress state and the hardening parameter

using the modified Euler method.

e) Compute the relative errors over �n and %n and decide
if the current subincrement is successful or not.

f) For accepted subincrements, check the yield function:
if f ( , )� n n% 0 0 then correct the stress state and the
hardening parameter to satisfy the yield condition pre-
cisely.

End of substepping loop (Tn = 1)

11) Update the stress state and the hardening parameter at

the end of the strain increment ��.
12) For geometrically nonlinear problems, determine the

final geometric configuration xn+1 based on the last in-
cremental solution �un+1,i and update the gradient ma-
trix B and the transformation matrix R at element level
considering xn+1 in the corotational system.

13) Compute the internal force vector considering the last
updated stress state.

14) Verify convergence of the current load step.

End of iterative loop

End of time loop

Appendix B

The Pegasus algorithm utilized in this work may be
described as follows:

1) Retain the stress state �0 and the hardening parameter

%0 evaluated at the start of the strain increment ��.
2) Set *0 = 0 and *1 = 1.
3) Determine an elastic trial stress increment using

� �� �e e
� *1 D , where D De e

0 v� ( , , )� �*1 � .
4) Evaluate the yield function at the start and the end of

the trial stress increment as follows: F 00 0� f ( , )� %

and F 0
e

1 0� �f ( , )� �� % .

Iterative loop: i = i + 1

a) Calculate * *
* *

� �
�

�
1 1

1 0

1 0

F
F F

.

b) Determine a new elastic trial stress increment using
� �� �e e

� *D , where D De e
0 v� ( , )� �*� .

c) Evaluate the yield function based on the last trial stress
increment as follows: FN 0

e
� �f ( , )� �� % 0 .

d) If FN TOL& then leave the iterative loop retaining
the last evaluation of *, else go to the next step of the
iterative loop. TOL is referred to a tolerance criterion
adopted to define the convergence of the numerical
procedure.

e) If FN presents an opposite sign to F0, set *1 = * and

F1 = FN, otherwise update F1 using F
F F

F FN

1
1 0

0

� and set

*0 = * with F0 = FN.

End of iterative loop

Exit with �.

For elastoplastic unloading, different values must be
considered for*0 and*1 to initiate the iterative procedure in
order to ensure that the Pegasus algorithm finds the inter-
section point on the yield surface precisely. Therefore, *0

and *1 should satisfy the following conditions:
f ( , )� �0

e TOL� ' �* %0 0D � and
f ( , )� �0

e TOL� (* %1 0D � .
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An Efficient Model for Numerical Simulation of the
Mechanical Behavior of Soils. Part 2: Applications

A.L. Braun, A.M. Awruch

Abstract. A numerical model to simulate the mechanical behavior of soils was introduced in Part 1 of this paper (also pub-
lished in this issue). Detailed information about the analytical model were presented, where the critical state theory for soil
mechanics was considered in the context of the elastoplastic formulation. Moreover, an efficient numerical formulation to
deal with nonlinear applications was also presented, featuring important characteristics such as reduced integration tech-
niques, explicit integration of the constitutive equation and a corotational formulation for the kinematical description of the
continuum. In this second part of the present work, the numerical model proposed in the previous paper is applied to some
classical examples of soil mechanics to demonstrate the applicability of the present formulation. Effects of a geometrically
nonlinear approach over the numerical predictions are investigated and comparisons are performed taking into account re-
sults obtained by using a geometrically linear model. In addition, some comparisons are also carried out considering evalu-
ations performed with different constitutive formulations in order to observe the mechanical behavior of the soil mass
under different constitutive assumptions.
Keywords: critical state soil mechanics (CSSM), elastoplasticity, finite element method (FEM), One-point quadrature.

1. Introduction

In the first part of the present work (Braun & Awruch,
2013) a numerical model to simulate the mechanical behav-
ior of soil masses was presented. An analytical model based
on critical state soil mechanics (CSSM) was formulated uti-
lizing the elastoplastic framework, which is entirely justi-
fied by experimental evidences. A corotational formulation
was also presented in order to improve the kinematical de-
scription of the continuum. In addition, a finite element
model was developed considering eight-node hexahedral
elements with one-point quadrature and special techniques
for the integration procedure of the constitutive equation. It
was observed that the formulation presented previously
leads to a highly efficient numerical model, especially for
nonlinear analysis, where the computational effort is signif-
icantly reduced when compared with other formulations
employing standard approaches.

In the present paper some classical problems, includ-
ing three-dimensional examples, are numerically simulated
to demonstrate the applicability of the present formulation
when geotechnical analyses are carried out. Effects of a
geometrically nonlinear approach over the numerical pre-
dictions are investigated considering comparisons perfor-
med with respect to results obtained by using a geometri-
cally linear approach for the numerical model proposed
here. Furthermore, investigations are also performed taking
into account different constitutive formulations in order to
compare responses obtained under different constitutive as-
sumptions for the applications analyzed in this work.

Whenever possible, predictions obtained here are com-
pared to results obtained by other authors.

2. Numerical Applications

2.1. One element triaxial test

A triaxial compression test is numerically simulated
here using a single hexahedral element in order to perform a
simple and reliable verification over numerical routines of
the present model referring to elastoplastic analysis and
Cam-Clay formulation. Information about geometrical pa-
rameters and boundary conditions employed in the present
analysis are shown in Fig. 1 and material properties related
to Cam-Clay characterization of the soil mass are found in
Table 1. In order to reproduce the experimental procedure,
vertical displacements are imposed gradually at the top of
the element and horizontal forces are applied on the vertical
faces and calculated based on an initial hydrostatic stress
state. The initial conditions are mainly characterized ac-
cording to the overconsolidation ratio (OCR), which may
be defined as follows:

OCR �
p

p
c 0

0

(1)

where p0 and pc0 are initial values for effective normal stress
p and preconsolidation pressure pc. Two different initial
conditions are analyzed here: a lightly overconsolidated
state, characterized by OCR = 1.2, and a strongly overcon-
solidated state, characterized by OCR = 6.0. In addition,
comparisons between the geometrically linear and geomet-
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rically nonlinear approaches are also performed to deter-
mine effects of geometrical nonlinearities over the
computed results.

Results obtained in this work are presented in Fig. 2
and compared with numerical predictions performed by
Sheng et al. (2000). A good agreement can be observed be-
tween the reference work and predictions carried out with
the geometrically linear approach. Hardening and softening
behaviors are clearly reproduced, where hardening is asso-
ciated to the lightly overconsolidated state as well as soft-
ening is related to the strongly overconsolidated state. For
the lightly overconsolidated state, the stress path intersects
the yield surface and then returns towards the critical state
line following approximately the same path. The critical
state is obtained at �a 1 20% and �a 1 50% for OCR = 6.0 and
OCR = 1.2, respectively, which is in accordance with the
reference results. On the other hand, when the geometri-
cally nonlinear model is utilized, the critical state is not ob-

tained. The stress path related to the lightly overconsoli-
dated state returns from the point of intersection on the
yield surface using a little different path, which follows an
asymptotic curve towards the critical state line (CSL). The
same behavior is observed for the strongly overconso-
lidated state after yielding. That particular behavior leads to
a continuous increase of the deviator stress, which violates
one of the basic critical state assumptions. However, it is
worth to mention that geometrically nonlinear models tend
to increase stiffness when deformation takes place, which is
originated from stress rate terms added to the elastic consti-
tutive matrix (Braun & Awruch, 2013 - Eq. 25) and changes
in the reference configuration.

2.2. Embankment analysis

An embankment under the action of gravity is ana-
lyzed in this section. In order to verify the present numeri-
cal scheme, the Mohr-Coulomb constitutive model is first
considered to compare results with numerical predictions
performed by Zienkiewicz et al. (1978). Simulations are
then carried out considering the Cam-Clay formulation uti-
lized in this paper and a geometrically linear model, whose
results are then compared with the previous predictions.

Geometrical characteristics of the computational do-
main employed in this example are shown in Fig. 3, where
boundary conditions for the displacement field are also il-
lustrated. Displacements in the orthogonal direction (axis
z) are locked to reproduce the plane strain condition. The
physical parameters adopted in the present simulations are
found in Table 2 and all analyses are performed using a fi-
nite element mesh with 459 eight-node hexahedral ele-
ments. It is important to notice that material properties for
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Figure 1 - Geometrical characteristics and boundary conditions employed in the triaxial test.

Table 1 - Material parameters utilized in the triaxial test.

Slope of CSL - M 1.2

Slope of NCL - � 0.2

Slope of URL - k 0.02

Poisson’s ratio - � 0.3

Preconsolidation pressure - pc0 [N/m2] 60.0

Initial void ratio - e0 OCR = 1.2 1.5

OCR = 6.0 1.53

Initial stress state - �ii [N/m2] (�ij = 0.00) OCR = 1.2 50.0

OCR = 6.0 10.0



the Cam-Clay constitutive model are not available in the
reference work. Therefore, a set of physical constants usu-
ally employed by other authors to characterize a Cam-Clay
modeling of the soil is considered here. In order to repro-
duce stiffness characteristics of the Mohr-Coulomb simula-
tions, a hydrostatic stress state p is imposed over the com-
putational domain, which is calculated using Eq. 3 from the
first part of the present work (see Braun & Awruch, 2013)
and the classical elastic relation:

K
E

�

�3 1 2( )�
(2)

where E is the Young’s modulus, K is the compressibility
modulus and � is the Poisson’s ratio. Consequently, the

preconsolidation pressure can be defined based on the
overconsolidation ratio OCR (see Eq. 1), which assumes
the following values in this study: OCR = 1.025, OCR =
1.05, OCR = 1.075, OCR = 1.1 and OCR = 2.0.

All results obtained in the present work are summa-
rized in Table 3 together with predictions presented by
Zienkiewicz et al. (1978), where comparisons in terms of
vertical (uy) and horizontal displacements (ux) measured at
point A (see Fig. 3) are performed. In addition, these results
are plotted against load ratio Qn/Qt in Fig. 4, where Qn and
Qt are the current and total load applied on the embank-
ment, respectively. All simulations carried out using the
Mohr-Coulomb constitutive model resulted in predictions
very similar to those obtained by Zienkiewicz et al. (1978).
By using the Modified Cam-Clay formulation, a reasonable
agreement with the Mohr-Coulomb results can be observed
for analyses performed with OCR � 1.075, for which iden-
tical predictions are produced owing to the fully elastic
state established in this range of overconsolidation ratios.
On the other hand, as OCR decreases the horizontal dis-
placements ux tend to follow a distinct curve when com-
pared with that provided by using the Mohr-Coulomb for-
mulation with smaller cohesion values, where negative
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Table 2 - Physical constants utilized in the embankment analysis.

Constitutive
model

Parameter Value

Mohr-
Coulomb

Young’s modulus - E [kN/m2] 2 x 105

Angle of friction - 2 [°] 20

Cohesion - c [kN/m2] 10  20 and 30

Poisson’s ratio - � 0.25

Specific weight - 3 [kN/m3] 20

Modified
Cam-Clay

Slope of CSL - M 0.898

Slope of NCL - � 0.25

Slope of URL - k 0.05

Initial void ratio - e0 1.6

Poisson’s ratio - � 0.25

Specific weight - 3 [kN/m3] 20

Figure 2 - Results for triaxial compression tests: (a) axial strain x deviator stress; (b) effective normal stress x deviator stress.

Figure 3 - Geometrical characteristics and boundary conditions
considered in the embankment analysis.



displacements are observed if c < 7 kN/m2 is considered.
Nevertheless, all curves referring to vertical displacements
uy obtained with the present Cam-Clay model and decreas-
ing OCR values show a similar trend to that verified in the
Mohr-Coulomb simulations when the cohesion is reduced.

In Fig. 5, final patterns of flow vectors and stress
fields obtained from the Mohr-Coulomb and Modified
Cam-Clay models are presented. In order to confront simu-
lations performed with different constitutive models but
with similar characteristics, comparisons are carried out
considering that responses obtained with the Cam-Clay for-
mulation are referred to OCR = 1.075 and responses ob-
tained with the Mohr-Coulomb model are referred to
c = 20 kN/m2. As can be noticed, a good agreement can be
verified in all comparisons performed here. It is worth to
mention that stress measures from the Cam-Clay responses
are referred to sign conventions usually adopted in soil me-
chanics, where compression is considered as positive as
well as tension is taken as negative. Moreover, Cam-Clay
axial stresses �xx and �zz are shifted by an initial value re-
lated to the hydrostatic stress state imposed at the start of
the simulation.

2.3. Two-dimensional analysis of a rigid strip footing

A two-dimensional analysis of a rigid strip footing
resting on a soil layer is carried out in this section. Footing
tests have been extensively used to validate numerical algo-
rithms based on elastoplastic formulations applied to soil
mechanics. This problem may be considered as a very diffi-
cult task for most of the numerical schemes due to strong
rotations verified in the principal stresses and the singular-
ity observed near the edge of the footing.

All simulations are performed using the Modified
Cam-Clay model and results are compared with numerical
predictions obtained by Sheng et al. (2000), who also uti-
lized a Cam-Clay formulation. Comparisons are also car-
ried out with respect to the geometrically linear and nonlin-
ear approaches adopted in this problem. Geometry and
boundary conditions utilized in the present study are shown
in Fig. 6 and material parameters adopted in the Cam-Clay
characterization of the soil mass are listed in Table 4. The
computational domain is divided into 2703 eight-node
hexahedral elements and the plane strain condition is im-
posed by displacement restrictions applied in the orthogo-
nal direction (axis z). In order to simulate the action of the
rigid foundation on the soil mass, uniform vertical displace-
ments are imposed along the footing-soil interface. It is im-
portant to notice that critical state models cannot mobilize
any strength if the effective normal stress p is zero or under
tensile stress. Therefore, a compressive initial stress state
must be established over the soil, which is accomplished in
this example by considering a hydrostatic stress state gen-
erated from the soil specific weight. Moreover, the soil is
assumed to be overconsolidated to 50 kPa at the ground sur-
face, which implies that, at the ground surface, the precon-
soliation pressure is 50 kPa.

The load-displacement curves obtained in this work
are presented in Fig. 7, where a prediction computed by
Sheng et al. (2000) is also shown. Displacements and foot-
ing loads are measured at point A underneath the footing, as
indicated in Fig. 6. A good agreement is verified when pre-
dictions provided by the geometrically linear model is
taken into account. On the other hand, results obtained us-
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Figure 4 - Displacement-load curves obtained in the embankment analysis.

Table 3 - Results for the embankment analysis.

Model ux [mm] uy [mm]

Mohr-Coulomb c = 10 [kN/m2] 0.358 -9.263

c = 20 [kN/m2] 0.603 -8.749

c = 30 [kN/m2] 0.645 -8.558

Modified
Cam-Clay

OCR = 1.025 2.350 -12.107

OCR = 1.050 1.015 -8.942

OCR = 1.075 0.608 -8.392

OCR = 1.100 0.608 -8.392

OCR = 2.000 0.608 -8.392

Zienkiewicz et
al. (1978)

c = 10 [kN/m2] 0.337 -9.256

c = 20 [kN/m2] 0.651 -8.744

c = 30 [kN/m2] 0.706 -8.512



ing the geometrically nonlinear approach lead to an overes-
timation of loads owing to an increase of stiffness, which is
a characteristic usually observed in geometrically nonlinear
models. Yielding can be observed in all predictions when
the imposed displacements reach almost 20% of the footing
width.

Stress paths computed at points A and B underneath
the footing (see Fig. 6) are found in Fig. 8, where compari-
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Figure 6 - Geometry and boundary conditions utilized in the two-
dimensional rigid footing analysis.

Figure 5 - Flow vectors and stress fields obtained in the embankment analysis.

Table 4 - Physical parameters adopted in the rigid footing analy-
sis.

Slope of CSL - M 0.898

Slope of NCL - � 0.25

Slope of URL - k 0.05

Poisson’s ratio - � 0.3

Specific weight - 3 [kN/m3] 6

Initial void ratio - e0 1.6



sons are performed with results presented by Sheng et al.
(2000). In the present work, those points are referred to the
Gauss points of elements localized underneath the footing
borders. A good correlation can be observed when both the
linear and nonlinear responses obtained at point A are com-
pared with the respective result presented by the reference
work. As can be noticed, predictions obtained with geomet-
rical linear and nonlinear models lead to very similar stress
paths in the elastic range. However, some mayor differ-
ences between linear and nonlinear responses can be ob-
served after yielding. At point B, a reasonable agreement is
verified between the geometrically linear stress path ob-
tained here and the corresponding stress path predicted by
Sheng et al. (2000), which is not verified when the geomet-
rically nonlinear response is considered after the onset of
the plastic yielding. Unlike point A, where the stress distri-
bution is more regular, the stress distribution near point B
presents strong gradients, which demands a precise local-
ization of the measure point. Since the measure points are
not precisely defined in the reference work, the measure
points utilized in this work are probably localized at differ-
ent positions if compared with those adopted by Sheng et
al. (2000).

In Fig. 9, mesh configurations and stress distributions
over the computational domain are shown, which are re-
ferred to the final configuration of the footing settlement.
Comparisons are performed with respect to predictions ob-
tained using the geometrically linear and geometrically

nonlinear approaches, where a reasonable agreement is ver-
ified for �zz.

2.4. Two-dimensional analysis of flexible strip footings

In the present analysis, numerical simulations of soil
layers under the action of two-dimensional flexible strip
footings are performed, where two distinct configurations
referred to load and geometrical characteristics adopted in
the numerical modeling are considered. Flexible strip foot-
ings may be represented applying uniform vertical loads
along the footing-soil interface. The first configuration
considered here is analyzed using the Mohr-Coulomb and
Modified Cam-Clay models in order to compare predic-
tions performed by Zienkiewicz et al. (1978), who utilized
the Mohr-Coulomb formulation to determine settlements
for a strip load on a soil layer with an ideal weightless mate-
rial. The second configuration was proposed by Borja &
Tamagnini (1998) to verify their critical state formulation,
which is based on an alternative Cam-Clay model. In this
second problem, comparisons of results obtained with the
geometrically linear and nonlinear approaches utilized in
the present scheme are also carried out.

Geometrical characteristics referring to the configu-
rations employed in the present study are found in Fig. 10,
where boundary conditions are also shown. Physical prop-
erties of the soil are presented in Table 5 according to the
constitutive models and configurations utilized here. The
computational domain is divided into 480 and 540 eight-
node hexahedral elements, considering the first and second
configurations respectively. For simulations referred to the
first configuration, an initial hydrostatic stress state p0 is
imposed over the computational domain using the same
procedure adopted in Section 2.2, whereas physical con-
stants must be utilized based on the properties indicated in
Table 5. Just as in the previous analysis, the initial stress
state for the second configuration is generated using the soil
specific weight. Plane strain conditions are imposed for
both configurations.

Load-displacement curves computed in the present
work are presented in Fig. 11 considering both configura-
tions simulated here, where results obtained from the refer-
ence authors are also shown. Several overconsolidation
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Figure 8 - Stress paths measured underneath the footing location: (a) point A; (b) point B.

Figure 7 - Load-displacement curves obtained in the rigid footing
analysis.



ratios (OCR = pc0/p0) are simulated here in order to repro-
duce the reference predictions and investigate its influence
over the mechanical response. All displacements are mea-
sured at a point corresponding to the point of contact be-
tween the soil layer and the intermediate point underneath
the footing, which correspond to the top left node of the
computational domain.

Results obtained for the first configuration show that
simulations with a conventional Mohr-Coulomb formula-

tion cannot converge in this problem. It is worth to notice
that Zienkiewicz et al. (1978) only obtained a stable solu-
tion by using an alternative Mohr-Coulomb model. Com-
parisons are also performed using the Modified Cam-Clay
model with various OCR’s, where the elastic responses are
well correlated to the Mohr-Coulomb results. Nevertheless,
the plastic response is quite different, as expected, since
each formulation considers different assumptions to de-
scribe the plastic phenomena. Even so, some simulations

Soils and Rocks, São Paulo, 36(2): 171-182, May-August, 2013. 177

An Efficient Model for Numerical Simulation of the Mechanical Behavior of Soils. Part 2

Figure 10 - Geometry and boundary conditions utilized in the flexible footing analyses: (a) first configuration; (b) second configuration.

Figure 9 - Final mesh configurations and stress distributions obtained in the rigid footing analysis: (a) geometrically linear model; (b)
geometrically nonlinear model.



approximated the Mohr-Coulomb responses, such as the
curves referred to OCR = 1.1 and OCR = 1.2. Regarding re-
sults obtained for the second configuration, the best agree-
ments between the reference work and simulations carried
out here are referred to OCR = 2.5 and OCR = 2.25, al-
though the plastic behavior immediately after the onset of
the plastic yielding in these cases are distinct to that pre-
dicted by Borja & Tamagnini (1998), which is explained by
some particular characteristics observed in the constitutive
model adopted in the reference work. All simulations per-
formed here reproduced well the mechanical response in
the elastic range, but only that referred to OCR = 1.5 ob-
tained the yielding load indicated by the reference result.
As expected, the prediction obtained with the geometrically
nonlinear model resulted in smaller vertical displacements
when compared with that obtained with the linear model.

Final mesh configurations and stress components com-
puted with the numerical simulation carried out over the sec-
ond configuration are presented in Fig. 12, where compari-
sons are performed taking into account results obtained with
the geometrically linear and nonlinear models and
OCR = 2.5. The mesh deformation referred to the nonlinear
analysis is clearly smaller than that obtained with the linear
model, although both predictions show expressive lateral
displacements in the region beneath the footing location.

2.5. Three-dimensional analysis of compaction and foot-
ing problems

The numerical model proposed in this work is veri-
fied in this section using numerical tests that demonstrate
its ability to predict results for three-dimensional stress
states. Two different problems are analyzed here, which are
characterized with different geometrical properties and dis-
tinct load characteristics. The first problem is based on the
footing test performed by Lee et al. (2005), where a cubical
model under the action of a flexible square footing is inves-
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Figure 11 - Load-displacement curves obtained in the flexible
footing analyses: (a) first configuration; (b) second configuration.

Table 5 - Physical parameters adopted for the flexible footing
analyses.

Geometri-
cal model

Constitu-
tive model

Parameter Value

First con-
figuration

Mohr-
Coulomb

Young’s modulus - E [lb/in2] 30x103

Angle of friction - 2 [º] 20.0

Cohesion - c [lb/in2] 10.0

Poisson’s ratio - � 0.3

Specific weight - 3 [lb/in3] 0

Modified
Cam-Clay

Slope of CSL - M 0.898

Slope of NCL - � 0.25

Slope of URL - k 0.05

Initial void ratio - e0 1.6

Poisson’s ratio - � 0.3

Specific weight - 3 [kN/m3] 0

Second
configura-
tion

Modified
Cam-Clay

Slope of CSL - M 1.05

Slope of NCL - � 0.13

Slope of URL - k 0.018

Initial void ratio - e0 1.6

Poisson’s ratio - � 0.25

Specific weight - 3 [kN/m3] 10.0



tigated. The second problem is referred to the compaction
test proposed by Xia & Masud (2009), who analyzed spatial
density changes induced during compaction of a three-
dimensional soil model. The Modified Cam-Clay formula-
tion proposed in this work is utilized in both the problems
analyzed here. A comparison between results obtained with
the geometrically linear and nonlinear models is carried out
for the compaction test.

Geometrical and load characteristics related to the
problems studied in this section are shown in Fig. 13. For
both geometrical models, symmetry boundary conditions
are imposed on the planes defined by (x, y, z) = (0, 0, 0).
The computational domain is composed of 24x24x14 and
14x14x8 eight-node hexahedral elements, considering the
footing and compaction tests, respectively. Physical con-
stants adopted in the present simulations are listed in
Table 6. Gravity and external loads are applied simulta-
neously in the footing test and initial stress states utilized in
both analyses carried out here are based on the procedure
explained in Section 2.2, using the Young’s modulus indi-

cated in the respective reference works and other physical

constants presented in Table 6.

Load-settlement curves obtained in the present simu-
lations are shown in Fig. 14 together with predictions taken
from the respective reference works, where displacements
are measured at (x,y,z) = (0,0,2) and (x,y,z) = (0,0,11) for
the footing and compaction test, respectively. In the elastic
range, the response obtained in the footing test with the
present formulation agrees very well with the numerical
predictions observed in Lee et al. (2005). On the other
hand, after plastic yielding a slightly different response is
verified, although a reasonable agreement is still observed.
For the compaction test, several overconsolidation ratios
(OCR) were analyzed. Results show that when OCR = 3.0
is considered, a very good agreement is verified in the range
0 & q & 16 between the present predictions and those re-
ferred to Xia & Masud (2009). However, the plastic behav-
ior is quite different in this case as well as in the remaining
cases studied here. It is worth to mention that Xia & Masud
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Figure 12 - Final mesh configurations and final stress distributions obtained in the flexible footing analysis referred to the second con-
figuration: (a) geometrically linear analysis; (b) geometrically nonlinear analysis.



(2009) adopted a constitutive formulation based on the
smooth surface cap model. In the comparison performed
with respect to the influence of geometrical nonlinearity,
predictions obtained with the geometrically nonlinear
model and OCR = 3.0 indicate an anticipation of the yield-
ing load and a modification of the mechanical response in
the plastic range when compared with the geometrically
linear response under the same conditions.

Figure 15 illustrates the final mesh configuration and
final stress distribution of �zz over the computational do-
main referred to the footing test. An intermediate stress dis-
tribution of �zz and the corresponding mesh related to the
compaction test at the fictitious time t = 60% are also
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Table 6 - Physical parameters adopted in the three-dimensional
analyses.

Geometrical model Parameter Value

Footing test Young’s modulus - E (MPa) 80.0

Slope of CSL - M 0.898

Slope of NCL - � 0.25

Slope of URL - k 0.05

Initial void ratio - e0 1.6

Poisson’s ratio - � 0.25

Specific weight - 3 [kN/m3] 20.0

Compaction test Young’s modulus - E (MPa) 0.5

Slope of CSL - M 0.898

Slope of NCL - � 0.25

Slope of URL - k 0.05

Initial void ratio - e0 1.6

Poisson’s ratio - � 0.3

Specific weight - 3 [kN/m3] 20.0

Figure 13 - Geometrical characteristics and boundary conditions considered in the three-dimensional analyses: (a) footing test; (b) com-
paction test.

Figure 14 - Load-settlement curves obtained in the three-di-
mensional analyses: (a) footing test; (b) compaction test.



shown. As expected, the characteristic compression bulb
under the load area is easily identified in the stress field �zz

for both results. The stress distribution and the mesh con-
figuration obtained in the compaction test show a good
agreement with the corresponding results obtained by Xia
& Masud (2009).

5. Conclusions

A numerical model based on one-point quadrature
and critical state formulation was proposed in a previous
paper to simulate the mechanical behavior of soil masses.
Results obtained here demonstrated good agreement with
the reference works whenever comparisons were possible
to be made, considering that experimental predictions ob-
tained by other authors were also included. Investigations
performed with respect to geometrical nonlinearity showed
that an approach considering large displacements and rota-
tions may be not important for the cases analyzed here. On
the other hand, it is well known that many geotechnical
problems are characterized by large strains in the plastic
range. Comparisons considering different constitutive
models were also carried out, where responses with differ-
ent behavior were demonstrated. Although results concern-
ing the numerical efficiency of the present formulation
were not presented here, simulations indicated that the

stress integration scheme utilized in this work presents high
sensibility to the tolerance values adopted in the iterative
procedures. These conclusions are similar to those obtained
by Sloan et al. (2001) and, therefore, tolerance values
should be chosen carefully (see Sloan et al., 2001 for suit-
able tolerance values). In order to improve the present
model a finite strain formulation to solve problems involv-
ing large deformation should be implemented in future
works. An alternative to be considered may be found in
Nazem et al. (2008), where an arbitrary Lagranian-Eulerian
algorithm is proposed.
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Volume Change Behavior due to Water Content Variation
in an Expansive Soil from the Semiarid Region

of Pernambuco - Brazil

S.R.M. Ferreira, L.M. Costa, L.J.N. Guimarães, I.D.S. Pontes Filho

Abstract. One of the most important morphological characteristics of expansive soil is contracting and fissuring during
drying and swelling during wetting. Soils that change volume when inundated with water require extra care, whether they
are used in agriculture, engineering or both. In this paper, conventional and suction-controlled oedometric tests were used
to evaluate the changes in volume and swelling pressure caused by changes in water content in an expansive soil from
Petrolândia-PE. A coupled hydro-mechanical formulation, implemented in the computational code CODE_BRIGHT, was
applied to simulate the tests performed with this soil. The constitutive model used was the double structure generalized
plasticity model proposed by Sanchez et al. (2005). The results show that soil expansion, contraction and collapse depend
on the initial water content and the external load applied. The conclusion is that volume changes due to water content
variation are associated with the initial conditions of the soil and the load applied to the soil. The experimental data and
simulation results are in good agreement, showing that the model and computer code are able to accurately represent the
hydro-mechanical behavior of expansive soils.
Keywords: expansive soil, double structure model, hydro-mechanical coupled analysis.

1. Introduction

Expansive soils are characterized by their tendency to
contract and fissure during drying and swell during wetting.
The volumetric instability (contraction and expansion or
collapse) of unsaturated soils upon inundation has complex
causes and is affected by various factors. The instability de-
pends on the type of soil (origin and formation), the pres-
ence of climatic determinants, the stresses affecting the soil
and other factors. The use of expansive soils in construction
projects can cause serious damage (fissures, ruptures and
cracks) to the buildings when the soils are not adequately
analyzed during the project and construction phases.

Several types of soils are subject to the phenomenon
of swelling. These types include soils derived from igneous
rocks, primarily basalt, diabase, gabbro, pyroxene and feld-
spar, and soils derived from sedimentary rocks with the
clay mineral montmorillonite, such as shales, marls and
limestones, which disintegrate easily.

In Brazil, expansive soils are found in various regions
of the country. In the Northeast, Vargas (1985) identified
regions that appear in layers of Cretaceous formations,
from the north of Bahia to Pernambuco and Ceará. Costa
Nunes et al. (1982) highlighted the expansive soil in the
large metropolitan region of Recife, Maria Farinha Forma-

tion, of the Barreiras Group. Ferreira (1988) studied expan-
sive soils in several municipalities of Pernambuco. Gusmão
Filho & Silva (1991) and subsequently Jucá et al. (1992),
used laboratory tests and field instruments to study the be-
havior of expansive clay in a metropolitan area of Recife.
The expansive soil of Recôncavo was the focus of studies
by various researchers: Sobral (1956), Simões & Costa
Filho (1981), etc. In the Central South and South, expansive
soils were found in superficial layers of the podzolic forma-
tions in Passa Dois and Tubarão Group in São Paulo,
Parana and Santa Catarina, and also in the Santa Maria For-
mation in Rio Grande do Sul. Expansive soils are also
found in Maranhão, Rio Grande do Norte, Alagoas,
Sergipe, Mato Grosso. The geotechnical characteristics and
the volume change response caused by wetting in the ex-
pansive soils of Brazil were analyzed by Ferreira (2008).

In expansive soils, volume changes caused by applied
stress or suction are governed by various phenomena oc-
curring at the microstructural level due to the interactions
of individual clay particles with their surroundings. Gens &
Alonso (1992) presented a conceptual basis for modeling
expansive soil, in which two different levels are consid-
ered: the microstructural level, at which swelling of active
minerals occurs, and the macrostructural level, which is re-
sponsible for major structural rearrangements.
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This paper analyzes the characteristics of volume
variations due to changes in water content of an expansive
soil from Petrolândia in Pernambuco, in the northeast of
Brazil (520 km from Recife). The study site is located in
Jatobá Basin. The local geology is represented by sedi-
ments of the Aliança Formation, which is composed of
siltstones, shales and limestones of brown and reddish col-
ors. The soil from this formation has clay or silt features,
with dark colors that usually range from dark grey to red-
dish (Melo, 1980). In the field, desiccation cracks have
been observed. This paper also utilizes a double structure
model based on the work of Gens & Alonso (1992), which
is implemented in a computer program to analyze the vol-
ume changes caused by changes in water content.

2. Materials and Methods

2.1. Geotechnical investigation program

The geotechnical investigation program was divided
in two parts. In the situ part, undisturbed and disturbed sam-
ples were examined, and physical indices of the soil were
measured. In the laboratory part, physical characterization
tests were conducted in natural soil according to the meth-
ods of the Brazilian Association of Technical Standards
(ABNT, 1984a; ABNT, 1984b; ABNT, 1984c; ABNT,
1984d), characteristic curve, microstructure (O-optic) and
chemical analysis have been performed.

The volume changes associated with variations in the
stress state and water content were analyzed through simple
and conventional oedometer tests with controlled suction.
Undisturbed samples with constant water content were stat-
ically loaded to a pre-determined stress level and then suc-
tion was progressively reduced.

In single oedometric tests, the applied vertical
stresses were increased with the ratio ��/� = 1. An initial
stress of 10 kPa was used, and the stress was varied up to
1280 kPa. The time of each step was such that the deforma-
tion between consecutive time intervals (�t/t = 1) was less
than 5% of the total deformation that occurred up to the pre-
vious recorded time. The vertical deformations caused by
inundation were measured at 0, 0.10, 0.25, 1, 2, 4, 8, 15, 30,
60, 120, 480 and 1440 minutes.

The swelling pressure was determined using three
different methods: 1 - Loading after expansion with differ-
ent vertical consolidation stresses, 2 - Expansion and col-
lapse under stress, 3 - Constant stress (Justo et al., 1984,
and Ferreira, 1995).

Oedometric tests conducted with controlled suction
had two stress paths. First, the undisturbed soil with natural
water content was loaded until a certain vertical consolida-
tion stress was reached (pressures of 10, 20, 40, 80, 160,
320, 640 and 1280 kPa were successively applied). In the
second path, after stabilization of the deformation caused
by vertical stress, the suction of the soil was reduced in
stages (5.0, 2.5, 1.0, 0.5, 0.2 and 0.0 MPa), and the expan-

sion deformation of the soil was measured. We sought to
distinguish the vertical deformation caused by stress from
that caused by reduced soil moisture (suction).

To analyze the pre-wetting and drying effects, undis-
turbed samples were molded in rings with a diameter of
101 mm and a height of 30 mm. The samples were placed in
desiccators with different concentrations of sodium chlo-
ride or sulfuric acid for 10 months, and they were molded in
rings with a diameter of 71.40 mm and a height of 20.0 mm
for the simple oedometer test. To analyze the effect of des-
iccation on stress, undisturbed samples were molded and
loaded to a pre-determined stress level, and the water con-
tent was allowed to decrease under stress at room tempera-
ture until the deformation stabilized, which occurred be-
tween 60 and 70 days.

2.2. Constitutive model

The constitutive model adopted in this paper is the
double structure generalized plasticity model proposed by
Sanchez et al. (2005), which is based on the general frame-
work proposed by Gens & Alonso (1992) and incorporates
improvements suggested by Alonso et al. (1999). Two lev-
els of structure are considered. The macrostructural behav-
ior is described by the Barcelona Basic Model (BBM),
developed by Alonso et al. (1990). Other mechanisms not
included in the BBM that occur in the microstructure at the
clay particle level can occur in expansive soils and induce
plastic strains. Thus, the double structure formulation in-
cludes the definitions of laws for the macrostructural level,
the microstructure level and the interactions between both
structural levels.

2.2.1. Macrostructural model

The BBM considers two independent stress variables,
the net stress, (�ij - pa�ij), and the matric suction, s = (pa - pw).
It is an elastoplastic strain-hardening model, which extends
the concept of a critical state for saturated soils to unsatu-
rated conditions, including the dependence of the yield sur-
face on matric suction. The yield surface is expressed by

f p q s p q M p p p ps( , , , ) ( )( )*
0

2 2
0 0� � � � � (1)

with

p p pm a w m� � �
� �

� �
� � �

max( , ); 1 2 3

3
(2)

q � �� �1 3 (3)

p kss � (4)

where �1, �2 and �3 are the total principal stress, M is the
slope of the critical state line, p0 is the apparent unsaturated
isotropic preconsolidation stress for suction s, p0* is the sat-
urated preconsolidation stress and k describes the increase
of the apparent cohesion with suction. The net mean stress p
is defined as indicated in Eq. 2 to facilitate the transition
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from unsaturated to saturated states, �m is the mean stress,
pa is the air pressure and pw is the water pressure.

For isotropic conditions, the yield states associated
with suction are described using a yield function defined in
the space (p, s), which is named Loading-Collapse (LC).
This yield function explains the collapse that occurs upon
wetting and the increase in apparent pre-consolidation
stress p0 caused by suction. The relationship is expressed as
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0 0
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�
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where % is the elastic stiffness parameter against changes in
p, �(0) is the slope of the virgin compression line for satu-
rated isotropic loading, pc is a reference stress and �(s) is the
slope of the virgin compression line for isotropic loading at
a constant suction s. The slope �(s) is defined as

� � 4( ) ( )[( ) exp( ) ]s r s r� � � �0 1 (6)

where 4 controls the rate of stiffness increase with suction,
and r is a limiting value of soil stiffness for very high suc-
tion.

A non-associated plastic potential is defined by

g p q s p q M p p p ps( , , , ) ( )( )*
0

2 2
0� � � �* (7)

where * is established in such a way that under K0 loading,
lateral strains are zero.

The hardening parameter p0* depends on the rate of
volumetric plastic strain. The hardening law is given by
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where e is the void ratio.
Elastic strains are induced by changes in net mean

stress, deviatory stress and suction according to the expres-
sion
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where G is the shear modulus, %s is the elastic stiffness pa-
rameter against changes in suction and patm is the atmo-
spheric pressure.

2.2.2. Microstructural model

The microstructural behavior is assumed to be elastic
and volumetric. The microstructural volumetric strain de-
pends on a microstructural effective stress ( �p), defined by

�p p s� � 5 (10)

where 5 is a constant, defined by the slope of the neutral
line.

Another assumption made in this formulation is the
hydraulic equilibrium between microstructure and macro-

structure. Therefore, only one suction variable should be
considered.

In the (p, s) plane, a line corresponding to a constant
microstructural effective stresses is called the neutral line
(NL) because no microstructural strain occurs along it. The
neutral line divides the (p, s) plane into two parts, defining
the microstructural stress paths indicated in Fig. 1.

The increment of the microstructural elastic strain is
expressed as a function of the increment of the micro-
structural effective stress:

�
�� � �
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K
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In this equation, the subscript m refers to the microstruc-
tural level, the subscript v refers to the volumetric compo-
nent, and Km is the microstructural bulk modulus. We
compute Km by the following law

K
e

m

p

m

m

�

�*

4

�

(12)

2.2.3. Interactions between structural levels

Microstructural effects induce irreversible macro-
structural deformations, which are considered proportional
to microstructural strain, as described by certain interaction
functions.

Two interaction functions are defined: fc for micro-
structural compression paths and fs for microstructural
swelling paths. For isotropic loading, the interaction func-
tions depend on the ratio p/p0.

The ratio p/p0 indicates the degree of openness of the
macrostructure relative to the applied stress state. When
this ratio is low, it indicates a dense packing of the material,
and it is expected that microstructural swelling induces
large macrostructural plastic strains.
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Figure 1 - Definition of microstructural swelling and contraction
paths.



According to Alonso et al. (1999) any suitable func-
tion for fs and fc that is consistent with the physical ideas
presented in Fig. 2 can be adopted.

This paper adopted the interaction functions proposed
by Alonso et al. (1999):
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3. Results and Analysis

The expansive soil of Petrolândia shows discrete vari-
ations in composition along its profile. Clay composes
more than 54% of the soil, and sand represents less than
9%. The ratio of silt to clay decreases with depth, indicating
that there is a translation of the thinner material from the
surface to the sub-superficial horizons. The thinner mate-

rial is carried by water and seepage through fissures. The
soil has the following characteristics: wL = 60%, PI = 30%,
wc = 19%, w = 17.41% and 3d = 15.05 kN/m3. The initial de-
gree of saturation was 59.24%, which corresponds to a suc-
tion of 5.0 MPa.

The expansive soil matrix is characterized by a fine
textured, compact, predominantly silicate clay permeated
by micritic calcite crystals that comprise much of the silt
and fine sand. Shaped lamellar particles were found, most
likely originating from the filling of flattened channels and
pores. These particles destroyed and compressed the soil
matrix due to the action of the high activity clay (Ta) that
occurs in this soil (Fig. 3a). Calcitic nodules are typical, and
calcium carbonate (CaCO3) commonly precipitates on the
pore walls (Fig. 3b).

In the dry period, it has been observed that fissures in
the soil surface have thicknesses that vary by only a few mil-
limeters around a thickness of 120 mm. The thickness de-
creases with depth, and the extension reaches 2.0 m
(observed in the inspection shaft). For water penetration,
large fissures have a greater effect than a large number of
narrow fissures because as the water content increases, the
soil expands, and the slimmest fissures are progressively re-
stricted, while the largest ones can remain open for a longer
period of time. In the beginning of the wetting process, the
fissure intensity is as important as the width and depth of the
individual fissures. As rain occurs, the soil absorbs water
from the surface and from the interior of the fissures, and the
clay particles expand as micro-reliefs appear. The surface is
composed of blocks of soils of irregular shapes, which are
detected in an area of 100 m2 chosen randomly in the field.
The area represents approximately 190 blocks, each with an
average area of 0.53 m2 (Fig. 4a). It has also been observed
that rain is sufficient to make some superficial fissures disap-
pear completely (Fig. 4b). In this soil, free calcium carbonate
predominated over sodium (Ferreira, 1995), thus presenting
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Figure 2 - Interaction mechanisms between micropores and
macropores.

Figure 3 - a) Micrograph of fractures and flattened pores. b) Micrograph of calcitic nodule.



a smaller number of cracks with increased bandwidth, con-
firming the observations of Ahmad (1983).

The soil water content, measured from the surface to a
depth of 3.50 m, changes in the rainy period from 42% to
20.90%, and in the dry period it changes from 14.54% to
21.03% (Fig. 4c). Beyond a depth of 2.50 m, no significant
variation in water content between the dry and rainy periods
was observed during the two years of observation, which in-
dicates that this is the active zone of change in water content.

The soil swelling pressure obtained by the constant
volume method increases with depth in the rainy period,
and in the dry period it decreases until a depth of 2.5 m;
from this depth onward it remains basically constant
(Fig. 4d). In the same way, swelling pressure and effective
stress have been found to vary with depth (Fig. 4e). Up to
2.5 m depth, there is considerable influence of the climatic
conditions on water content, swelling pressure and fissure
depth. In the field, fissures were observed at up to 2.0 m
depth, in the dry period.

The volume change that occurs due to inundation was
analyzed by considering the influence of vertical stress at
inundation, along with the swelling pressure, the initial wa-
ter content and the drying that occurred under stress.

3.1. Influence of consolidation vertical stress

Strain was plotted as a function of time after inunda-
tion in simple oedometer tests, as shown in Fig. 5. Expan-
sion and collapse can sometimes occur simultaneously.
Therefore, what is measured is the net deformation, which
is a function of vertical stress, void ratio and water content
(state of stress) in the soil before it is inundated. At some
pre-determined state of stress, the deformation due to inun-
dation is equal to expansion due to stress at 160 kPa, or ex-
pansion and collapse in the range of 240 to 400 kPa (ini-
tially, the soil compresses for 8 min, then it expands until
240 min and compresses until deformations stabilize). Col-
lapse is caused at stress greater than 640 kPa.

The deformation process of expansion or collapse
caused by inundation can be divided into three phases:

i) Initial - From time zero to one minute, in which small
deformations are observed and the water only moist-
ens the periphery.

ii) Primary - From 1 minute to 300 min, the water perco-
lates from the periphery to the center, moistening the
soil progressively (as a function of hydraulic conduc-
tivity). Deformations occur with higher intensity.
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Figure 4 - a) Fissures and micro-reliefs in the dry period. b) Fissures and micro-reliefs in the rainy period, c) Active zone. d) In situ stress
and expansion stress. e) Ratio between in situ stress and expansion stress in an expansive soil from Petrolândia.



iii) Secondary - Beyond 300 minutes, the water moistens
the central nucleus, and the empty spaces are almost
completely filled with water. The deformation veloc-
ity decreases (Fig. 5). Roo (2006) suggests that the ini-
tial deformations are associated with the microstruc-
ture, whereas the primary and secondary deformations
are associated with the macrostructure.
The variation of expansion or collapse potential, as a

function of consolidation vertical stress, void ratio or de-
gree of saturation before soil inundation, is shown in Fig. 6.

For stresses lower than 312 kPa (Fig. 6a), void ratios
higher than 0.745 (Fig. 6b) and saturation degrees less than
63.90% (Fig. 6c), Petrolândia soil expands when there is an
increase in soil water content, characterizing the expansion
region. For stresses greater than 312 kPa (Fig. 6a), void ra-
tios less than 0.745 (Fig. 6b) and saturation degrees greater
than 63.90% (Fig. 6c), Petrolândia soil collapses when wa-
ter content increases, characterizing the collapse region.
There are values of stress (�crit = 312 kPa), void ratio
(ecrit = 0.745) and degree of saturation (Srcrit = 63.90%) that
are critical. At these values, the soil volume does not
change when inundated (Fig. 6).

3.2. Influence of initial water content

The “free” expansion variation increases (approxi-
mately linearly) with the decrease in initial water content
(increasing suction) and with the decrease in vertical stress
of consolidation before inundation (Fig. 7a).

The “free” expansion of the expansive soil under
study, at a water content of 17.41%, has high expansivity
according to the Vijayvergiya & Ghazzaly (1973) criteria,
which assume a consolidation stress of 10 kPa.

The values of swelling pressure and physical indices
for samples that were previously wetted or dried before be-
ing inundated were determined by the loading methods af-

ter expansion, after consolidation and expansion under ver-
tical stress (Method 1) and after collapse under stress
(Method 2) with initial water contents of 22.58%, 20.80%,
17.41% and 7.76% (Table 1). The highest expansion stress
values were obtained at the lowest water content values
(7.76%), saturation degree values (35.22%) and void ratio
values (0.57), and at higher suction values (117 MPa) and
higher dry apparent specific weights (16.96 kN/m3). The
previous wetting process of the soil causes reduction in
swelling pressure, whereas desiccation causes an increase.
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Figure 5 - Deformation as a function of time during the advance
of the wetting front. (a) Small alteration in the soil water content;
(b) Change in water content of the soil periphery; (c) Only the cen-
tral nucleus maintains the initial water content; (d) Change in the
water content of the whole soil.

Figure 6 - Difference between expansion potential and collapse
potential measured in simple oedometer tests. a) with consolida-
tion vertical stress; b) with void ratio before inundation; c) with
saturation degree before inundation.



This shows that, in the field, the climate conditioning fac-
tors have considerable influence on soil expansion stress.

The specific volumetric deformation curves that are
observed under soil consolidation vertical stress (�v vs. � -
log) at different initial water content levels, and under
stresses of 10 kPa and 160 kPa, are presented in Fig. 7b. At
the same initial water content, the expansion due to inunda-
tion decreases with increasing consolidation vertical stress.

At the same level of consolidation vertical stress, soil ex-
pansion is reduced as initial water content increases
(Fig. 7b) because the previous wetting causes expansion
before loading. Under a consolidation vertical stress of
160 kPa, soil inundation causes collapse at initial water
content of 22.58% or 20.80%, and expansion at initial water
content of 17.41% or 7.76% (Fig. 7c). A similar behavior
was observed by Presa (1982) in soil with approximately
the same void ratio and different initial water content,
which was consolidated under a stress of 200 kPa. The ini-
tial water content and stress greatly affect the volume
change observed when the soil is inundated.

3.3. Drying

The process of soil deformation due to desiccation is
much slower than deformation during wetting. This is due
to the way the water is transferred. During inundation, it is
processed in the liquid phase, but in desiccation it is par-
tially processed in the vapor phase.

The effect of desiccation on the total deformation of
the soil is greater at lower stress than at higher stress
(Fig. 8a). The deformations measured during desiccation
result from the addition of three components: immediate
compression, deformation due to vertical stress and retrac-
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Figure 7 - Influence of initial water content: a) in “free” expan-
sion; b) in compression; c) in expansion or collapse under stress.

Figure 8 - Volumetric deformation with the addition of stress,
desiccation and inundation: a) volumetric deformation with the si-
multaneous addition of stress and desiccation; b) expansion, col-
lapse and contraction regions.



tion. At stresses less than 40 kPa, the time required for 50%
of deformations to occur is at least 8 days, but for stresses
greater than 320 kPa it is at most 2 days. This is explained
by the fact that, at consolidation stresses less than 40 kPa,
the immediate compressions and the compressions due to
the stress effect are reduced with time compared to the ones
caused by desiccation, and they prevail over the compres-
sions caused by retraction, which are slower. At stresses
greater than 320 kPa, the immediate compressions and the
ones due to the stress magnitude effect have greater impor-
tance and occur more quickly than the compressions caused
by desiccation. The region between the loading curves,
with constant water content, and the curves of desiccation
under stress limit the contraction. (Fig. 8b).

The curves describing volume changes due to chan-
ges in water content under stress and those describing vol-
ume changes due to loading at constant water content
define two regions: a region of expansion at stress lower
than 277 kPa and a region of collapse at stress greater than
277 kPa (Fig. 8b). The area formed by the curves describing
volume variation due to water content change under stress,
volume change due to loading at constant water content and
desiccation under stress constitutes an important piece of
information about the influence of the stress path on the
behavior of volume variation due to change in soil water
content. These curves define the limits of the regions of ex-
pansion, collapse and contraction.

3.4. Numerical simulation

Three suction-controlled oedometric tests involving
inundation at different stress levels were conducted. In the
first simulation, the specimen was flooded at 10 kPa. In the
second test, the inundation occurred at 160 kPa. In the third
test, the sample was inundated under a vertical pressure of
640 kPa. Laboratory results are presented in Fig. 9.

The model described above was implemented in the
Finite Element program CODE_BRIGHT (Olivella et al.,
1996; Sanchez et al., 2005), which was used to simulate the
suction-controlled oedometric tests.

The parameters used in the simulation were obtained
from tests results and are listed in Table 2.

Laboratory data and numerical simulation results are
presented in Fig. 9.

In Test 1, the sample was flooded under low vertical
stress (10 kPa), and swelling deformation was measured. A
volumetric strain of 10% was registered. In Test 2, inunda-
tion occurred under a higher vertical stress (160 kPa), and the
swelling volumetric strain was lower (approximately 2%).
For Test 3, inundation occurred when the vertical stress was
640 kPa. At this stress level, the sample collapses.

The simulation results show very good agreement
with the experimental data. The loading observed under
controlled suction and the swelling observed as a result of
suction reduction under a determined level of vertical
stress were reproduced very well. The collapse at higher
stress levels was also in agreement with experimental re-
sults.

Simulation results also allow us to analyze the vol-
ume change behavior of microstructural and macrostruc-
tural levels separately, as illustrated for void ratio variation
in Fig. 10.

According to the constitutive model used, a decrease
in suction implies a microstructural swelling (Fig. 1),
which was observed in the three tests (Fig. 10).
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Table 2 - Parameters used in simulation.

Parameters defining BBM for the macrostructural level

% = 0.009 %s = 0.002 �(0) = 0.10 r = 0.50 4 (MPa-1) = 1.0

p0*(MPa) = 0.22 pc (MPa) = 0.10

Parameters defining the laws for the microstructural level

5 = 1.0 *m (MPa-1) = 0.006 4m (MPa-1) = 0.012

Interaction functions

fc0 = -0.10 fc1 = 1.5 nc = 0.50 fs0 = -1.50 fs1 = 3.70 ns = 2.0

emacro = 0.80 emicro = 0.30

Table 1 - Influence of initial water content in deformation and stress of expansion.

W (%) Initial suction
(kPa)

eo 6d (kN/m3) Sr (%) Relationship of expansion deformation
and stress

Expansion stress
(kPa)

�s (%) � (kPa) Method 1 Method 2

7.76 117.000 0.597 16.96 35.22 �s = -11.82 log� + 29.73 r2 = 0.99 456 328

17.41 5.000 0.801 15.05 59.24 �s = -7.84 log� + 18.66 r2 = 0.99 333 239

20.70 700 0.885 14.37 63.39 �s = -8.62 log� + 16.64 r2 = 0.99 153 83

22.60 200 0.936 14.00 65.43 �s = -6.36 log� + 11.60 r2 = 099 85 67

W - initial water content in the dry period; eo - void ratio; Sr - degree of saturation of water; �s - expansion deformation (�s = 100 �H/Hi,
where�H is the body’s height variation due to inundation, and Hi is the specimen’s height before inundation);� - stress; 6d- dry apparent
specific weight; r2 - correlation coefficient; Method 1 - loading after expansion with different consolidation vertical stress; Method 2 -
expansion and collapse under stress.



Changes in the microstructural void ratio are not
greatly influenced by the stress level, whereas the macro-
structural void ratio is greatly affected by stress.

In Test 1, when inundation occurs under a vertical
stress of 10 kPa, both the microstructure and macro-

structure expand. The BBM model can reproduce some of
the expansion at low stress levels. Moreover, the ratio p/p0

is low, and the fs interaction value is positive. The induced
microstructural strains are due to expansion.
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Figure 9 - Comparison between laboratory data and simulation
results for Tests 1, 2 and 3.

Figure 10 - Simulation results of macro and micro void ratio vari-
ation for a) Test 1; b) Test 2; c) Test 3.



As the inundation stress level increases to 160 kPa
(Test 2), expansion is observed only in the microstructure.
Because the ratio p/p0 is greater than in Test 1, the fs interac-
tion value decreases, and the induced macrostructural
strains of expansion are smaller.

When the sample is inundated at a higher stress level,
such as in Test 3, the macrostructure collapses. The influ-
ence of microstructural strain is minimal.

4. Conclusions

We conclude that soils with lower initial water con-
tent and higher exterior applied vertical stress exhibit
greater expansion due to their increased water content.

The order in which the soil is subjected to stress or in-
undation affects the expansion stress value. The inundation
leads to soil volume increase (expansion) or decrease (col-
lapse) depending on the initial moisture and the vertical
stress applied to the soil.

The numerical results demonstrate that the double
structure generalized plasticity model proposed by Sanchez
et al. (2005) is able to reproduce the experimental behavior
of expansive soils.

Finally, the factors that limit the regions of expan-
sion, collapse and contraction are the curves of inundation,
the changing or constant humidity and the desiccation un-
der stress.
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Observational Method applied to the Rio Grande Port
Breakwater

F. Schnaid, L.G. Mello, S.S. Sandroni

Abstract. A case study describing the experience in modeling and designing the process of construction of the Rio Grande
Breakwater on soft clay deposits is summarized in this paper. Field performance during and after embankment construc-
tion was monitored with inclinometers, magnetometers and electrical piezometers providing the necessary information to
check the design hypothesis, to evaluate the uncertainties related to the natural ground variability and to ensure that the
work conformed with acceptable limits of behaviour. The importance of modeling the construction by finite element analy-
sis as an interactive process supported by observations collected from the construction phases is highlighted. The success-
ful completion of the work stimulates the use of the Observational Method in geotechnical practice and, for this reason,
guidance is provided for future work.
Keywords: observational method, soft clay, instrumentation, numerical analysis.

1. Observational Method: Design Principles
As reported by Peck (1969) “observational methods

have always been used by engineers working in the fields
now included in applied soil mechanics, but the observa-
tional method – OM is a term having a specific restricted
meaning”. The systematization of the OM is associated by
Peck to Terzaghi (1961), who reports that the between 1912
and 1922 the Swedish State Railroads was using the obser-
vational procedure on a large scale in earthworks. Terzaghi
(1961) presents some of his works conceived to follow this
procedure. In every case reported by Terzaghi the OM was
used to compensate for the uncertainties associated to the
interpretation of subsoil exploration.

Peck (1969) quotes an early version of the introduc-
tion to the book Soil Mechanics in Engineering Practice, in
which Terzaghi (1948) wrote “the results of computations
are not more than working hypothesis, subject to confirma-
tion or modification during construction. Soil mechanics as
we understand it today, provides a method which would be
called the experimental method”. Reference is made to the
practical application of the learn-as-you-go method, clos-
ing the gap in knowledge and, if necessary, leading to mod-
ifications of the design during construction.

There is little doubt that Peck (1969) framed the ideas
and concepts being used, inclusive by Terzaghi, proposing
that “the complete application on the method embodies the
following ingredients:
• Exploration sufficient to establish at least the general na-

ture, pattern and properties of the deposits, but not neces-
sarily in detail;

• Assessment of the most probable conditions and the
most unfavourable conceivable deviations from these

conditions. In this assessment geology often plays a ma-
jor role;

• Establishment of the design based on a working hypothe-
sis of the behaviour anticipated under the most probable
conditions;

• Selection of quantities to be observed as construction
proceeds and calculation of their anticipated values on
the basis of the working hypothesis;

• Calculation of values of the same quantities under the
most unfavourable conditions compatible with the avail-
able data concerning the subsurface conditions;

• Selection in advance of a course of action or modifica-
tion of design for every foreseeable significant deviation
of the observational findings from those predicted on the
basis of the working hypothesis;

• Measurement of quantities to be observed and evaluation
of factual conditions;

• Modification of design to suit actual conditions”.

In the conclusion of his Rankine Lecture, Peck (1969)
mentions that the successful use of the OM is associated to
the possibility of optimizing/altering the design during con-
struction, as well as the necessity of having contracts that
allow for these changes, without burdening either party in-
volved in an unbalanced way.

Lambe (1973) in his Rankine Lecture focuses on dis-
cussing predictions in geotechnical engineering. In his pro-
posal, a classification of predictions as related to when and
based on what data was available at this time, named Type
B prediction as “made during the construction and would
have available data obtained during the initial parts of the
construction, such as measurements made during excava-
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tion, foundation construction, etc.”, with the outcome of the
event being predicted still unknown.

There is a clear link of Lambe’s concerns of accuracy
of predictions with the concepts of the OM, as “the evalua-
tion of a prediction consists of an examination and interpre-
tation of the prediction in the light of the known outcome of
the predicted event, it is built round a comparison of the
predicted performance with the measured performance”.
Specific mention is done to the fact that an engineer “makes
decisions and takes actions on the basis of his re-exa-
minations. The Terzaghi-Peck OM depends on an evalua-
tion of predictions” is presented.

Numerous authors have worked within these con-
cepts and developed parallel thoughts from then on, and the
OM has also been recognised as a design method in codes
like Eurocode 7 (1997). Design review during construction
is specifically mentioned.

Requirements to be met are postulated in this Code as
reproduced below:
• Acceptable limits of behaviours are established;
• The range of possible behaviour is assessed and is docu-

mented that there is an acceptable probability that the ac-
tual performance will be within the acceptable limits;

• A monitoring program is devised to document the actual
performance. The monitoring program shall document
the accepted performance early in the construction pro-
cess, with data acquisition at sufficiently short intervals
as to allow for prompt contingency actions to be under-
taken successfully;

• The response time of the instruments and the procedures
for analysing the results shall be sufficiently rapid in re-
lation to the possible evolution of the system;

• A plan of contingency actions shall be prepared, to be
adopted if the monitoring reveals behaviour outside ac-
ceptable limits.

In 1999, Nicholson et al. published a relevant contri-
bution to the theme, updating it to modern society’s con-
cerns and requirements, mainly aiming at responding to
cost savings, increase in safety and team co-operation as
embodied in modern contract types. Their definition is:
“the OM is a process in which acceptable limits of struc-
tural and geotechnical behaviour are established. In addi-
tion, performance predictions, monitoring, review and
modification plans, and emergency plans, are fully pre-
pared. The design is checked for robustness before con-
struction starts. During (and after) construction, the results
from the monitoring are reviewed against the predictions
and robust modifications are introduced where appropri-
ate”.

To illustrate these points, a flow chart of the OM is
presented and reproduced herewith (Fig. 1). Risk manage-
ment, in its technical aspects, is intrinsically linked with
and part of the OM. The definition of the O M that encom-
pass these ideas is properly summarized as: “a continuous,
managed, integrated, process of design, construction con-

trol, monitoring and review that enables previously defined
modifications to be incorporated during or after construc-
tion, as appropriate” (Nicholson et al., 1999). The authors
would add the need of previously also approve the modifi-
cations to eventually incorporate in design.

As monitoring is an important item of the OM, the
postulation of trigger criteria is also implicitly important, to
start implementation of planned modifications and/or of the
contingency plan if an emergency situation is foreseen.

The postulation of values of forces/stresses and/or
movements/displacements, leading to the calculation of ve-
locity of changes and many other techniques of assessing
and interpreting the behaviour of a structure, require that all
the correct possible models of collapse that a structure in a
certain subsoil stratigraphy may undergo are properly iden-
tified, that all the geomechanical properties of the distinct
material layers are properly determined, and that design
calculations, from which the trigger values are derived, are
developed with models that correctly simulate the field re-
ality in time/stress/time path.

Numerous Symposiums, Specialty Sessions, Work
Groups etc were organized to discuss and present case his-
tories where the OM was used, leading to the existence of
quite a number of published technical papers on the topic.
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Figure 1 - Observational Method Flow Chart, apud Nicholson et
al., 1999.



The identification of existing risks in any project, their miti-
gation during design, and their monitoring throughout con-
struction, has become part of most important works.

Patel et al. (2007) refer to a publication by the
GeoTechNet (2002) which showed that the implementation
of the OM in Eurocode EC7 had shortcomings, as there was
a general lack of understanding of the principles of use of
the OM, its use within contractual framework on an engi-
neering project and the important responsibilities incum-
bent on all parties involved, the client, the designer and the
contracting teams when implementing the OM approach to
a project.

The important discussion that, while in traditional
ground engineering projects, monitoring plays a passive
role to check original predictions and provide confidence to
third party checkers, in the OM monitoring plays a very
much proactive role in both design and constructing, allow-
ing pre-planned modifications to be carried out within an
agreed contractual framework.

The approach to the application of the OM has devel-
oped and matured since Peck (1969), as discussed by
Nicholson et al. (1999). Peck had adopted the most proba-
ble design, evolving to reduced moderately conservative
design parameters if and when triggers in the monitoring
program were exceeded. Nicholson et al. propose a safer
approach to design adopting a progressive modification of
the design starting based on moderately conservative pa-
rameters and then, backed by monitoring, developing to
most probable conditions. In this modern approach, risk
analysis and risk management became a must, especially
with lump sum contracting. Managing geotechnical risks is
the focus of many professionals and applied in most impor-
tant heavy infrastructure projects (e.g. Clayton, 2001).

In parallel, the collapse of the Heathrow tunnel and
the consequential investigation by the British authorities
triggered the incorporation of a Code of Practice (2006)
agreed with the risk takers, the Insurance industry, to iden-
tify and mitigate risks during design and construction of
tunnels, an important area of civil engineering works which
uses the OM method approach applied to tunnelling prac-
tice, mainly in the New Austrian Tunnelling Method –
NATM.

The modification of moderately conservative prede-
fined design to the most probable situation reduces the un-
certainties and, therefore, greater site controls are neces-
sary, balanced by rigorous monitoring and existence of
proper contingency plans fully discussed previously to
works commencement.

Flexibility is required at the work fronts in order to
accommodate changes in design and programme. The
stakeholders need to be fully tuned with the technical and
commercial risks linked to any contingency materializing.

Monitoring becomes a crucial item in the whole con-
struction planning and development. A competent regime

has to be set in place, checking, reviewing and responding
to any result in a short time.

The possibility of having brittle behaviour in the
structure or rapid uncontrollable deterioration in the mate-
rials which does not allow sufficient warning to implement
planned modifications have to be excluded by design deci-
sions, as stated by de Mello (1977).

Finally, the authors consider valid to comment the re-
cent use of a modern terminology for the OM: the Interac-
tive Design. In our understanding it is the OM as discussed
by Peck (1969) adapted to the third millennium societies’
terminologies and needs. Many other designations have
been used since Peck presented his Rankine lecture, like
Experimental Method and Design-as-you-Go (Ladd, 1991;
Staversen, 2006; Negro et al., 2008).

The present paper aims at sharing knowledge of the
current OM state-of-practice based on a critical overview
of the Rio Grande Port breakwater construction case study.
Fundamental concepts that frame the OM - introduced
above - have been fully implemented given room to high-
light advantages, limitations and perspectives of this type
of approach in geotechnical practice regarding ultimate
limit states.

2. Rio Grande Port Breakwater: Case Study
The case study describes the stage construction of an

extension of a 20 m high marine breakwater laying over a
thick soft sedimentary deposit at the Rio Grande Port in
southern Brazil. The Western and Eastern breakwaters are
700 m and 370 m long extensions of existing facilities con-
structed in 1910 by Compagnie Française du Port Rio
Grande (Fig. 2). The construction completed in March
2011 deepened the existing navigation channel from -14 m
to -18 m in order to allow access for larger ships.

Breakwater design was an engineering challenge due
to the combination of difficult geotechnical and environ-
mental conditions in the region, with strong currents from
the lagoon system, severe winds and large waves. The crest
level is relatively low, namely TAW + 5 m, leading to large
overtopping during storms. Designed to withstand the im-
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Figure 2 - Eastern breakwater at the Rio Grande Port, Brazil.



pact of overtopping waves, the breakwater was constructed
in a 1V:1.5H embankment slope, protected by an armour
layer and underwater equilibrium berms for slope stability
(Fig. 3).

Construction of the extension of the breakwaters was
completed in 4 stages: (i) placing a first mattresses layer up
to TAW -11.0 m, (b) construction by ships and barges up to
TAW -5.0 m, (c) land construction up to TAW +3.0 m and
(d) finishing at TAW + 5.0 m during placement of armor
layer and tetrapods.

3. Site Characterization and Instrumentation
A preliminary site investigation was carried out at an

early design stage and included SPT’s boreholes, vane tests
and undisturbed soil samples from 4” Shelby samplers. A
complementary, comprehensive offshore site investigation
campaign was performed from a submergible unit. A series
of piezocone tests were carried out along the eastern and
western breakwater plan area and undisturbed sampling
were retrieved for laboratory triaxial and oedometer tests

(e.g. Schnaid, 2009). Characteristic features of a continu-
ous profile from CPTU data are shown in Fig. 4, revealing a
sedimentary deposit with a 3 m sandy-clay layer overlain a
12 m thick soft clay layer. A superficial thin silty-clay
layer, recently deposited, is frequently observed along the
site. A representative profile of the Eastern breakwater is
shown in Fig. 5. Design parameters assessed from labora-
tory and in situ testing are summarized in Table 1.

Given the challenges arisen by adverse geotechnical
conditions, the breakwater construction was instrumented
and the OM approach fully implemented. Seven open-
ended 0.8 m diameter steel casing instrument towers were
deployed on the seabed, adjacent to the projected breakwa-
ter toe contour and embedded into the equilibrium berms.
Four towers were located along the Western side (MO01,
MO02, MO03 e MO04) and three along the Eastern side
(ML01, ML02 e ML03) as shown in the aerial photograph
and plan view in Fig. 6. These instrumented towers enabled
the instrumentation to be installed and provided protection
to the instruments during construction. Instrumentation
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Figure 3 - Layout of a typical cross-section of the Rio Grande
breakwater.

Figure 4 - CPTU testing data at the Eastern Breakwater.

Table 1 - Material properties.

Material Thickness (m) eo Cc 2’

Rockfill 22 incompressible 45°

Very soft silty-clay 4 3.6 1.6 33°

Loose sand 6 2.0 1.0 45°

Soft clay 11 1.0 0.5 26°

Very dense sand 7 incompressible 45°
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Figure 5 - Soil profile of the Eastern Breakwater.

Figure 6 - Location of instrumented sections (a) aerial photograph and (b) plan view.



comprises inclinometers, settlement detection devices
(magnetometers) and electrical piezometers. A detailed de-
scription of instruments and installation procedures has
been reported by Rabassa (2010).

In general, all instrumented towers produced the
same qualitative information and, therefore, results from a
single instrumented location (MO03) are used to evaluate
the measured performance of the breakwater construction.
Representative of the overall measured behavior and de-
vised as part of a detailed monitoring scheme, these results
are analyzed on the basis of acceptable limits and contin-
gency action plans. For example, horizontal displacement
versus depth curves measured at an axis perpendicular to
the breakwater for a number of load increments are show in
Fig. 7. Maximum horizontal displacement measured at a
depth around 24 m to 28 m reached 140 mm.

The results as presented in Figs. 8 and 9 show the ver-
tical deviation ) and variation of vertical deviation with
time (V

�
= �)v/�t) for a depth of 27 m (depth of large ob-

served displacements). The vertical deviation is defined as
the increment in horizontal displacement ��h divided by the
distance between the measured points �z, that is
)v = ��h/�z. The evolution of )v and V

�
with time and cumu-

lative load (ton) reveals aspects of behavior that deserve
close consideration. By increasing the elevation of the
breakwater in the vicinity of the inclinometer location, both

)v and Vd increase considerably as comprehensively re-
ported in the literature for embankments constructed close
to undrained conditions (e.g Ladd 1991; Almeida 1996;
Brugger et al., 1999; Almeida et al., 2010). The onset of in-
creasing displacements in August 2009 shown in the figure
gives a threshold point in a plane of maximum shear strains
at the depth associated to the potential failure surface (see
Fig. 9). However, at a constant load, the consolidation pro-
cess starts and produces a further increase in )v and a con-
tinuous reduction in Vd. Clearly vertical deviation reflects
the displacement path produced by both undrained shear
and consolidation and for this reason it cannot be used
alone to define reference acceptable limits of performance
in cases where load increments are superimposed to some
consolidation (as often observed in practice).

Results from the variation of pore-pressure measure-
ments with time are illustrated in Fig. 10. Recorded mea-
surements show fluctuations of the order of 5 kPa, corre-
sponding to tide and wave oscillations of about 1 m of water
column. Within the clay layer, pore water pressures in-
creased significantly during August and September 2009, a
period that corresponds to breakwater elevation from -11 m
to -5 m below average sea level. In the remaining time,
there are periods of pore pressure increments (construction
stages from -5 m to +5 m) followed by pressure decrease
due to consolidation.
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Figure 7 - Inclinometer data for toe embankment position MO03.



Acceptable limits of behavior for stage construction
close to undrained conditions were defined from results of
numerical analyses of representative cross-sections (later
summarized by Dienstmann, 2011). Limits conceived to in-
crease rate of monitoring and prepared to implement con-
tingency were defined from both experience (Almeida
1996; Brugger et al., 1999; Almeida et al., 2010) and nu-
merical (Dienstmann, 2011) analyses: (a) vertical deviation
) greater than 15 mm/m.day and (b) variation of vertical de-

viation greater than 20 mm/m. Contingency actions
planned to be triggered when monitoring values were out-
side acceptable limits comprised reducing construction
rate, stopping construction and even modifying the layout
of the designed cross-section. Whereas the two previous
recommendations were implemented, the original design
proved to be acceptable and there has been no need to rein-
force the designed cross section throughout construction.
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Figure 8 - Vertical deviation and embankment cumulative load plotted against time at a depth of 27 m.

Figure 9 - Variation of vertical deviation and embankment cumulative load at a depth of 27 m.



Finally it is worth mentioning that last readings
showed that the rates of displacements have decreased sub-
stantially and hence the settlement monitoring program
was terminated in May 2012. Minor secondary settlements
will occur in the future.

4. Numerical Simulation

Up to this point, the implementation of the observa-
tional method has been discussed on more empirical bases

and previous experience of the authors, i.e. selection of
quantities to be observed during construction and compari-
sons to their anticipated values on the basis of the working
hypothesis. However, in parallel to the described procedure
as postulated by Peck (1969), an interactive analysis (this
time with numerical tools) conceived to support the deci-
sion-making process was performed to evaluate the influ-
ence of partial drainage paths in the measured behavior.
The numerical simulation was carried out in plane-strain
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Figure 11 - Measured and predicted horizontal displacements.

Figure 10 - Variation in pore water pressure with time.



conditions using the modified Cam-Clay model, and the
Biot theory for consolidation. After a throughout calibra-
tion of the program to local conditions (Dienstmann, 2011),
displacements and excess pore water pressure dissipation
during and after construction were predicted.

Finite element calculations enabled the back analysis
of available measured data recorded from previous con-
struction stages to be performed before predicting future
embankment response. Numerical analysis becomes an in-
teractive curve fitting process of displacement and pore
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Figure 12 - Measured and predicted vertical deviation with depth.

Figure 13 - Measured and predicted pore pressure with depth.



pressure versus time data, designed to refine the constitu-
tive parameters on the basis of information generated in the
interactive analysis cycle. Once the set of design parame-
ters and boundary conditions are refined, a subsequent
analysis is performed and used to guide the next stage of
construction and final stability checks.

Figure 11 shows a plot of the computed horizontal
displacements (elevation up to +2.0 m and to +5.0 m), using
the finite element solution, along with the experimental
data. The first analysis (or back analysis) at TAW +2.00 m
was made as a prior evaluation of model and drained condi-
tions, showing qualitative agreement with the experimental
data, displaying a physical variation of lateral movements
with depth that coincides with field measurements (maxi-
mum displacement around 100 mm). Since predicted dis-
placements show promising overall agreement with experi-
ment data, the analysis was extrapolated to predicting the
behavior of the breakwater for elevation +5.0 m. Results
presented in the same figure show field measurements on
the final construction stage (TAW +5.00 m): maximum dis-
placements at the seabed coincide with measured values (of
the order of 140 mm) at the depth of about 25 m.

Similarly variations of vertical deviation and pore
pressures with depth are presented in Figs. 12 and13, re-
spectively. Two construction phases are illustrated: back
analysis at +2.00 TAW and final construction at +5.00
TAW. Although both vertical deviation and pore pressures
show a general good agreement with the field performance,
a close inspection of the data reveals that vertical deviations
are underpredicted and pore pressures overpredicted.

The numerical work was particular useful in demon-
strating that there were no signs of failure in any of the con-
struction stages. Additional work was essential to separate
out the effects of drained and undrained loading on pre-
dicted and observed measurements of displacements. Con-
sider the example illustrated in Fig. 14, in which vertical
deviation is plotted against the rate of vertical deviation for
measurements recorded at Station MO03 at the depth of
29.40 m. Numerical predictions for undrained loading up to
failure are confronted to undrained loading followed by
consolidation of the breakwater at an elevation of +5 m
(predictions that correspond to observed field perfor-
mance). In both cases the vertical deviation increases con-
tinuously to fairly high values of the order of 5%
irrespectively to the drained path indicating that measures
of vertical deviation alone cannot be adopted as risk analy-
sis criterion. On the other hand, the rate of vertical devia-
tion seems to be a good predictor of instability given the
fact that it increases considerably during undrained loading
and reduces during consolidation. The combined analysis
of vertical deviation and rate of vertical deviation gives the
best approach to risk assessment irrespectively to the need
of cross correlating displacements to pore pressure mea-
surements to depict signs of drainage.

Finally is it worth emphasizing that a computational
risk assessment approach for breakwaters cannot rely on
pre-established reference acceptable limits of perfor-
mance; acceptable limits have to be adjusted according to
soil and loading conditions as well as the geometric repre-
sentation of the structure to be constructed.

5. Discussion
From the years since Terzaghi and Peck first con-

ceived and started working with the Observational Method
to today, its use has been generalized, discussed in confer-
ences and seminars, criticized, new names have been used
to address it. But, has anything essential really changed
from the early period?

It is the authors’ opinion that important contribution
for using the OM in an efficient and accurate way, in order
to respond to todays’ societies demands, came with the
technological developments introduced in monitoring the
behavior of structures and earthworks, as well as the tre-
mendous potential of analysis brought by numerical simu-
lations. But, the essence behind the driving force to use the
OM as a decision tool comes from Society, investigating,
questioning and judging the performance of infra-
structure works, in their interface with people and their
products.

In all predictions of future behavior, even when based
in back-analysis of data and parameters derived from previ-
ous stages of construction, the engineer is faced with an in-
evitable scatter of results derived from the best methods
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Figure 14 - Vertical deviation versus rate of vertical deviation at
29.38 m depth (Station MO03).



available. This scatter may be minimized when a well
planned site investigation, in tune with the geological-
geomechanical model of the site, supports the elaboration
of a sound and solid physical model of anticipated behav-
iors, which in turn helps choosing mathematical models to
better represent them.

Determinism, and deterministically derived predic-
tion behavior values, cannot be seen as a realistic tool when
the variability of geomechanical and hydraulic parameters,
the representativeness of constitutive models and of the nu-
merical simulations are incorporated in the decision mak-
ing process. Use of mathematical models that well repre-
sent the anticipated physical model transmits reliability to
the risks management process, intrinsically linked with the

confirmation that the observed behaviour of the structure is
within the anticipated range.

Table 2 shows a comparison between the general
principles of application of the OM and the specific ways in
which the method has been applied at the Rio Grande
breakwater project. By doing so it is possible to summarize
the key issues raised throughout the paper, highlighting the
concepts that are deeply involved with the OM: that of ro-
bust design, safety case and contract flexibility. The British
Institute of Structural Eng. (IStructE, 1990) and the Health
and Safety Executive (HSE, 1996) both discuss the need of
robustness in structures, which Burland (2006, 2008) de-
fines as “the ability of absorbing damage without collapse”,
which is broader than the concept of ductility, “the ability
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Table 2 - Comparison of general conditions for application of the OM with the specificities of the Rio Grande Breakwater.

Conditions for application of the observational method Application of the method in the rio grande breakwaters

Investigation Sufficient geotechnical investigation
must be available.

Boreholes, field tests (SPT, vane, undisturbed samples, piezocone)
and laboratory tests. A horizontal continuous soft soil layer has
been identified as the main object of attention.

Robustness The system constituted by the structure
and the terrain must be robust, meaning
that it shall not be liable to an abrupt and
unpredictable change from a stable to an
unstable condition.

Soft soil is not highly sensitive and is in a normally consolidated
condition during the most critical phase of construction. There-
fore, ductile behavior.

Risk Possible malfunction mechanisms must
be identified and understood.

Identified risks: foundation shear failure during construction and
excessive settlement after completion.
Risk of acceleration and failure due to terciary creep considered
low because of low sensitivity of clay and of precedents in the Rio
Grande area.

Monitoring Instrumentation must cover all identified
forms of risk materialization.

Horizontal displacements (inclinometers), vertical displacements in
various depths (magnetometers) and pore pressures (piezometers)
have been used.

Stages Stage construction or velocity of con-
struction must be smaller than the time
required to interpret the monitoring data
and to implement changes if necessary.

Rio Grande breakwaters constructed in four stages (-10 m, -5
m, +2 m and +5 m). In each stage, the increase of loading was grad-
ual and could be interrupted.

Criteria Criteria and procedures to confirm that
the behavior is inside the anticipated
range must be defined.

As far as the shear failure risk was concerned, the evolution of hori-
zontal displacements and distortions based on limits from previous
experience was the first criterion. Finite element analyses with pa-
rameters adjusted from one stage to the next where carried out in
parallel.
The long range settlements have been estimated from settlement
plates installed in the top of the breakwaters.

Changes Design must allow for changes in veloc-
ity of loading, intensity of load or con-
struction procedures.

Loading could be stoped (as, in fact, happened once) and the design
could be modified (wich was not necessary)

Agility Well defined decision hierarchy and
management conditions to rapidly im-
pose the changes considered necessary.

Direct contact between Consultant and Contractor with the
proactive participation of the Owner allowed quick enforcement of
decisions.

Flexibility Contracts must be flexible in order to ac-
commodate eventual changes in the con-
struction period, loads or procedures.

Eventual interruptions in loading have been anticipated (and
concretized in one occasion). If there was the need to change the
design (which did not happened) contractual terms between the
Contractor and the Owner would have to be renegotiated.



of undergo inelastic deformations without significant loss
of strength”. Robustness is usually also provided by identi-
fying the hazards and risks and by checking that the design
proposed is able to adequately withstand them.

Nicholson et al. (1999) postulate that “risk control
measures must be an explicit part of the safety management
system required by regulations”, like the UK Construction
Design and Management Regulations established by
Health and Safety Commission (1994), and in this context
define a safety case as “a systematic and, where possible,
quantified demonstration that an installation or system
meets specific safety criteria”.

Sound judgment is required, and the careful analysis
and interpretation of tendencies of behavior becomes a
powerful tool. A previously defined hierarchy of decision
taking at the jobsite is required to allow the rapid imple-
mentation of any action as shown by the monitoring pro-
gram and its interpretation. For these reasons contracts
must be flexible to accommodate the necessary changes in
construction geometry, time and procedures.

6. Conclusions

A review of the early works on Observational Design
as revealed through the extraordinary contributions from
Terzaghi, Peck, Lambe, de Mello and others demonstrated
the strength of the pioneering ideas embraced by concep-
tual Soil Mechanics, as well as their links to geotechnical
engineering practice. These early concepts do not contrast
with the outcome of some modern soil mechanics research,
and yet the proposed framework of OM has not been en-
tirely incorporated to current ground engineering projects.
Consequences are that optimized cost-benefit design is not
always achieved and identification of the hazards and risks
are not entirely accounted for, especially in large structures
subjected to adverse geo-environmental conditions.

The Rio Grande breakwater design and construction
offered a unique opportunity for a critical appraisal of the
OM approach where a complete application of the method
was necessary given the extreme adverse geotechnical and
hidrogeological conditions of the site. It comprised a com-
prehensive soil investigation, the setting of working hy-
pothesis of soil behaviour described by a synthetic physical
and mathematical model and a monitoring program devised
to document the breakwater performance. Results have
been confronted to acceptable limits of behaviour which
triggered pre-established contingency actions conceived to
ensure the successful completion of the work under the
principles of the Observational Method.
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Influence of Exposure Conditions on the Values of Strength
and Absorption in the Soil Stabilized with Lime and Rice

Husk Ash
M.A.M. Alcantara, L.L. Fernandes, J.A. Lollo, D.C. Lima

Abstract. The article presents a study on the influence of exposure conditions on strength and absorption in soil stabilized
with lime and rice husk ash. A soil classified as A-4 and CL, known as Red-Yellow Podzol, a hydrated lime and a
crystal-type burnt rice husk ashes were used throughout the study. The laboratory testing program encompassed
compaction of specimens of soil and its mixtures with lime content of 8% enriched with ash contents of 5% and 10% of the
soil dry weight in the Normal Proctor Energy. The specimens were moist-cured for 28 days and then subjected to different
exposure conditions, including curing in kiln oven, fully exposed and immersed in water. After curing the specimens were
subjected to compressive strength tests with and without previous 24 h immersion in water, and also to absorption tests.
Results showed the advantages of using ash as an auxiliary additive in soil-lime mixtures to promote mechanical strength
increase and its long-term maintenance, as well as reducing the influence of saturation on compressive strength. Water
immersion promoted the best mechanical strength increase, and water absorption increased with the increasing percentage
of ash and with the curing time of the mixtures.
Keywords: stabilized soil, soil-lime, soli-lime-ash, mechanical strength, water absorption, soil mixtures cure.

1. Introduction

Of the stabilization mechanisms in the soil-lime mix-
tures, the pozzolanic reactions stand out among the
solubilized mineral elements of soil and lime,which nor-
mally result in increased soil mechanical strength. Accord-
ing to Alcântara (1995), the addition of pozzolans can
improve the stabilization effectiveness of soils with lime.
Sharma et al. (2012) present chaos were the UCS value in-
creased to 105 kPa and the CBR value increased to 5,7% by
addition of 20% ash and 8,5% of lime. Still according Saeid
et al. (2012) the additions could improve the mechanical
properties of soils such as strength, swelling, plasticity in-
dex and compressibility; and, the obtained results indicated
that for a progressing in soil properties the combination of
lime and ash might be more effective than use of only lime
or ash.

Among these there is rice husk ash, which according
to chemical and mineral analysis, present a high silica con-
tent as mineral element after firing, which may be in amor-
phous or crystalline forms. The pozzolanic activity of rice
husk ash can be seen in Cincotto & Kaupatez (1984),
Barbosa (2006), Silva (2009) and Alcântara et al. (2010).
Within this context, experiments were conducted using rice
husk ash as an additive for soil stabilization, together with
lime. According to Alcântara et al. (2010), the addition of
5% and 10% of crystalline rice husk ash to a A-4 soil

(Red-Yellow Argisol), stabilized with 8% hydrated lime
and compacted in the normal Proctor test energy, produced
compressive strength gains of 16.6% and 57%, respec-
tively, at 90 days of curing.

Thus, with the aforementioned technological aspects,
the importance of this type of materials for engineering so-
lutions is taken into account, with the durability aspect
comprising an important aspect for the reliability of such
materials. Alcântara et al. (2011) report results of a study
that produced soil-lime-ash bricks using crystalline rice
husk in a hand press, compressed to approximately 95% of
maximum dry specific weight as determined by Alcântara
et al. (2010), according to NBR 10832 (ABNT, 1989). This
study obtained higher mechanical strength values of 3.6
MPa and 3.4 MPa, for 90 days of curing in a humid cham-
ber and in a kiln oven, respectively, because the minimum
required by NBR 8491 (ABNT, 1984a), and NBR 8492
(ABNT, 1984b) is of 2 MPa. However, these authors re-
ported that the mechanical strength values of the bricks ex-
perienced a gradual decrease when considering curing
times of 28 to 90 days, observing a decrease in strength of
about 13% and 25% for humid chamber curing and kiln
oven curing, respectively. On the other hand, the absorption
values increased by 4% for humid chamber curing and 1%
for kiln oven curing. In experiments conducted by Akasaki
& Silva (2001) and Milani (2005), it was reported that when
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using rice husk soil-cement-ash, and with the same degree
of compaction, there was a mechanical strength decrease
and increased absorption in stressed conditions, with the
lowest degree of compression as the cause for the increased
water absorption.

The ensuing actions of changing exposure conditions,
resulting in different absorption and drying and expansion
and contraction cycles, due to temperature variations
throughout the day, such as weathering agents, which influ-
ence soil durability stabilized with lime, and which can be
influenced by the degree of compression are discussed in
Alcântara et al. (1996). However, Alcântara et al. (2011)
draw attention to the presence of ash in the absorption pro-
cesses and discuss the rupture test procedure, when the ma-
terial is immersed prior to the test, and which may interfere
in the mechanical strength values due to water absorption
resulting from its hygroscopic and porosity nature and also
its internal permeability condition, which can be another
microcracking indicator.

2. Materials and Methods

This study verifies the durability of engineering pa-
rameters of specimens of soil and soil-lime-rice husk ash
mixtures compacted in the mini-Proctor test. The work of
Alcântara et al. (2010) was used as a basis in the production
of the specimens for the soil and mixes, using optimum
compaction parameters determined in the compaction en-
ergy of the standard Proctor test, according to NBR 7182
(ABNT, 1986), using a lime content of 8% and calcined and

ground crystalline rice husk ash contents of 5% and 10%, in
relation to the dry soil weight.

The grinding and characterization of rice husk ash
were performed in the Civil Engineering CESP Laboratory
of Ilha Solteira, using the equipment of the Civil Engi-
neering Laboratory of Ilha Solteira - UNESP for the pro-
duction, curing, mechanical resistance and absorption tests
of the specimens of soil and mixtures.

In order to check the durability of the soil-lime-ash
mixture with different exposure conditions, samples with
ash contents of 5% and 10% were prepared based on the re-
sults by Alcântara et al. (2010). Besides the soil-lime-ash
sample specimens, soil samples and their mixture with 8%
of hydrated lime were prepared, and these results were used
as the comparative performance basis for the soil-lime-ash
mixtures.

2.1. Materials

The crystalline rice husk ash used in the tests was
from the region of Pelotas, Rio Grande do Sul, Brazil,
which was ground in a ball mill for 30 minutes, similar to
that used for cement production in the Civil Engineering
CESP Laboratory of Ilha Solteira. Figures 1 and 2 show the
aspect of the ground ash, ready to use and sieved, and
Table 1 shows the data of the physical and chemical charac-
teristics of this material.

In the experiment, the water supply of the city of Ilha
Solteira, São Paulo, Brazil was used, and in the mixtures
CH-III-type hydrated lime was used, with physical, chemi-
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Table 1 - Physico-chemical characteristics of crystalline rice husk ash.

Sample Crystalline Rice Husk Ash NBR-12653 (Pozzolanic material)

Min Max

Apparent density (kN/m3) 6.0 - -

Absolute density (kN/m3) 21.4 - -

Grain diameter (micra) 20.13 - -

Moisture of sample (%) 1.08 - 3.0

Chemical analysis (%) Fire loss 7.95 - 6.0

SiO2 - -

Fe2O3 - -

Al2O3 - -

CaO - -

MgO - -

SO3 - 5.0

Al2O3+Fe2O3 - -

SiO2+Al2O3+Fe2O3 70.0 -

Equiv. Alc. in Na2O (disp.) - -

Na2O - -

K2O - -



cal and mechanical properties that met the requirements of
NBR 7175 (ABNT, 1984c). The soil used was classified as
A-4, according to the Transportation Research Board Soil
Classification System - TRB (DNIT, 2006), as CL, accord-
ing to the Unified Soil Classification - USC (DNIT, 2006)
and as Red-Yellow Argisol, according to the pedological
classification (EMBRAPA, 2006). Figure 2 shows the as-
pect of the soil collected after sieving, Table 2 shows the
test characterization results and geotechnical classifica-
tions of the soil (Alcântara, 1995) and Table 3 shows the re-
sults of the compression test performed on the soil and on
the soil-lime (8%), soil-lime (8%)-ash (5%) and soil-lime
(8%)-ash (10%) mixtures.

The results obtained in the compression tests clearly
show the optimum moisture content increase and the maxi-
mum dry density decrease in the following order: natural
soil, soil-lime, soil-lime-ash (5%) and soil-lime-ash (10%).
The DNER-ME 228-94 standard was followed for the pro-
duction of the specimens. All test specimens were first
cured packed in plastic bags and placed in a moist chamber
for 28 days, and for 1/3 of them the last curing was per-
formed in a kiln oven, 1/3 were exposed to the external en-
vironment and 1/3 were cured by water immersion in the
humid chamber.

2.2. Methods

After collecting the soil sample in the borrow area, it
was exposed to air near the Civil Engineering Laboratory of
Ilha Solteira Engineering School - UNESP, to achieve hy-
groscopic equilibrium with the environment, after being
sifted and stored in plastic bags.

To produce the four kind of test specimens, namely:
soil (S), soil with 8% lime (S-8), soil with 8% lime and 5%
rice husk ash (S-8-5) and soil with 8% lime and 10% ash
(S-8-10), the following steps were followed: (i) separating
the soil to produce the specimens of approximately 200 g;
(ii) calculating the quantities of ash and lime to be added to
the soil in relation to its hygroscopic equilibrium weight
with the environment, and; (iii) mixing and homogenizing
soil-lime and soil-lime-ash in a plastic bag to prevent loss
of moisture to the environment. First, the soil was mixed
with lime, then the ash was added, when applicable. These
materials were homogenized, and then after mixing, the
water was added with additional homogenization; and (iv)
the amount of mixture to be placed in the mini-Proctor
compression cylinder was calculated to mold the 50 mm
(height) specimens, considering a permissible deviation of
1 mm, compression degree of 100% and permitted devia-
tion of 1%. Any test specimen that did not meet the required
compression degree or height characteristics was dis-
carded.
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Table 2 - Soil geotechnical characterization and geotechnical
classification test results.

Parameters Soil

Liquid limit (%) 26

Plasticity index (%) 10

Specific particle weight (kN/m3) 27.4

Particle size:

8 < 0.005 mm (%) 31

0.005 & 8 < 0.05 mm (%) 12

0.05 < 8 & 0.48 mm (%) 57

Soil classification:

TRB A-4

USC CL

Figure 1 - Ground rice husk ash.

Figure 2 - Sieved soil.

Table 3 - Residual mature soil compaction parameters: optimum
moisture content (Wót) and maximum dry weight (3dmax).

Materials Wot (%) 3max (kN/m3)

Soil 12.37 19.2

Soil + 8% lime 13.71 18.8

Soil + 8% lime + 5% ash 13.67 18.4

Soil + 8% lime + 10% ash 14.42 18.1



Of the 72 test specimens produced with the required
characteristics, 18 were prepared with soil without addi-
tions, 18 with soil mixture plus 8% lime, 18 with soil mix-
ture with 8% lime and 5% ash, and 18 with soil mixture
with 8% lime and 10% ash. After the test specimens were
prepared, identified and packaged in plastic bags, they were
kept in a moist chamber for 28 days, after which a part was
cured under total exposure to air, another part in a kiln oven
and another part cured under water immersion. Thus, after
the first 28 days of curing, the test specimens were un-
packed and submitted to the respective three curing modali-
ties. Figures 3 and 4 illustrate the test specimens already
packed and ready to be taken to the humid chamber and the
test specimens stored in a moist chamber.

Figure 5 shows the test specimens that were kept un-
der immersion and cured in a water tray.

The test specimens in the kiln oven were placed on a tray
and wrapped in a plastic bag, at the Laboratory of the Civil En-
gineering School of Ilha Solteira, so as not to be exposed to the
direct action of weathering, as illustrated in Fig. 6.

Figure 7 shows the test specimens under total expo-
sure and placed on perforated trays to prevent water accu-
mulation, and exposed to weathering action in the external
courtyard of the Laboratory of the School of Civil Engi-
neering of Ilha Solteira.

Next, after the exposure period under different cur-
ing conditions, the specimens underwent the unconfined
compression and water absorption tests, according to
NBR 8492 (ABNT, 1984). The compressive strength tests
were carried out by immersion, as well as without immer-
sion, in water for 24 h prior to failure; the procedure was
performed on the test specimens of the mixtures subjected
to all cure types, except those consisting only of soil, due
to the great strength loss, which exhibited a high degree of
cracks for the exposed curing, or breaking up for the im-
mersed curing. Immersion was performed in a 24-h pe-
riod, one day prior to the compressive strength test. This
procedure was carried out to analyze the saturation influ-
ence on the strength of various types of mixing and curing
modes.
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Figure 4 - Test specimens stored in a moist chamber.

Figure 3 - Test specimens already packed, ready to go to a moist
chamber.

Figure 5 - Test specimens immersed cured.

Figure 7 - Fully exposed cured test specimens.

Figure 6 - Test specimens cured in a kiln oven.



The water absorption tests were performed on all test
specimens, except for those constituted only of soil due to
the aforementioned reasons. The purpose of these tests was
to relate the absorption increase to the higher internal
cracking, causing a compressive strength drop in the test
specimens. The absorption tests were conducted after the
immersion of the specimens for a 24 h period in order to ob-
tain the wet mass and then oven dried at 105 °C until con-
stant weight to determine dry weight. The percentage dif-
ference between the dry and saturated masses corresponded
to the total capacity value of water absorption, calculated
on a dry basis.

3. Results

For the soil without additives, due to their damage ef-
fects, it was not possible to present the compressive
strength and water absorption results of the soil specimens
subjected to the immersed curing, the exposed curing and
after water immersion for 24 h. Figure 8 shows the broken
soil specimens.

Figure 9 illustrates the fully exposed cured test speci-
mens with cracks so intense they could not undergo simple
compressive strength tests.

For the mixtures with additives, the test specimens
showed no curing problems, which were tested normally,
measuring the water absorption and compressive strength
without previous immersion and after immersion for 24 h
before failure. Tables 4 to 6 show the mean strength of the
test specimens cured under the three exposure conditions
and tested after 28, 60 and 90 days of exposure, as well as
the standard deviation, which considered failure under the
same curing conditions and age, with and without immer-
sion for 24 h before failure.

Table 7 shows the absorption test results carried out
for all conditions and curing times of the mixtures tested,

with the mean absorption and standard deviation of the
specimens.

4. Discussions

As for the compressive strength values, the soil speci-
mens without additives broke apart when subjected to wa-
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Figure 8 - Soil test specimens after immersion.

Figure 9 - Soil test specimens cured under full exposure.

Table 4 - Mean compressive strength (") and standard deviation (�), after curing in kiln oven.

Curing strength in kiln oven (without 24 h immersion)

Mixture Cure time (days) 28 60 90

" � " � " �

S-8 Mean compressive strength (kN/m2) 1033.03 33.43 1852.48 46.29 1541.61 75.51

S-8-5 1048.33 33.93 2135.89 53.37 2665.45 119.64

S-8-10 1212.10 39.23 2168.25 54.18 2887.08 87.28

Curing strength in kiln oven (with 24 h immersion)

Mixture Cure time (days) 28 60 90

" � " � " �

S-8 Mean compressive strength (kN/m2) 563.88 118.66 935.55 80.41 873.77 87.28

S-8-5 549.17 89.24 1393.52 45.11 1564.16 78.45

S-8-10 775.71 31.38 1486.69 69.63 2041.74 56.88



ter immersion and showed strong cracking when cured in
the sun, to the point of ruling out the strength compression
test. Therefore, the experimental protocols that had been
proposed were not applied. However, this behavior was not
observed for the specimens molded with the soil-lime and
soil-lime-ash mixtures, probably because of the pozzolanic
effect due to the presence of lime in the mixture. This is in
agreement with Abiko (1984), which distinguishes the be-
havior of the soil with chemical additives for the soil with-
out additives. The compressive strength test results show
more clearly the effect of the presence of ash on the mix-
ture, particularly for older ages, such as 60 and 90 days. The
results in Tables 4 to 6 show the mechanical strength in-
crease of the mixtures during the curing period for all the
types of cure analyzed, except for the data obtained for the
kiln curing conditions and the fully exposed cure condi-
tions of the soil-lime mixture, for curing times of 60 and 90
days, which showed a slight strength decrease.

Figures 10, 11 and 12 illustrate the results presented
in Tables 4 to 6, for all types of mixtures and curing condi-
tions. The soil-lime mixture (8%) was considered as a refer-
ence composition. Thus, Table 8 presents the percentage
relationship between the strength reached by the soil-lime
samples (8%), rice-husk ashes (5%) and soil-lime (8%),
rice-husk ash (10%) compared to the strength reached by
the soil-lime mixture (8%).

For the lime-soil mixture, in all types of curing, the
occurrence of a maximum strength peak was observed at 60
days of curing, which stands out for soil-lime-ash mixtures,
where a continuous mechanical strength increase is ob-
served with time and with the ash content incorporated. The
results indicate, as an advantage, that the maximum point is
for the older ages for the percentages of ash in the mix. The
growth rates are, for practical purposes, the same for 8 and
10% of ash incorporated.
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Table 6 - Mean compressive strength and standard deviation (�), after water immersion cure.

Curing strength with water immersion (without 24 h immersion)

Mixture Cure time (days) 28 60 90

" � " � " �

S-8 Mean compressive strength (kN/m2) 1187.59 80.41 1943.68 20.59 2011.34 102.97

S-8-5 1574.95 79.43 2570.32 63.74 3103.80 90.22

S-8-10 1788.73 64.72 2814.51 107.54 3433.31 52.96

Curing strength with water immersion (with 24 h immersion)

Mixture Cure time (days) 28 60 90

" � " � " �

S-8 Mean compressive strength (kN/m2) 726.67 96.11 954.19 86.30 1071.87 107.87

S-8-5 526.62 100.03 1426.87 49.03 1834.82 129.45

S-8-10 709.02 77.47 1840.71 120.62 2526.19 146.12

Table 5 - Mean compressive strength and standard deviation (�), after full exposure.

Fully exposed curing strength (without 24 h immersion)

Mixture Cure time (days) 28 60 90

" � " � " �

S-8 Mean compressive strength (kN/m2) 994.39 87.28 1524.93 96.11 1443.54 50.99

S-8-5 1341.55 127.49 1774.02 75.51 2185.90 70.61

S-8-10 1515.03 89.93 2333.00 47.07 2793.91 109.83

Fully exposed curing strength (with 24 h immersion)

Mixture Cure time (days) 28 60 90

" � " � " �

S-8 Mean compressive strength (kN/m2) 383.44 75.51 887.50 188.29 742.36 43.15

S-8-5 394.23 614.99 1323.90 191.23 1608.29 81.40

S-8-10 672.74 183.38 1296.44 205.94 1609.27 94.14



The compressive strength values were approximately
50 to 70% lower than those shown in Alcântara et al.
(2010), at 28, 60 and 90 days of cure, independent of the
type of curing, considering that in the work of these au-
thors, failure was for the specimens cured in a moist cham-
ber with no water immersion. However, it was hoped that
the results obtained in both works were not so dissimilar,
and this fact could be related to the reactivity of lime, since
even for the soil-lime mixture (8%), the decrease was also
in the same order. However, comparing Figs. 10 to 12, it
was observed that the types of mechanical strength curves
generated were similar to those shown in Alcântara et al.
(2010).
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Table 7 - Mean absorption and standard deviation of the specimens.

Curing absorption in a kiln oven (%)

Mixture Cure time (days) 28 60 90

" � " � " �

S-8 Values (%) 20.33 0.44 15.01 0.53 15.21 0.38

S-8-5 22.09 0.35 18.13 0.28 16.82 0.22

S-8-10 21.03 0.4 18.44 0.35 17.22 0.5

Cure strength (with 24 h immersion)

Mixture Cure time (days) 28 60 90

" � " � " �

S-8 Values (%) 20.9 0.32 15.44 0.52 14.72 0.78

S-8-5 20.64 0.6 17.43 0.55 15.68 0.32

S-8-10 23.43 0.33 18.89 0.31 16.82 0.43

Cure strength (with 24 h immersion)

Mixture Cure time (days) 28 60 90

" � " � " �

S-8 Values (%) 20.74 0.56 16.01 0.8 15.59 0.55

S-8-5 22.05 0.34 17.97 0.2 16.75 0.46

S-8-10 21.57 0.54 18.51 0.63 17.93 0.51

Figure 10 - Compressive strength of mixtures in kiln oven curing
(kN/m2).

Figure 11 - Compressive strength of mixtures in fully exposed
cure (kN/m2).

Figure 12 - Compressive strength of mixtures in immersion cure
(kN/m2).



For a better visualization of the relationship between
the type of cure and the mechanical strength variation,
Figs. 13 to 15 show the mechanical strength variations in
the mixtures used; soil-lime (8%), soil-lime (8%), ash (5%)
and soil-lime (8%) ash (10%).

Figures 13 to 15 show more clearly the relationship
between the type of exposure and mechanical strength of
the specimens of the soil-lime-ash mixtures over time, con-
firming that the best curing condition was the one under
water immersion, followed by curing in a kiln oven, and
lastly the cure fully exposed to the elements. Table 9 shows
the approximate angular coefficients for the curves that ex-
press the development of mechanical strength for the parts
relating to the curing periods of 28 to 60 days and 60 to 90
days. These express the change rates for the strength val-
ues.

It can then be observed that for ages 28 to 60 days,
there are higher values for the immersed and kiln oven
cures, and lower values for fully exposed cures. For 60 to
90 days of cure, the values generally tend to be lower than
for those of 28 to 60 days, and higher for immersed cure and
for cases where the ash content is higher. As for the mix-
tures without ash, negative values can be seen in the angular

coefficients, due to the decrease in strength with the curing
time, and in the case of fully exposed cure and with ashes,
there is an upwards displacement of the curve, increasing
the ash content, indicating that there may be an improved
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Table 8 - Relative strength between soil-lime-ash (levels of 5%
and 10% of ash) and soil-lime mixtures.

Relative strength for kiln oven curing

Mixture Cure time (days) 28 60 90

S-8-5 Values (%) 102.99 115.30 172.90

S-8-10 119.08 118.63 187.28

Relative strength for fully exposed curing

Mixture Cure time (days) 28 60 90

S-8-5 Values (%) 134.91 116.33 151.43

S-8-10 152.85 152.99 193.55

Relative strength for immersed curing

Mixture Cure time (days) 28 60 90

S-8-5 Values (%) 132.62 132.24 154.31

S-8-10 150.62 145.26 170.70
Figure 13 - Compressive Strength Variation according cure type
for soil-lime (8%), (kN/m2).

Figure 14 - Compressive Strength Variation according cure type
for soil-lime (8%) and ash (5%), (kN/m2).

Table 9 - Approximate angular coefficients for the curves regarding mechanical strength gains in the various curing times and exposure
conditions.

Types of exposure conditions

Immersed cure Kiln oven cure Fully exposed cure

Curing periods (days)

Mixtures 28-60 60-90 28-60 60-90 28-60 60-90

S-8 0.24 0.002 0.27 -0.11 0.17 -0.03

S-8-5 0.32 0.18 0.35 0.18 0.14 0.14

S-8-10 0.33 0.18 0.31 0.23 0.26 0.16



performance of the material due to the exposure conditions
with the incorporation of ash.

Table 10 shows the differences in strength values,
given in absolute values and percentages, when considering
the types of immersion and kiln oven cures, and by immer-
sion and fully exposed cures. For the first case, the absolute
differences of values were enhanced by the presence of ash.
Although the absolute differences show little change when
the different curing ages are considered, in which case the
percent values were always lower over time for the mix-
tures with ash since the base values increased, as seen in the
data in Table 10 and Fig. 16. As for the mixture without ash,
there is a return to the percentage increase at 90 days, due to
the decreasing strength value of the ash mixture in a kiln
oven. According to the data in Table 10 and Fig. 17, when
comparing the immersed and fully exposed cures, the abso-
lute differences and percentages increased, since the in-
crease of the strength rates was higher for the immersed
cures. Apparently the presence of ash may have greater ef-
ficacy in the immersed cure, and for the exposed cures, they
are benefitted by the increasing ash content.

It is believed that the best curing performance is under
immersion, when compared to the other modalities. This
could be due to the fact that in this condition the specimens
are protected from the effects of expansion and thermal con-
traction cycles and of absorption and drying, which may in-
duce the microcracking of the material. The cure exposed to
the contraction and shrinkage effects on the specimens of the
mixtures were significantly higher, due to diurnal tempera-
ture variations and wetting and drying cycles promoted by
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Figure 15 - Compressive Strength Variation according cure type
for soil-lime (8%) and ash (10%), (kN/m2).

Table 10 - Values of the absolute and percentage differences for the mechanical strength increase compared to the immersed curing con-
dition and kiln oven curing and fully exposed curing.

Days of curing

28 60 90

Absolute % Absolute % Absolute %

Immersed and kiln
oven cures

S-8 1.73 16.7 0.93 4.9 4.79 30.47

S-8-5 5.37 50.23 4.43 20.34 4.47 16.45

S-8-10 5.88 47.57 6.38 28.47 5.57 18.92

Immersed cure and
fully exposed cure

S-8 1.97 19.43 4.27 27.43 5.79 39.33

S-8-5 2.38 17.40 8.12 44.89 9.36 41.00

S-8-10 2.74 17.69 5.0 21.02 6.32 22.89

Figure 16 - Percentage differences of the mechanical strength val-
ues when compared to the immersed and kiln oven cures.

Figure 17 - Percentage differences of the mechanical strength val-
ues when compared to the immersed and fully exposed cures.



rain, followed by sunny days, which can negatively influ-
ence the development of mechanical strength. The immersed
cure, as can be seen, is the only one that showed no increased
negative resistance at 90 days of cure, for mixtures without
ash. Another aspect is that this apparently favors the pozzo-
lanic activity exerted by lime and ash and the active compo-
nents in the soil, possibly due to the existence of an ever-
present soil solution in the pores, which helps to facilitate
ionic migration and the interaction of lime with the soil, with
the formation of cementitious composites.

The saturation influence prior to compression
strength can be seen with the data presented in Table 11,
which shows the percentage relationship between the me-
chanical strength of the specimens of the mixtures obtained
after saturation for 24 h prior to failure and those deter-
mined without saturation. The data in Table 11 shows that
the saturation systematically reduced the mechanical
strength of the specimens of the mixtures. Considering the
cure times or the addition of ash, as well as the content in-
corporated, some changes can be observed in the values or
in the stabilization tendencies. However there is an indica-
tion that the relative strength increases with the cure time
and with the ash content incorporated. For the immersed
and kiln oven cures, the values increase with cure time and
with ash content at 60 days, as for the cure fully exposed to
the elements, there are oscillations for the cure period and
ash content. For the cure period of 28 days, the results oscil-
late for all types of cure.

As for the absorption values, the results in Table 12
indicate that these generally increase, particularly when ash
was incorporated, and also increased with their content.
This is in agreement with the hygroscopic nature that can be
attributed to the ashes. However, the decrease or stabiliza-

tion tendency with curing time can be observed, according
to Figs. 18, 19 and 20, which illustrate the results shown in
Table 7 for kiln oven, fully exposed and immersion cures,
respectively. For 60 and 90 days of cure, it was seen that
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Table 11 - Relative strength between rupture prior to immersion of 24 h and without immersion of 24 h.

Relative strength between rupture prior to immersion of 24 h and without immersion of 24 h. Moist-chamber cure

Mixture Cure time (days) 28 60 90

S-8 % of strength achieved at mean value 55.39 50.50 56.68

S-8-5 52.39 65.24 58.28

S-8-10 64.00 67.65 70.72

Relative strength between rupture prior to immersion of 24 h and fully exposed cure.

Mixture Cure time (days) 28 60 90

S-8 % of strength achieved at mean value 38.56 58.20 51.43

S-8-5 30.70 74.63 73.58

S-8-10 44.26 55.57 57.60

Relative strength between rupture prior to immersion of 24 h and without immersion of 24 h.

Mixture Cure time (days) 28 60 90

S-8 % of strength achieved at mean value 61.19 49.09 53.29

S-8-5 33.44 55.51 59.12

S-8-10 39.64 65.20 73.58

Figure 19 - Absorption for fully exposed cure (%).

Figure 18 - Absorption in kiln oven cure (%).



while the mixes without the addition of ash appear to be sta-
bilized with respect to absorption values, the ash mixes
show they are still subject to more significant reduced val-
ues. The absorption behavior with time is different than that
shown in Alcântara et al. (2011), because in that case the
values increase over curing time and in this case the final
values shown are lower, however the degree of compres-
sion was lower, about 95%, than the normal Proctor.

In order to associate the absorption values in the pres-
ence of voids due to microcracking, a correlation between
the absorption values was set with the relative strength val-
ues, in percentage. The data in Table 12 shows that there is
a tendency that the mean values of the relative resistance
will grow inversely proportional to the mean absorption
values. This appears to be consistent with the possibility for
internal microcracking of the specimens and voids. On the
other hand, according to the data in Table 13, it can be seen
that even with the absorption increase due to the addition of
ash, the relative strength values can increase, possibly due
to the cementing achieved.

Figure 21 shows the variation of the mean relative
strength value with the mean absorption value, decreasing,

compared to the absorption values, independent of the cure
time.

It was expected that there would be a significant dif-
ference between the absorption of the specimens cured in a
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Table 12 - Mean absorption values, in percentage, for mean rela-
tive strength values for all types and cure ages.

Kiln oven cure

Days of cure 28 60 90

Absorption (%) 21.15 17.19 16.42

Relative strength (%) 57.26 61.13 62.03

Fully exposed cure

Absorption (%) 21.36 17.25 15.74

Relative strength (%) 37.84 62.8 60.19

Immersed cure

Absorption (%) 21.45 17.5 16.76

Relative strength (%) 44.76 56.6 62.00
Figure 20 - Absorption for immersion cure (%).

Table 13 - Mean absorption values, in percentage, for mean relative strength values for the compositions, types and cure age.

Kiln oven cure

Days 28 60 90

Mixtures S-8 S-8-5 S-8-10 S-8 S-8-5 S-8-10 S-8 S-8-5 S-8-10

Absorption (%) 20.33 22.09 21.03 15.01 18.13 18.44 15.21 16.82 17.22

Relative strength (%) 55.39 52.39 64.00 50.5 65.24 67.65 56.68 58.68 70.72

Fully exposed cure

Absorption (%) 20 20.64 23.43 15.44 17.43 18.89 14.72 15.68 16.82

Relative strength (%) 38.56 30.7 44.26 58.2 74.63 55.57 51.43 73.58 57.6

Immersed cure

Absorption (%) 20.74 22.05 21.57 16.01 17.97 18.51 15.59 16.76 17.93

Relative strength (%) 61.19 33.44 39.64 49.09 55.51 65.2 53.29 59.12 73.58

Figure 21 - Correlations between the mean absorption values and
the relative strength, according to the increased absorption values.



kiln oven and under immersion, compared to the fully ex-
posed cured ones, due to the higher cracking produced in
the latter case. However, what was seen in this case was a
lower absorption. However, it showed a higher sensitivity
to saturation with decreasing relative strength, as illustrated
in Fig. 21, with the best cure performance, in this regard,
achieved in a kiln oven.

5. Conclusions

Based on the results already presented and discussed
in this work, in general it can be seen that the results show
the advantages of using ash as an auxiliary additive in
soil-lime mixtures, increasing value with the ash content,
particularly promoting mechanical strength increase and
maintaining this value in the long-term, including the re-
duced influence of the saturation conditions on the com-
pressive strength. Curing by immersion was the one that
best promoted mechanical strength increase. The water ab-
sorption values increased with the incorporation of increas-
ing amounts of ash and curing time. Specifically conclu-
sions are, as follows:
• The addition of rice husk ash produced a compressive

strength increase, up to the 90-day curing period ana-
lyzed, in all cure forms studied;

• The immersion cure of the specimens of the mixes was
the best out of those tested, improving their performance
with the addition of ashes;

• Adding the ash to the soil-lime mixture influenced the
water absorption, with a direct relationship between in-
creasing the value of this parameter and increasing the
ash content and the curing time of the mixtures, for all
the cure conditions tested;

• Adding 10% of ash into the mixture was more effective
to increase the mechanical strength than for the cases
without addition and with the addition of 5% ash, for all
the cure types analyzed; and

• The addition of ash contributed to improving the me-
chanical strength against saturation conditions, thereby
minimizing performance loss, by increasing the ash con-
tent applied and with the increasing cure time and the en-
suing development of cementation reactions.
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Dispersion Potential of a Clay Soil Stabilized by Alum.
A Case Study

H.R. Jafari, M. Hassanlourad, M.R. Hassanlou

Abstract. In this paper modification potential of dispersive clay by white natural alum is evaluated. The studied clay is
taken from basin of a constructing dam, called “Mirzakhanloo”, located in Zanjan province, northwest of Iran. Dispersion
potential of soil and its modifiability were evaluated using pinhole, single and double hydrometric, chemistry and standard
compaction tests. The influence of alum on the Atterberg limits of soil was also studied. Tests results indicated that adding
the alum and curing time up to 28 days, under hydraulic gradients up to 26.84, decreases the dispersivity of the modified
soil. Increasing the alum content increases the plasticity limit. Liquid limit, plasticity index and pH of the soil were
increased by adding the alum up to 0.6%, and then decreased. Both the plasticity and liquid limits were decreased by curing
time, however the plasticity index variations were limited. Electrical conductivity (EC), and Sodium absorption ratio
(SAR) of the soil were increased and total suspended solids (TSS) in the leached water were decreased by increasing the
alum content and curing time. Generally, addition of 3% alum stabilized the used soil knowing that maximum dry density
and optimum moisture content were obtained at 1% of alum.
Keywords: dispersive clay, stabilization, alum, pinhole test, chemical test, hydrometric test.

1. Introduction
Ions type of clay soils is one of the important issues

which must be always considered when encountered as bar-
row resources of earth dams and so on. Past experiences in-
dicated that ignoring this for implementing the water struc-
tures made many problems and caused structural damages.
Erosion and changes in the structure, physical and mechan-
ical properties of the soil are the most important reported
problems of these soils (Asgari & Fakher1994).

Dispersive soils are related to clays particles that can
be easily washed by waters with low salt contents. Such
clays usually contain high content of sodium ions in their
absorptive ions. Dispersion is a progressive phenomenon
beginning from a point with high water concentration
which gradually develops. Cracks from condensation, dif-
ferential settlements and hydraulic gradient could result in
dispersion. Dispersive phenomena knowledge is very im-
portant in the projects involving earth dams and water ca-
nals design and construction. Dispersive soils are abundant
in different climates and regions through the world, such as
Australia, Brazil, Iran and USA (Vakili et. al, 2009a, b).

The dispersive soils may not be recognized by regular
soil classification tests. Therefore it is usually recom-
mended to simultaneously use four tests to recognize them,
including Pinhole, Kramb, chemical and double hydro-
metric tests (Ryker, 1977 and Sherard & Decher, 1977).

Dispersive phenomenon has usually a physical- che-
mical nature influenced by the type of soil’s minerals and
chemical properties of pore water. When a dispersive soil is

exposed to the seepage, the clay particles are likely to sepa-
rate from each other and be suspended. This results in the
formation of piping phenomena in the earth dams together
with erosion and demolition of roads and water canals as
well as destruction of structure’s foundation (Ouhadi &
Goodarzi, 2006 and Sherard et al., 1972). In the past, it was
being severely stressed on not increasingly usage of such
type of soils, but today it has been paid more attention to
improve and use these soils. The most important factors in-
fluencing the improvement ability include: type and con-
centration of pore water ions, chemical properties of runoff
and seepage water, cracking, and clay particles (Asgari &
Fakher, 1994).

In this study the white natural alum, Al2(SO4)3.18H2O,
was used for stabilizing a dispersive clay soil, in which, so-
dium cation (Na+) is replaced with aluminum cation (Al3+).
In such replacement, the soil structure is changed from
dispersive to flocculated state, reducing the repulsion force
between the particles and then the dispersive potential of
soils (Heidarian, 1993).

Al2(So4)3 + Clay 9 Al[Clay] + 3(H2So4)
and
Al3 + OH-

9Al(OH)++ (1)
Al(OH)++ + OH-

9 Al(OH)2+ (Aluminum hydroxyl ions)

The effects of adding different percentages of alumi-
num sulfate and curing times on a dispersive soil were eval-
uated using double hydrometric, pinhole and chemical
tests. Atterberg limits test was also used for studying the in-
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fluence of alum on the plasticity limits. Standard compac-
tion test was used for studying the effect of alum on the
maximum dry unit weight and optimum moisture content.

2. Material and Methods
The soil used in this study was obtained from a site of

dispersive clays present in the basin of an earth dam called
Mirzakhanloo 2, Gohar, located in in Zanjan province,
North West of Iran.

Dispersion specifications and chemical properties of
the used soil are summarized in Tables 1 and 2, respec-
tively. Based on these Tables it is concluded that the used
soil is classified in the category of wholly dispersive soils
with highly vulnerable to erosion. Particle size distribution
using single and double hydrometric tests is shown in
Fig. 1. The used soil was classified by two soil classifica-
tion systems of Unified and ASHTO as CH and A-7-5, re-
spectively. Also, specific gravity of soil particle was 2.76
(Table 3).

2.1. Sample preparation and test programming

First compaction test was performed on the soil. For
stabilization process, all samples were prepared at opti-
mum moisture content and then cured. The additive con-
tent of alum included 0.6, 1, 3, 5 and 10 percent of soil dry
weight. Prepared samples were cured up to 1, 7, 14 and
28 days. Pinhole, chemical and hydrometric tests were
done for studying the soil dispersion and its modification
process. All tests were conducted according to ASTM
standards.

2.1.1. Pinhole tests

Pinhole test was introduced by (Sherard et al., 1972).
In this test, which is also called Sherard Test, the dispersion

rate of fine-grained soils is measured by directly passing
the water from a hole (with 1 mm in diameter) made in the
soil sample. The leached water from dispersive soils sam-
ple is muddy containing colloids; nevertheless, in non-dis-
persive sample, it is clear. In this research, pinhole tests
conducted on samples with length of 38 under the water
heads of 50, 180, 380 and 1020 mm (hydraulic gradient of
1.32, 4.73, 10 and 26.84) by three methods of A, B and C
(ASTM D4647). Figure 2 shows a picture of the pinhole
test. The results are shown as water discharge, clarity of the
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Table 1 - Dispersive properties of the used clay.

Classification based on pinhole test Classification based on double hydrometric test Dispersion percent in double hydrometric test

Wholly dispersive D1 Wholly dispersive 59.20

Table 2 - Chemical properties of the used soil.

(SO4)
2-

(meq/L)
Cl-

(meq/L)
TDS
(%)

EC
(ms/cm)

Mg2+

(meq/L)
Ca2+

(meq/L)
K+

(meq/L)
Na+

(me1/L)
pH

38.90 10.22 0.6 96.00 13.90 34.8 9.00 174.30 7.2

Table 3 - Aggregation properties of the used soil.

D10
(mm)

D30
(mm)

D60
(mm)

Passing
#200

Pas.
0.005(S)

Pas.
0.005(D)

Gs UNIFIED
Cl.

AASHTO
Cl.

- 0.200 0.019 91.62 43.96 * 5.92 2.76 CH A-7-5

*double hydrometric test.

Figure 1 - Particle size distribution based on the single and double
hydrometric test.



leached water and hole diameter after test (Heidarian, 1993
and ASTM D698- A).

2.1.2. Double hydrometric tests

During these tests, the soil particle size distribution is
initially determined by common method of hydrometric
test, i.e. using mechanical agitator and dispersing chemical
additive. Then it is repeated with another hydrometric test
with another sample of the same soil without using me-
chanical agitator and dispersing chemical additive (ASTM
D4221). The percentage of particles finer than 0.005 mm is
determined in both tests. Dispersion percentage is defined
as the ratio of percentage of particles finer than 0.005 mm
in the second test to the first test.

2.1.3. Chemical tests

Dispersion is usually a physical - chemical phenome-
non, and chemical properties of soils have important effect
on the soils dispersion, particularly type and amount of cat-
ions and pore water. Therefore, different criteria have intro-
duced for recognizing the dispersion potential for instance
electrical conductivity (EC), pH value, sodium absorption
ratio (SAR) and total suspended solids (TSS) (Rahimi,
1989).

2.1.4. Atterberg limit tests

Atterberg limit tests were conducted on samples with
the mentioned alum contents as well as other tests (ASTM
D4318) and at curing times of 1 to 28 days.

2.1.5. Compaction tests

The influence of maximum dry unit weight and mois-
ture content on soils dispersion potential is not well under-
stood. In some cases, reduction of moisture content results
in decrease of soil dispersion and vice versa, and in some
cases reduction of moisture content has added increased the
soil dispersion. The reason for such incongruity has not
been yet determined. Studies have indicated that the way of
influencing both factors depends on other factors, such as
type of soil, its chemical properties, concentration and type
of ions in pore water, soil saturation and compaction energy
(Asgari & Fakher1994). For studying the influence of addi-
tive content and curing time on the maximum dry unit

weight as well as optimum moisture content, compaction
tests were performed on the soil samples (ASTM D698).

3. Results and Discussions

3.1. Pinhole test results

The hole diameter in the natural soil sample without
stabilizer increased for about four times and the leached
water color turned to muddy and very muddy indicating the
higher dispersion potential (Figs. 3 and 4, respectively).
Dispersion rate of samples were considerably decreased by
addition of 0.6% alum, such that the diameter of sample in-
ternal hole was about half of the natural soil with water
color clearer than before (Fig. 5). Water discharged was
also reduced in comparison with natural soil. The stabilized
soil was categorized as the dispersion class of ND3, mean-
ing low dispersion (In fact, ND3 means a soil slightly
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Figure 3 - (a) Non dispersive soil, and (b) Fourfold increase in the
hole diameter of dispersive soil.

Figure 4 - The sample of the discharged water from pinhole test
for dispersive and non dispersive soils.

Figure 2 - Pinhole test.
Figure 5 - Changes in the dispersive and non-dispersive soils dis-
charged water.



dispersive, suggesting high uncertainty about the existence
of significant problems in the design). Continuously, soil
was more improved at 1% of additive content. Adding alum
from 3 to 10% fully causes the soil to be non-dispersive, the
discharged water becomes more clear with no fundamental
changes in the diameter of internal hole indicating lack of
internal erosion (Fig. 6).

As shown in Figs. 7 to 10, discharged water increases
vs. water head difference between input and output of the
sample. Also, increasing the additive content in a specific
water head difference reduces the discharged water. It was
observed that increasing the curing time, the soil dispersion
is reduced, because it has more opportunity for replacement
and ion exchange by time.

As mentioned before, at all percentages of alum,
soil’s dispersion potential was reduced by increasing the
curing time including the clarity of leached water, dis-
charged water and diameter of eroded (Figs. 6 to 10). How-
ever, decrease of dispersion was more effective during the
first 7 days. Also, for higher percentages of additives, there
was non-dispersive soil even in at lower curing times. After
7 days, the rate of dispersion was decreased. Adding of 3 to
5% of alum for initial curing times and of 2 to 3% for 14 to
28 days curing times was considered to be resulted in fully

non dispersion soil. Tables 4 to 6 indicate clarity of the
leached water from the samples, illustrating the soil im-
provement trend.

3.2. Double hydrometric test results

Tests results indicated that it is more likely to erode
and wash the clay particles with dispersion percentage
more than 40. This limit also depends on the type of soil.
Decker recommended that this limit is about 40% for the in-
organic clay and it is considered about (25 to 30)% in the
low plastic mud , clayey and muddy sand (Asgari & Fakher,
1994).
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Figure 6 - Diameter of hole vs. alum content at water head of
50 mm.

Figure 8 - Discharged water vs. alum additives at water head dif-
ference of 180 mm.

Figure 7 - Discharged water vs. alum additives at water head dif-
ference of 50 mm.

Figure 10 - Discharged water vs. alum additives at water head dif-
ference of 1020 mm.

Figure 9 - Discharged water vs. alum additives at water head dif-
ference of 380 mm.



Increasing of alum and curing time considerably re-
duced the dispersion potential such that for 1 and 21 days
curing time, the dispersion potential became zero for the
additive percentages of 3 and 1% respectively (Fig. 11). As
indicated in this figure, addition of even 0.6% alum se-
verely reduced the dispersion potential. Experiences have
indicated that the results of this test have an accuracy of
about 85% when predicting the dispersion of soils. On the
other hand, dispersive soils have dispersion percentage
higher than 30% (Heidarian, 1993).

3.3. Chemical test results

As illustrated in Fig. 12, addition of alum as well as
increasing curing time results in increased EC. This is be-
cause of displacement of ionic followed by soil stabiliza-
tion. According to Fig. 13, adding the alum up to 0.6%
increases the pH value and then decreases it. The reason for
such increase is producing some acid resulted from ionic
displacements. Ignoring the initial values, increasing the
alum and curing time generally decreases pH value. Total
suspended solid (TSS) in the leached water is reduced by
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Table 4 - Clarity of the leached water at different curing times, alum additive and water head of 50 mm.

Curing time Additive (%)

0 0.6 1 3 5 10

1 day A little turbidity An effect of turbidity Fully clear Fully clear Fully clear Fully clear

7 days A little turbidity An effect of turbidity Fully clear Fully clear Fully clear Fully clear

� 14 days A little turbidity An effect of turbidity Fully clear Fully clear Fully clear Fully clear

Table 5 - Clarity of the leached water at different curing times, alum additive and water head of 380 mm.

Curing time Additive (%)

0 0.6 1 3 5 10

1 day Averagely turbidity A little turbidity An effect of turbidity Fully clear Fully clear Fully clear

7 days Averagely turbidity A little turbidity An effect of turbidity Fully clear Fully clear Fully clear

� 14 days Averagely turbidity A little turbidity An effect of turbidity Fully clear Fully clear Fully clear

Table 6 - Clarity of the leached water at different curing times, alum additive and water head of 1020 mm.

Curing age Additive (%)

0 0.6 1 3 5 10

1 day Very turbidity A little turbidity An effect of turbidity Fully clear Fully clear Fully clear

7 days Very turbidity A little turbidity An effect of turbidity Fully clear Fully clear Fully clear

� 14 days Very turbidity A little turbidity An effect of turbidity Fully clear Fully clear Fully clear

Figure 11 - Dispersion percentage for curing times of 1 and 21
days vs. alum using single and double hydrometric tests.

Figure 12 - Electrical conductivity vs. alum for curing times of 1
and 21 days.



increasing of alum content and curing time due to prevent-
ing of soil particles from escaping and washing (Fig. 14).
Finally, according to Fig. 15, replacements of sodium with
aluminum cations increases by increasing of alum content
and curing time; however, the alum content is apparently
more effective in comparison with curing time. Among
these, increase of EC and decrease of TSS are considered as
the more important criteria for reducing the dispersion
(Asgari & Fakher1994).

3.4. Atterberg limit test results

Tests results shown in Figs. 16, 17 and 18 indicate
that increasing the alum content and curing time have a reg-
ular trend on the stabilized soil. Generally, liquid limit and
plasticity index are increased up to 0.6% of additive content
and then decreased and plasticity limit indicates an ascend-
ing trend. It is seen more changes for plastic limit up to cur-
ing times of 7 days, but then, the closer is the changes trend.
It was seen observed that increasing curing time decreases
the liquid and plastic limits. However, there is no specific
relation between soil dispersion and Atterberg limits (As-
gari & Fakher, 1994).

3.5. Compaction tests results

Test results as revealed in Fig. 19 and 20 indicate that
the changes trend is not very regular but at a glance, adding
the alum increases and decreases the maximum dry unit
weight (for about 6.2%) and optimum moisture content (for
about 11%), respectively, up to alum content of 1%. Then
the trend is reversed. Therefore, considering of these two
parameters, the best alum additive content is about 1%.
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Figure 15 - Ionic exchanges vs. alum for curing times of 1 and 21
days.

Figure 14 - TSS value in the leached water vs. alum for curing
times of 1 and 21 days.

Figure 13 - PH values vs. alum for curing times of 1 and 21 days.

Figure 17 - Changes in plasticity limit (PL) for different percent-
ages and curing times.

Figure 16 - Changes in liquid limits (LL) for different percentages
and curing times.



4. Conclusion

Addition of white alum to a dispersive clay results in
adsorption of aluminum ions surrounding the clay particles.
Dispersion potential of soil and its modifiability were eval-
uated using pinhole, single and double hydrometric, chem-
istry and standard compaction tests. The influence of alum

on the Atterberg limits of soil was also studied. Tests re-
sults indicated that:

• Pinhole tests indicated that adding the alum and increas-
ing the curing time up to 28 days, under hydraulic gradi-
ents up to 26.84, dispersion potential of the investigated
soil was decreased.

• For curing time over than 14 days, addition of the alum
of about 2-3% of dry weight of soil completely stabilized
the dispersion potential of the soil. However, addition of
3% of alum by 3% of soil dry weight turns the soil to a
fully non dispersive soil.

• Results of chemical, hydrometric tests indicated a com-
pletely positive performance for the process of soil stabi-
lization and improvement.

• Adding the alum and curing time increased the electrical
conductivity of the soil and replacement of sodium ion as
well, and decreased the suspended materials in the
leached water from soil.

• Adding the alum up to 0.6% of dry weight of soil in-
creased the liquid limit and plasticity index and then de-
creased them. Changes in pH value of the modified soil
also indicated a similar trend. Plasticity and liquid limits
both were reduced by curing time; however, plasticity in-
dex slightly indicated some variations.

• Both the maximum dry unit weight and optimum mois-
ture content indicated relatively irregular changes vs. the
alum content. Nevertheless, optimum values of the men-
tioned parameters were obtained at 1% of alum.
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Scale Laboratory Model for Studying the Behavior of Pipe
Umbrella in Sandy Soil

D. Galetto, J.C.B.J. Silva, D. Peila, A. Assis

Abstract. Steel pipe umbrellas have been used to tunnel in difficult conditions or in weak rock masses and/or soils. Despite
the large number of applications around the world, there are still some doubts concerning how pipe umbrellas behave under
loading when the tunnel face advances. For this reason, a scale laboratory model of pipe umbrella reinforced tunnel
heading in a sandy soil was set up with the aim of understanding tunnel boundary deformation mechanisms in order to
understand and define which is the best pipe umbrella design. The laboratory tests were performed using a box (1.5 m x
2.0 m x 1.8 m) in which the excavation of a 50 cm diameter tunnel at a low depth was simulated. The behavior of the ground
and of some pipes of the umbrella was monitored during the test and the results were compared with FLAC 3D program
modeling results. The paper reports the preliminary results of the first set of tests which, however, demonstrated the great
efficiency of the pipe umbrella system, even for heading of half of the tunnel diameter, that the behavior of the tunnel face
is a key parameter in the deformation scheme and that this support technique can be modeled using a three-dimensional
code.
Keywords: tunnel, pipe umbrella, numerical modeling, portal.

1. Introduction
When adverse geotechnical conditions are encoun-

tered in tunnelling and the free span and self supporting
times are short, the technological possibilities for the de-
signer are: to reduce the size of the excavation sections, and
increases the number of working attacks; to improve the
rock mass quality or reinforce it or to pre-support the exca-
vation to apply a pressure to the tunnel face. Among the dif-
ferent ways of pre-supporting a tunnel ahead of the tunnel
face, steel pipe umbrellas have been widely used (Anagnos-
tou & Serafeimidis, 2007). The umbrella method, which
consists of a closely spaced, usually grouted, canopy of
steel tubes, installed at the tunnel extrados, is effective in
controlling deformations and volume losses for a wide
range of ground conditions as it improves face stability and
increases the stand-up time (Fig. 1). Steel pipes are usually
installed with a 5°-10° dip (with reference to the horizontal)
in such a way as to form an umbrella of pipes, with a size
that ranges between 80 mm and 220 mm. The umbrella has
a truncated cone shape which allows two adjacent umbrel-
las to overlapped thus covering advancement lengths of
12-15 m of which 9-12 m are of excavation. The diffusion
of this method has been facilitated by the technological im-
provements on the installation machines.

This technique has been used for: the construction of
shallow tunnels in soft ground where a good control of the
ground displacements is necessary to reduce surface subsi-
dence, the construction of tunnel portals because of low
overburdens; the construction of tunnels through weak

ground with high overburdens or through fault zones, and
the crossing zones where the tunnel has already collapsed
(Barisone et al., 1982; Pelizza & Peila, 1993; Shirakawa et
al., 1999; Carrieri et al., 2004; Volkmann et al., 2007). De-
spite the large number of applications there are still no gen-
erally accepted methods or reliable means for designing a
steel pipe umbrella. Among the other factors it is difficult to
take into account: the high number of the involved geo-
technical parameters, the three dimensional shape of the
tunnel near the face, the effect of the overlapping of the um-
brella pipes and their connection to the steel sets, the stiff-
ness of the steel sets in comparison to the vertical loads and
the geotechnical characteristics of the ground at the excava-
tion face and finally the influence of the position of the face
during the excavation process. Some researches have sup-
posed that the pipes act by forming a shell around the tunnel
boundary that reduces the stresses acting on the rock core
ahead of the advancing tunnel face and that a two-dimen-
sion numerical model can also “model the physical behav-
iour of the reinforced tunnel in a realistic manner” (Hoek,
2001). Other authors believe that there is no significant mu-
tual interaction between the singles pipes, thus each must
be individually designed taking into account their longitu-
dinal direction (Max & Mattle, 2002; Oreste & Peila, 1998;
Peila & Pelizza, 2003), while others authors have used
three-dimension numerical models to take into account the
three dimensional shape of the tunnel face and the presence
of the pipes and face reinforcement (Peila, 1994; Uhtsu et
al., 1995; Eclaircy-Caudron et al., 2005) and finally some
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authors have carried out physical modelling to understand
pipe behaviour more clearly or measurements in real tun-
nels (Volkmann et al., 2007; Ocak, 2008).

A scale laboratory test can be an useful tool to better
understand the global behavior of this pre-support during
tunnel advancement as already developed by some re-
searchers (Kim et al., 2004; Takechi et al., 2000; Yoo &
Yang, 2001; Shin et al., 2008) since measurements in real
tunnels (Volkmann et al., 2007; Ocak, 2008; Shirakawa et
al., 1999; Shin et al., 2007) are particularly difficult to in-
terpret due to the fact that the pipes are often overdesigned
(because of the adopted safety factors) and therefore no sig-
nificant deformations can be recorded and if collapse oc-
curs, it is often very difficult to understand its real cause
and its development.

2. Materials and equipment to simulate a
tunnel excavation

A half-tunnel with 0.5 m diameter was excavated in a
wooden 1.5 m wide, 2.0 m high and 1.8 m long box (Fig. 2).
The box was filled with silty-sand, whose geotechnical pa-
rameters are summarized in Table 1. This paper presents
the preliminary results obtained by the first set of experi-
ments.

The sand was poured into 15 cm layers with its natu-
ral water content and the box filling was limited to one tun-
nel diameter of overburden, that is, 0.50 m over the tunnel
crown.

The pipe umbrella was made with 18 fiber-glass
(E = 27 GPa) 1.2 m long bars (Fig. 3) with a 10 mm x 3 mm
section (Inertia modulus of 2.3*10-11 m4). This type of ele-
ments, with different shape from the real ones, was chosen
to have a more flexible support structure in order to permit

deflection, even at low level of applied loads, so that the
model could be used to understand the deformation shape
expected ahead of the tunnel face.

The system has been monitored with (Fig. 4):
• Inspection windows located above the tunnel crown,

where a 3 cm thick layer of sand, with different color
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Table 1 - Geotechnical parameters of the silty-sand used for the test.

Sand content
[%]

Silt content
[%]

Water
content (w)

[%]

Dry unit
weight (�d)

[kN/m3]

Total unit
weight (�t)

[kN/m3]

Cohesion (c)
[kN/m2]

Friction
angle (ø)

[°]

Deformation
modulus (E)

[MPa]

Poisson
modulus

(�)

90 10 4.6 16 17 1 32 25 0.40

Figure 1 - Scheme of a steel pipe umbrella intervention for an ex-
cavation head and bench with face reinforcement and underpin-
ning of the steel stets (courtesy Geodata SpA, Turin) (left) and
photo of an application in a granular soil (Turin metro excavation)
(right).

Figure 2 - Photograph of the test box where the position of the
half-tunnel and holes for reinforcing elements can be observed.

Figure 3 - Photograph of the fiber glass pipe umbrellas during in-
stallation.



from the sand used for filling, was created. The deforma-
tion of the layer was registered optically;

• A bar instrumented using 8 strain-gauges that was in-
stalled as a third beam from the tunnel axis;

• A bar instrumented using 6 flexible wires to measure its
displacements that was installed as a fourth beam from
the tunnel axis;

• 8 topographically fixed points situated about 10 cm be-
low the ground level.

The excavation was done by hand in four stages
(Fig. 5) and the advancement steps are reported in Table 2.
An overload equal to the overburden (8.4 kPa) was applied
to the surface at the end of the last excavation step. In the
first preliminary test, during the excavation, the tunnel was
kept unsupported.

3. Results of the Test

Vertical displacements measured on ground level
were practically nil without the application of the overload,
since the pipe umbrella was able to absorb completely the
ground load. When the overload was applied it was neces-
sary to withdraw the fixed measurement points thus making
it impossible to obtain any further ground subsidence data

(Fig. 6). Although it has not been possible to precisely
quantify the displacement values observed through the ob-
servation windows above the tunnel crown, they permitted
some qualitative evaluations that is that displacements have
the same shape and similar values as those measured on the
instrumented pipes. Therefore, it can be said that, in soft
soils, the instrumented pipe displacements are closely
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Figure 4 - Instrumentation scheme used in the test (upper figure
E = strain-gauge; F= flexible wires that transmit the displacement
outside the box) and topographic fixed points on ground level
(lower figure).

Figure 5 - Tunnel excavation by hand.

Figure 6 - Photograph of the inner part of the tunnel after excava-
tion and application of the overload on the surface (step 5). It is
possible to observe that a local arch is created between adjacent
reinforcing elements, preventing material flowing.

Table 2 - Excavation steps.

Step Excavation length (mm) Position of the face from the entrance (mm) Note

1 350 350 Excavation

2 200 550 Excavation

3 200 750 Excavation

4 200 950 Excavation

5 - 950 Overload application



linked to the surrounding soil displacements and are sum-
marized in Fig. 7.

From Fig. 7 it can also be observed that the displace-
ment of the reinforcing element ahead of the face, in this
type of soil, is not negligible and reaches about the 30% of
the excavated length (values similar to those found by Shin
et al., 2008).

Considering an advancing working face of 35 cm
(0.7D), the value of the maximum displacement on the pipe
umbrellas is 5 mm, which is 1% of the tunnel diameter.
However, when the advancing working face reaches 1 D,
the maximum displacement rises to 18.5 mm, (3.8% of the
tunnel diameter). The test demonstrates a high efficiency of
the pile umbrella system until an advancing working face of
half of the tunnel diameter was reached. For an advancing
work face of 95 cm, the observed maximum displacement
in the pile umbrella is 26.5 mm (5.3% of the tunnel diame-
ter) and when the overload equivalent was applied, the
maximum displacement of the beam reached 40 mm.

4. Numerical Modeling

In order to verify the test obtained results during test,
a numerical model of the small scale tunnel has been set up.
The model was implemented using the Flac 3D code (Ver.
3.1) and all the individual reinforcing elements were singu-
larly modeled using beam element. The whole model was
described by a mesh with 8584 nodes and 7524 elements
(Fig. 8).

The comparison between the displacements values
measured in laboratory test on the monitored reinforcing el-
ement and the FLAC 3D results (Fig. 9) have show a very
good agreement (Figs. 10 and 11).

From an analysis of the tunnel boundary displace-
ments it emerges that the 3D codes give that the vertical dis-
placement is mainly concentrated in the free span length

and that the reinforcing elements ahead of the face control
the stability of the soil since few displacements are ob-
served (Fig. 12).

5. Conclusion

Many different approaches have been used in the lit-
erature for steel pipe umbrella design and this problem is
more relevant near the tunnel portal where low tunnel
depths are faced and taken into account. For this reason, a
simple scale laboratory test was developed aiming to better
understand how this type of pre-support behaves during
tunnel excavation, particularly ahead of the face.

The physical model allowed to observe that pre-
supports installed ahead of the face permitted a stress trans-
fer in the longitudinal direction until the region beyond the
tunnel heading is reached (not yet excavated), thus mini-
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Figure 7 - Displacements observed in the fourth pipe from the tunnel axis for each excavation step.

Figure 8 - Geometry of the Flac 3D model.
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Figure 9 - Computed displacement using FLAC 3D code compared with the physical model results after step 5 (the arrow in the left fig-
ure shows the maximum measured displacement while the FLAC 3D shows the computed deformed mesh with deformation amplifica-
tion factor equal to 1).

Figure 10 - Displacement for stage 4 (95 cm). Figure 11 - Displacement after the overload (strain gauges dam-
aged).

Figure 12 - Computed vertical displacements after step 3 (it is possible to see that the vertical displacement is mainly concentrated in the
free span length and that the reinforcing elements ahead of the face control the stability of the soil since few displacements are observed).



mizing the global deformations of the tunnel boundary. It
was also been highlighted that the displacement of the sup-
port element starts ahead of the face with a distance that, in
the physical model case, was about 0.5D, which is also con-
firmed by the numerical 3D computation.
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